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AN INTERPRETATION OF THE FIELD TENSOR IN THE UNIFIED 
FIELD THEORY 


By N. W. TAyior* 
[Manuscript received September 3, 1953] 


Summary 


It is assumed that the skew symmetric part of the field tensor 9;;, i8 a complex, 
self-dual tensor. This permits the whole set of field equations for free space to be 
derived directly from the theory without the introduction of an electric current density 
tensor. However, with this assumption it appears impossible for spherically symmetric 
electric and magnetic fields to exist in free space. 


I. THE FIELD EQUATIONS 
It has been shown (Taylor 1952) how the complete set of Maxwell’s electro- 
magnetic equations in free space can be expressed simply by 


(Pit) =0, 

where F’* is the tensor density derived from a complex, self-dual tensor F',,. 
Hence, if the skew symmetric part of the field tensor g;, is supposed to be of the 
same type as this F’;,, then the system of equations (I) of Hinstein (1951, p. 138) 
gives the complete description of the field for the case of free space, without 
the insertion of an additional equation defining the current and charge density. 

The derivation of Hinstein’s system (I) was a generalization of the process 
of obtaining the field equations for empty space in the purely gravitational field. 
Also, the system (I) reduces to these equations when the skew symmetric part 
of g;, vanishes. Hence it appears as an advantage of the present interpretation 
of the skew symmetric part of g;, that the current and charge vector density 
is zero. 

II. THE SELF-DUAL FIELD TENSOR 

The condition for self-duality of the skew symmetric part of g;, requires 

special investigation in the present theory. Write 


Gin =%ik +P ix OO OkO. Oerr Ch ry One A DUN ee (1) 


where a,, is the symmetric part and 9,, the skew symmetric part of g;,. In 
the electromagnetic field theory the restriction on F’,, becomes 


Vaaitateh —AeitlmB cece cece eee (2) 
In the present theory, however, tensor densities may be formed using the deter- 


minant g as well as a, and suffixes may be raised by a’, g‘*, or gi* (the symmetric 
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part of g‘*). The various possible combinations give many equations restricting 
the ©;,, all of which could be accepted as generalizations of (2). However, it 
can be shown by direct calculation that in the case of the spherically symmetric 
field described in Section III, each of these combinations gives an inconsistent 
set of equations, except the three 


Vaairake,, == he OGG fy Soe een: ee eis (3) 
V 99" g*0,, = fetklng | yy FSi tos taney eae 5) ROSES (4) 
4/ 99"'g*o,, S=gO"O ea ee ee «eee (5) 


The first of these involves only three distinct equations and obviously does not 
impose too rigid a restriction even should an arbitrary field be under discussion. 
The equations (4) and (5) are not linear in the 9; a8 they stand, and their 
investigation in the arbitrary field would be much more complicated. 

It is possible to show that (3) is a solution to (4) and (5), however. This 
can be done using formulae given by Kurgunoglu (1952) adjusted to suit the 
present notation. These are 


g=a(1 +Q +A?), eo) = wijeial eye ils) eal 6) e/ Sips di'e)¢ 6) arate (6) 
where 
esd pit vis walee «2 ects see trae eee aa eae (7) 
and 
A=} HO sn a bey 6! (0, WUe ww eutbleeaie! Bilis! fo: ie! {el feteiee) 6) oral l wielusue (8) 
with zy 
fisting Naas tees nas Be (9) 
Also 
Gt att gee, 6. eb ee nie sees eee «ole (10) 
and 
git = (pi + Afi) /(1 1 OavA"\o~ yal Beep eee se (11) 
There is also the identity 
ON E=FEOl ie ins Co iece) on eee (12) 


All indices (except those of g’* which has its usual definition) are raised by a‘ 
in the formulae (6)-(12). 
Since it is assumed that (3) holds, (9) reduces to 


SRG PAR ee ee eee (13) 
From the equations (7) and (8) we then have A=43Q, and so (11) simplifies to 
Gh=OF 1 $0) Eee te eee (14) 


(10) and (11) then give 
gt=git+gt =a" +(—% —ptok)/(1 +30). 
Since (12) reduces to 


this becomes 
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Consider (4). Since (6) is now g=a(1+3Q)?, the left-hand side is 


Valair + gir)(aks + ots)q,./(1 +40), 

that is, 
Va(pit+orrg,! + oki, + eirpttg,.)/(1 +40), 
that is, 
Valo + girgkg,.)/(1 +4). 

Using (15) this expression simplifies to V agit, By (3), this is equal to getting 
which is also the right-hand side of (4). Hence (4) is satisfied by ( 3). 

It can be shown at once also that if (3) holds then (5) is satisfied. For, the 
left-hand side-of (5) is 


Valais —g*)(a# —ol)g,,/(1 +4), 
that is, 
Va(gik +oirptee,.)/(1+4), 
as before. 


Til. THE SPHERICALLY SYMMETRIC FIELD 
Papapetrou (1948) has found that the general static spherically symmetric 
9;, Can be written in the form 


Gin —& 0 0 of 
0 8 ry sin 0O 
0 —rysin@ —8sin?@ 0 fr: aston (17) 
= 4 0 aa 


It is necessary to determine now the restriction imposed on these components 
by the condition that the skew symmetrical part is self dual. In this case it is 
easily seen by straightforward calculation that (4) and (5) have just one solution, 
that given by (3), namely, 


al LS eos Coe 
w=1 aTotoms, [Ay ied exe teed Seaton oo (18) 
using f=r?v (Bonnor 1951, 1952). 

Without this restriction the form (17) would be sufficiently general to 
permit the description of the spherically symmetric field in a dielectric and 
magnetic medium (Taylor 1953). However, for the reasons given in Section if 
the present theory does not include such media. 

The terms w and f are complex. The electric field components are now not 
distinguished from the magnetic by position in the array (17). The separation 
is made by resolving the w and f into real and imaginary parts, there being 
freedom of choice, until an electric current vector is defined, as to which part 
corresponds to the electric and which to the magnetic field. 

Since w and f cannot now be made to vanish separately, it is necessary to 
use the completely general static spherically symmetric solution of Einstein’s 
(4951) system of equations (I) given by Bonnor (1952). In the following analysis 
the references will be to this paper. 
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Substituting for y from (18) into Bonnor’s equation (2.21), 
(f2-+B?)w4/a—= — ef? Save eis ee pee (19) 


According to Bonnor’s equation (2.20) the expression on the left-hand side of 
(19) is also equal to /?. Hence 


f=+d/Vc=a constant. ........2..... (20) 
From (20) and (2.2) of Bonnor 
B=fp'/(8? +f), 
and so Bonnor’s equations (2.24) and (2.25) become, using this and (20), 
B” —(a’/2a)B’ —2a(6? —f?)/(B2+f2)=0, .......... (21) 


and 
(6)? —4e6 00" oor ee oe ee (22) 


Eliminating « from (21) and (22), 


B"—(B"/B" —B'/28)B’ —B(B? —f*)/[28(B? +f?)] =0. 
This simplifies to 
B’=0, 


which, together with (20), leads to inconsistencies in the field equations. For 
example, R.., given by Bonnor’s equations (2.8) and (2.2), cannot be made 
to vanish. 


The present interpretation of g;, would imply the impossibility of the 


existence of static spherically symmetric electromagnetic fields when the field 
equations are Hinstein’s system (I). 
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TWISTED MAGNETIC FIELDS IN CONDUCTING FLUIDS 
By J. W. DuncGEy* and R. B. LOUGHHEAD{ 
[Manuscript received September 3, 1953] 


Summary 
The formation of loops in the lines of force of a twisted magnetic field confined 
within a cylinder of radius R, first suggested by Alfvén (1950a), is discussed by the 
method of normal modes. The model first becomes unstable with respect to modes 
which do not lead to the formation of loops. Ignoring this, the condition obtained 
for loop formation is that the pitch of the twisted field be less than zR. 
The velocity of Alfvén waves in this model is also discussed. 


I. INTRODUCTION 

There are several reasons why the study of twisted magnetic fields should 
be relevant to solar physics. For example, some prominences show filaments 
which give the impression of being twisted. Alfvén (1950a) drew attention 
to the formation of loops in a string when it is twisted beyond a certain limit, 
and pointed out that this will also happen to a magnetic field. While Alfvén 
was concerned with the origin of the terrestrial and solar magnetic fields, this 
phenomenon might also be important in prominences and perhaps in the genera- 
tion of sunspots, although it is not involved in Alfvén’s (19500) own theory of 
sunspots. 

Alfvén (1950a) discussed the model in which a tube of force of radius R 
containing a uniform magnetic field is given a uniform twist. By consideration 
of the magnetic energy he showed that the condition for loop formation is 
approximately 

RAN 5 Slip. hae, kee ee (1) 


where 2xp is the pitch of the twist. Lundquist (1951) investigated the stability 
of the general twisted field, which is represented in cylindrical coordinates by 
the two components H» and H., these being arbitrary functions of r. He found 
the field to be unstable if 


i Ho*rdr >2 | H,rdr, 


which for Alfvén’s model becomes 
eo ae en et (2) 


However, this result is obtained by considering the stability with respect to a 
specific type of displacement which, as Lundquist points out, is not the most 
critical. In the present paper the stability of Alfvén’s model is discussed by 
the method of normal modes. 


* School of Physics, University of Sydney. 
t School of Physics, University of Sydney ; present address : Division of Physics, C.S.I.R.O., 


University Grounds, Sydney. 
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Il. THe NorMAL MODES 
We first formulate the basic magneto-hydrodynamic equations in the case 
of a general twisted field 
H=(0, Heir)s hr), soee ee ee (3) 


contained wholly within a cylindrical tube of force of radius R. From a con- 
sideration of small oscillations of frequency wm in the conducting medium, we 
obtain the criterion for stability by putting o=—0. It can be shown that the 
stability does not depend on the density or compressibility of the conducting 
fluid, which is thus taken to have uniform mass density » and to be incom- 
pressible. As usual, the electrical conductivity is taken to be infinite. A small 
material velocity v then causes a small change h in the magnetic field H 
determined by 


=-=(H.. stad)v—(v.erad)H,  <S3s.2 5. eee (4) 
The effect of the magnetic force on the motion is represented to the first order by 
ov 
tryst =—erad )+(H. grad)h+(h.grad)H, ....... (5) 


where )/4x is the variation in “total pressure’, that is, gas pressure plus 
magnetic pressure {=H?/87). 


When w 40 equations (4) and (5) may be solved with the aid of the relation 


div; Vee0.- xe cdt: ans eee eee (6) 
By seeking solutions proportional to 
exp i(mé-he-+mo), 20... 00.5. e0cen eee (7) 
and writing 
K =kH+ "He, ots. Tenet eae (8) 
we obtain from (4), (5), and (6) the following equations : 
LOA SeLICO, Vis Rec bee es ee (9) 
lwho =i1Kve Sealy: HEN egress SOO 9, Gerson) oes (10) 
or r 
? : oH. 
lwh, =i Kv, —v, Bp Cire ttn esses esse (11) 
: ov. H 
4npiov, =—-* +iKh, —2—*he, Sa Wace 2a ete (12) 
aa eer ; 0Ho 
TLV = —imd/r +i Khe + en +— =) eS (13) 
4ruimv, = —ikb +iKh,+ ome A. ca eee eee (14) 


Git EHimve|r tik, =0. eee (15) 
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After some elimination, we then find 


dv, v,\ . 2mKH. 
(4xuo*§—K)/( r alt : Py. 


2 
= 0 =io (HEY, Seer 1'G) 


a +1(47 0" —K?)v, +2 


9 in ee iH ov, 4rnuo?+K? wkmy =0 
ae or r \4ru0? ae) (47.0? rod =< 


From these equations the necessary boundary conditions for the components 
v, and | at r=F readily follow ; for it is evident from the form of equation (16), 
and is in any case physically obvious, that v, must be continuous across the 
boundary r=R. Also, the discontinuous change Sy in | across the boundary 
is related to the value of v, at r=R through the term involving 0H@/odr in (17), 
which yields 


: R 
U,=10) . He er wile/he. piel ieite) io) ale i@uwcst is. (eta: (18) 


In Alfvén’s model, where H, is constant and Ho takes the form 
Tie SeONT an: Gata ee Ss sted ERE aR ea ROE (19) 
appropriate to a uniformly twisted field, 
K=kH,+mA 


is a constant for y<# and vanishes forr>R. Eliminating v, between equations 
(16) and (17) we obtain the modified Bessel equation 


ay 1 a —(H4+5 7 )o= =O)" = quee ee (20) 


or? |r Or 
where 
4Kk2A42 
4/2 —]}.2 —— a 
pet }! Cmesoit 


Then, since | remains finite at the origin, the variation of the total pressure 
inside the tube of force is given by 


b=al,,(k’r)elottiz+mo), eee (22) 


where I,,(k’r) is the modified Bessel function (Jeffreys 1950) of the first kind of 
order m and « is an arbitrary constant. 
Outside the tube of force, k’=k, and then the Raluilon. of (20), vanishing 
at infinity, is 
CLC (POMOC) cece es (23) 


where K,,(kr) is the modified Bessel function of the second kind of order m and B 
is an arbitrary constant. Generalizing to allow for different densities wy, for 
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r<R and yp, for r>R and substituting from (22) and (23) we find that the 
boundary requirements at r= are satisfied if 


a dI,,(#) dK,,(y) 
ne dK, (y)’ 
(4702, 0? —K?)? 4K? A? 4.0K, (y) — Ary me 
Res, an AE 0-5 (24) 


where #=k’R and y=kR. 


Before proceeding to the case w=0 it is of interest to apply the above 
general formulae to thetpropagation of Alfvén waves along a uniform untwisted 
tube of force (A =0). 


TI. ALFVEN WAVES IN A UNIFORM UNTWISTED TUBE OF FORCE 


In this case the velocity of torsional waves in an infinite conducting fluid 
of density », follows from the fundamental equations (9)-(15) by putting 


Then J=0 and 4nzy,m?—K?=0. Hence for the velocity of torsional waves we 
obtain 


Vay", 
where V, is Alfvén’s velocity 
V, H. (26) 
<= V Ary © i076: Le) @, 16. w) 1o, 8) 0) emteliel wl! wise) le) 6! 6 


If, however, we drop the condition (25) and seek instead solutions which 
satisfy the general boundary condition (24) we find that the solution for r<R 
is Now 

v —— aL, (kr)elot+ ke +m), 
Substitution in (24) yields 


Vn=+V,A1—%2, (y) 
ek tise 


m 


where y=kR and V,, is the velocity of waves parallel to the z-axis for any given 
modem. Equation (27) shows the reduction of wave velocity due to the inertia 
of the surrounding fluid. Simple consideration of the expansions of the Bessel 
functions for large and small y shows that 


1 
Yn £475 Vo 


as kR becomes very large or very small. This conclusion is true for all m except 
m=0, which is exceptional in that V,,>-+V, for small kR. The variation of 
wave velocity with &R is illustrated in Figure 1 for the case m=1, with py =p». 
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Riga! 


IV. THE CRITICAL CASE w=0 
When w =0, equation (4) requires v=0, so that the fundamental equation (5) 
must now be supplemented by the relation 


Giz. h=0re ee De ee (28) 


which, when w-=0, is a consequence of (4). We thus obtain the equations 


Abe a 2g 
5Y =iKh,——* . he, 


imy_. 0H» Ho 
sae ed 


: oH, 

iky =ikh,+ ap h, 

Oh, ae eet 
Or Ss: +imhg/r +ikh,=0, 


which, if Hp=Ar, reduce to the forms 


oh, h, IMA . : m2 i oK 2 
x or ale a h, Hi(# +i |i eh aati ehiel.exeure (29) 
and 
Ou 2m soa, eee oA 
Ue aaa Y—i(K?—4A*)h, = ir -h,. ... (30) 


With Alfvén’s model, the right-hand sides of (29) and (30) vanish for 
r<R, and we can obtain by elimination Bessel’s equation giving the solution 


baal, (Rr, ec ceeeee ee (31) 
where 
A2 
k?? (1 a) Nett a etic ical nee (32) 


The discontinuous change in ) at r=R can be deduced from the derivatives 
on the right-hand sides of (29) and (30) by noting that, for r>R, K=A=0 
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and hence ~=0. Equation (29) implies the continuity of h,/K at r=R, and 
then equation (30) shows that 


Y=. AtS, UF oe ee (33) 
This is the boundary condition at r =F and, with the aid of (30), may be written 
in the form 
(6 8) ee (2 34 
a 7 ir dc: Wel 


provided that K2-~4A?. 
The latter condition may be further restricted ; for if K?>4A?, k’ is real 
and then 
r dl,,(k’r) 
LAGa ee 30 


S|: “tem e oa es (35) 


However, with K? >4A?, the right-hand side of (34) is less than | m| and hence 
there are no solutions with K?>4A2?. 
The possibility of a solution with K?=—4A? requires separate investigation. 


From (30) it follows that mA/K must be negative and J proportional to rl™!. 
Then equation (29) yields 


_ sy (| | kr) 
geet esr pet 
which requires 
iKh,/V >0 


at r=R and thus contradicts the boundary condition (34). Hence no such 
solution exists. 


When K?<4A? it is convenient to define 


2 
a= (Te 1) es | (36) 


and then the solution for r<R takes the more familiar form 
b=ad,,(xrjelottkz+me, ld, (37) 


which is now an oscillatory function of r. Since x can be made large by making 
K small solutions of the form (37) must exist. It is sufficiently general to 


consider only positive values of k, H,, and A provided that both positive and 
negative values of m are allowed. If 


p=H JA, oP cel eiWei a! ielel wiiej{e) eie\ fe aie) saites tae (38) 


then 2xp is the pitch of the uniformly twisted field. With this notation the 
inequality K?<4A? may be written 


(kp +m)?<4, 


and this eliminates the modes with m>2. 
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V. THE CONDITIONS OF STABILITY 
The critical values of A for stability are obtained from the solutions 
with w=0. 


Let 
xv dd ,, (x) 
F ——— 
m(L) cary dg eee esa (39) 
and 
2m 
kp) =4 —(kp +m)2— —— 
Im(kp) (kp +m) yl ee ee (40) 
then the boundary condition (34) is expressed by the relation 
UL OO gees Bs SA gts es aa eri ta agregar pete eee (41) 
The following properties of the function F’,,(~) are subsequently required 
Ff le\=| m1, when #=0, 
df’, (@) F | 
a0 CENCE ee AS ere (42) 
and | 
F(x) has poles at the zeros of J,,(x). 


For given values of m, k, and p equation (41) determines a set of values of R, 
the smallest of which will be called Ry. 


To determine the ranges of values of A for which imaginary eigenvalues 
of w can occur we refer back to equation (20), which has solutions of the form 


Wad (x retoreietme), kee et ene (43) 
where 


4K? A? : 
Q— ee ae ) 
%7—K (Grp? Rp a Ree ee ocean (44) 


When K2>4A? a small imaginary value of « will still leave x’ real and the 
value of F,,(x’R) given by (24) will vary only slightly. An eigenvalue of w is 
therefore determined by x/R~xR, and since, when ow is imaginary, | x’|<| |, 
the condition for instability is expressed by the inequality 


ees hat) Mee ee, (45) 


It is evident that instability will occur for m<0 when | kp+m| is small 
enough since then x is large and R, small. This type of instability is not relevant 
to loop formation. If kp+m=0, the resultant motion has the same symmetry 
as the twisted field. Only the mode m=—1 can be observed with a string ; 
the string as a whole takes a helical form. It will be seen that this occurs before 
loop formation, so that a complete study would require an investigation of the 
new equilibrium configuration of the field, but this seems to be rather intractable. 
It may also be noted that this type of instability will not always occur for more 
general models ; it is facilitated when the pitch of the twist is independent of r. 


The only modes for which the axial line of force moves are those with 
m=-+1; this is easily seen by substituting the solution (43) into equation (17), 
which then shows that v,=0 at r=0 unless m=+1. The other modes are 
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therefore irrelevant to a discussion of loop formation. If the field is unstable 
with respect to m=—1 only, the tube of force as a whole takes up a helical 
configuration, but does not form loops. The type of motion required in forming 
loops occurs only when the field is simultaneously unstable with respect to both 
the modes m=-+1. This is therefore the best criterion for loop formation 
obtainable from the present restricted analysis. 


4 


ee 
= 
1 
fo) O*1 O°2 O73 0O°4 O°5 O OF7 OB O-9 1:0 
kp 
Fig. 2 


The values of kR, obtained from (41) are plotted against kp in Figure 2 
for m=-+1 and 0. It is clear from this diagram that, for any given kp, the 


corresponding value of kRy when m=1 exceeds the value when m——1. Hence 
it follows from (45) that when the field ig unstable with respect to m=1 it is 
always unstable with respect to m— —1, so that the condition for loop formation 


can be taken as the condition for instability with respect to m=1. For small 
values of kp this condition is 
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which follows from the relation R,~2p implied by equation (41) when m=-+1 
and kp is small. The criterion (46) is the same as that obtained by Lundquist 
(1951) (cf. equation (2)), and this is not altogether surprising, since the system 
is unstable with respect to many modes and Lundquist’s disturbance may be a 
combination of these. 

The graph also shows that loop formation cannot occur with kp >1; this 
simply means that no more loops can be formed than there are twists. If there 
is more physical limitation on k, such that k must be an integral multiple of 
2n/L say, the critical value of p for loop formation will be decreased ; if, however, 
tR<L, the decrease will be only slight. 


VI. CONCLUSIONS 

We may summarize the above results as follows: 

In the normal modes the disturbance varies as exp i(wt+ke +m). 

The velocity of Alfvén waves in a uniform untwisted tube of force is reduced 
by the motion in the surrounding material by a factor which approximates 
to (1+ p2/u,)~* for both long and short wavelengths (see Fig. 1). 

A twisted tube of pitch 2xp is unstable with respect to a given mode when 
| kp +m | is small enough ; it is always stable when | kp+m|>2. The formation 
of loops requires simultaneous instability with respect to two modes with m=+1 
and —1 and with the same value of k. This requires p<4R. 
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ON A THEORY DUE TO I. FENYES 
By A. F. NICHOLSON* 
[Manuscript received November 17, 1953] 


Summary 

Fényes (1952) has attempted to base quantum mechanics on a theory of Markoff 
processes in the configuration space of any system considered. 

It is shown here that for certain systems the allowable stationary-state solutions 
of the basic equations of this theory are more numerous than the stationary states 
predicted by quantum mechanics through the Schrédinger equation, and that it is 
not possible to identify the probability amplitude defined in this theory with the 
Schrodinger wave function. It is poimted out that the “‘ total stochastic velocity ” of 
a particle in this theory cannot equal the linear momentum divided by the mass, that 
Fényes’ uncertainty relation is not equivalent to the Heisenberg relation, and that the 
total-stochastic-velocity operator has properties different from those of the quantum- 
mechanical momentum operator. It is shown that Fényes’ proof that the addition 
of further parameters to a set of statistical parameters cannot lead to a set affording 
a causal description of the motion of a system is unsatisfactory, but that this con- 
clusion may reasonably be drawn from his theory, by making a consistent auxiliary 
assumption. 


I. INTRODUCTION 
Fényes (1952) has attempted to describe the motion of a general microscopic 
system as a Markoff process in a configuration space, which is implied to be 
that of the Cartesian position coordinates of the particles constituting the 
system. Then quantum mechanics becomes a statistical theory. Only the 
briefest outline can be given here of Fényes’ lengthy exposition. 


The theory is based upon an analytical treatment of stochastic processes 
due to Kolmogoroff (1931, 1933). Fényes begins with a set of parameters 
(position coordinates) and probabliity and transition probability densities 
w and v which are functions of these parameters and the time. He takes these 
densities to be appropriately normalized, and interrelates them through an 
integral equation which defines a Markoff process. An integral relation then 
follows between the transition probability densities at three distinct instants of 
time. Fényes assumes the existence of certain limits in order to derive two 
differential equations from the original integral relations. One equation leads 
to a continuity or conservation equation, the Fokker equation. Fényes defines 
a ‘total stochastic velocity’ and corresponding operators, and deduces an 
“uncertainty relation’. He then further restricts the class of systems con- 
sidered and defines a probability amplitude y. When expressed in terms of y, 
the Fokker equation is formally identical with the equation of “ conservation of 
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probability ” in quantum mechanics (gee e.g. Tolman (1938)). Fényes modifies 
his original total stochastic velocity definition to define “ the velocity corres- 
ponding to | ’”’, which he claims is the same as the quantum-mechanical velocity. 


After a consideration of formal analogies and further discussion, Fényes 
decides that the mathematical apparatus of quantum mechanics is identical 
with that of his treatment of Markoff processes, and that quantum-mechanical 
processes are special Markoff processes. This conclusion leads Fényes to suppose 
that further degrees of freedom, hidden parameters, must be assigned to the 
electron. Fényes dismisses von Neumann’s (1932) objections to the existence 
of hidden parameters in quantum mechanics by stating that von Neumann 
proposes to reach a causal description in terms of J plus further parameters, and 
arguing that, since | characterizes the state of the system from the statistical 
standpoint, it cannot be considered as a causal state parameter. 


Fényes then attempts to demonstrate that his set of statistical configuration 
coordinates cannot be completed by the addition of further parameters to a set 
of coordinates in terms of which a causal description of the motion may be given. 
He also tries to show that the state of a system for which the “ scattertensor ”” 
does not vanish cannot be characterized by a phase-space distribution function 
of the kind considered in statistical mechanics. 

Finally, Fényes assumes a Lagrangian function and by using a variation 
principle deduces the Fokker equation and the Schrédinger equation for a certain 
class of systems. 

This paper is an attempt to show that Fényes’ theory is unsatisfactory. 
Many points of the theory which seem open to debate will not be discussed 
here because they are part of long verbal arguments which would require consider- 
able analysis. Some further discussion may be found in the writer’s thesis 
(Nicholson 1953). The theory has also been criticized by Weizel (1953). 


II. FENYES’ MARKOFF RELATION AND QUANTUM MECHANICS 

The Lagrangian function used by Fényes appears to be of arbitrary form. 
Fényes has not shown that the resulting Schrédinger equation and its physically 
admissable solutions are equivalent to his original equations and their allowable 
solutions. 

We shall now show that quantum mechanics cannot be based solely on 
Fényes’ original integral relations which define a Markoff process, but that 
further restrictions are necessary on the class of solutions of the Markoff equations 
before these solutions can be taken to describe quantum-mechanical motions. 

Let us consider a quantum-mechanical system for which the Schrédinger 
equation has only a discrete set of energy eigenvalues H, and associated physically- 
admissible normalized linearly-independent eigenfunctions Y; We suppose 
that no continuous ranges of eigenvalues exist and that none of the energy 
eigenstates is degenerate. One such system is the one-dimensional linear 
harmonic oscillator which has a denumerably infinite set of discrete energy 
eigenstates. Let ¥,, ~, be any two of the energy eigenfunctions. Then viva, 
ove are time independent and are interpreted as probability densities. If 
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Fényes’ theory is applicable then the motion of the system can be represented 
as a Markoff process defined by the relations 


wyt=[" O( HB; Yjt)(L,8)AL, «oe en aasees (1) 
i. wy IY al, eau are eee ee = (2) 
W(Y,t) =VA(YjD OY 1), acess dese toe ree eee (3) 


with obvious meanings. Fényes supposes that any non-negative solution of 
(1) and (2) represents a possible mode of motion of the system. If Fényes’ 
theory is applicable we must suppose that the time-independent distributions 


wy(y)=¥i41, WY) =U5Y2 
are solutions of (1) and (2). But it is then clear that any linear combination 
w(y)=kw,(y)+(1—k)wo(y), & constant, 0<k<1, 


also satisfies (1) and (2) and is non-negative and so must represent a possible 
stationary state of the system. 

Since k can assume a continuous infinity of values in the range (0,1), Fényes’ 
theory predicts an infinite set of power continuum of stationary states of the 
system. But the system considered has only a discrete set of energy eigen- 
values, so that the set of stationary states is at most denumerably infinite. 
Hence Fényes’ equations permit an infinitely greater number of stationary 
states than are allowed by quantum mechanics, for certain systems. Such a 
continuum of states can be constructed from each pair of discrete states. 


Hence any theory, like that of Fényes, based on the equations (1), (2), 
and (3) cannot be equivalent to quantum mechanics, which is based on a linear 
equation for the probability amplitude J. This conclusion is also suggested by a 
discussion of the principle of superposition of states given by Feynman (1948), 
The solutions w of (1) and (2) would need to satisfy some further equation 
involving w non-linearly before the resulting theory could be equivalent to 
quantum mechanics. 


In a representation of quantum mechanics as a form of statistical mechanics 


by Moyal (1949), the state of the system is described by a phase-space distribution 
function F(p,q;t) which satisfies an equation of Markoff form, namely, 


F'(p,q;t) =| [x04 | Pordost —to) F' (Po, Qosto) A pod qo. 


As for Fényes’ theory, we can see that for certain systems the possible 
normalized time-independent solutions of such an equation, if they exist at all, 
are more numerous than the stationary states of the systems as given by quantum 
mechanics, so that quantum mechanics cannot be based solely on equations of 
this form. However, Moyal defines his F directly in terms of the Schrédinger 
amplitude y, and, although F satisfies the equation above, this equation does 
not define the class of admissible F in his theory. 
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III. GENERALITY oF FiNYES’ THEORY 

The Schrédinger equation deduced by Fényes applies only to a certain 
class of systems, in which the interactions between the particles and the external 
field can be expressed completely in terms of scalar potential functions. The 
Schrédinger equation given by Fényes is not applicable, for instance, to a particle 
moving in an external electromagnetic field. 

Fényes’ form of the Schrédinger equation is in position-coordinate language. 
If his basic variables were declared to be, say, linear momenta instead of position 
coordinates, then the Schrédinger equation would be in momentum language, 
but the class of known physical systems to which it would then apply would be 
very small: for the Hamiltonian would have to involve the position coordinates 
q; only in the form of the term Xq;*._ The harmonic oscillator is a member of 

v 


this small class. Further, if Fényes’ basic variables were linear momenta, then 
the various “ velocities’ and the “ uncertainty relation ’”? which occur in his 
theory would have no familiar interpretation. 


It appears to be difficult to extend Fényes’ method to yield the wave 
equation in coordinate language for more general systems, or to deduce a satis- 
factory eigenvalue-eigenfunction equation in other languages, or for other 
dynamical variables. 


IV. FENYES’ } AND THE PROBABILITY AMPLITUDE OF QUANTUM MECHANICS 

We now show that it is impossible to identify Fényes’ Y with the probability 
amplitude J of quantum mechanics. 

Consider two energy eigenstates ),, J. of a suitable quantum-mechanical 
system, which eigenstates belong to the discrete unequal eigenvalues Hy, Ee. 
Then we can write 

bi(qst) =Uy (ge 2th, Ho(q,t) =Ua(q)e—2mBth, 
In the quantum-mechanical case, Fényes’ definition of | becomes 
Y= xe2no+id)/h, 
where « can be taken as a real positive constant. Equating the probability 
densities in the two theories we obtain 


*h, uu, =o2e —4T0i/h 
Ui =U u, = 020 —4701/ 


and similarly for {., so that 


2761 1, | Uy | _2to2 1, | Us | 
hy Oe 


Allowing for an arbitrary phase factor, we equate the probability amplitudes 
from the two theories to obtain 


Vy =¢,eln(l us |/a)e —2rid,/h —| Uy Je—27tida/h =U, —27iN he —27i Eth, 


and similarly for )., where y, is a constant (cf. Witmer and Vinti 1935). 


B 
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We can write 
Us =| Uy |e—ida), 


where 3,(q) is a real function of q. Then 


D,=6,4+-#,t+n,h+7n, mm an integer. 
Similarly 
Dye=d,4+LHet +ngh +7». 
But by Fényes’ definitions 
s=s +o, 


where s=s(q,t) is independent of the state of the system and depends only upon 
its nature. Therefore 


lor) +8 Da +H ot +n.h + Noy 
and 
6,—G_—9,+6,=(F, —E,)t +h(ny —n2) +(91—N2)- 


But this is impossible, as the right side is a non-zero function of t (since 
E,+E,) but not of q, whereas the left side is a function of q only. Hence we 
cannot equate the probability amplitudes | in the two theories, and Fényes’ 
theory is not a possible representation of quantum mechanics. 


V. ToTAL STOCHASTIC VELOCITY AND THE UNCERTAINTY RELATION 
We next discuss Fényes’ total stochastic velocity of components ¢,, and 
t 


his uncertainty relation. If w(y,t) is Fényes’ space-time distribution function 
then 


where a,(y,t) and b;,(y,t) depend upon the nature of the system but not upon its 
state. The important thing here is that c; is a precise function of position and 
time. 


Fényes defines the means ¢,,y; and the variances Ac,,Ay, of the stochastic 
velocity components c,; and the configuration coordinates y; with respect to w 
over all configuration space, and deduces a lower bound for the product Ay,Ac, 
A similar relation has been given by Firth (1933) for the case of ouecdimensionat 
Brownian motion of a particle. Fényes attempts to identify this uncertainty 
relation with the Heisenberg uncertainty relation of quantum mechanics. To 
do this for a particle it is necessary to identify ¢; with p;/m where m is the particle 
mass and p; is the quantum-mechanical linear momentum component corres- 
ponding to the coordinate y;. But ¢; is a function of the configuration co- 
ordinates y; aS well as the time, whereas the quantum-mechanical momentum 
distribution is a function of the p; and time only, for any state of the system 
Any dependence of p; on the configuration coordinate y,; would amount to : 
violation of the Heisenberg uncertainty principle. Hence it is impossible to 
identify ¢; with p,/m or Ac; with Ap;/m. The “ uncertainties’? Ac, and A 
have different meanings. Bs 


f 
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This basic difference is reflected in Fényes’ definition of a stochastic velocity 
operator c; which satisfies 
C,w=c,w 
for any admissible state w of a system, that is, every possible state of the system 
is an eigenstate of c;, In quantum mechanics only a subset of all admissible 
states ) of a system are eigenstates of p,;, that is, satisfy 


PY =pid. 

Later in his paper Fényes modifies his velocity definition to define a velocity 
of components c. which, he states, agree with the quantum-mechanical velocity 
components. But again ¢ is a precise function of position and time, and thus 
cannot be identified with p;/m. Further ¢; is in general complex, whereas p; 
is always real. 


VI. CAUSAL AND STATISTICAL DESCRIPTION 

Some of the mathematical arguments in Fényes’ paper appear doubtful. 
We shall only consider one such argument here, namely, Fényes’ proof that the 
addition of further parameters y,,;,. - - yy to the basic parameters y,,.. .,y, 
cannot cause the scattertensor b;, to vanish in the completed parameter system 
if it does not vanish in the original system. This proposition is probably correct 
though the argument seems wrong. From this proposition Fényes concludes 
that a causal description cannot be obtained from a statistical description by 
the addition of further parameters. 

In the original parameter system the transition probability density is 
denoted by v(y1, - - -sYny ty 21) - + @nt-+A) while in the completed set it is 


V(Yay - + -yYnyty 24) + - -s@yyt +A). ; 


The scattertensors in the two systems are 


; 1 
Bi(Yiy + - + Ynst)= lim oa | © Y )(%_—Y,vdz,. . . dz, } 
A=0 
Bi(Yiy- + + Yu bh)= lim 9A (2;—Y )(2%,—Y,) Vde,.. . dey. j 
A—0 
Fényes states that it is obvious that 
p= [Vaden ee eek he (6) 
But V is a function of ¥,+3,- + -Yy While visnot. There is a class of functions V 
for which [Vdz,,,.. -42, is independent of y,41,.- -,Yy, but Fényes has 


not shown that the functions V considered in his paper belong to this class. 
Fényes’ conclusion can be drawn, however, on the basis of a plausible 


assumption. It seems clear from the meaning of a probability density that 


WY, © 6 Yat= { WY ay - © + Ynt)dYntas » » dYy, 
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where w and W are the probability densities in the two systems. Then equation 
(1) applied in the two systems yields 


foo 8 Yngt)OYry ~ = + Ynrty Z1y - © + nyt +A)dy,.. . dy, 


=| [Wor oe Yuet) V Yay «+ Yate Sty ++ + %nyb tA)dyy .. - dYy d2pp1-. - dey; 
which suggests that 
wom | hagas ous OY O24 cay eye Sener eae (7) 


is true, instead of (6). 


In Fényes’ theory the probability of a transition from the point (y,,. . - ,Y,) 
at ¢ to the region dz,. . . dz, about (z,,. . .,z,) at ¢+A is 


O12 sare Le,. 


and similarly for V. Classically, the probability of transition from (y,,. . . ,Yy) 
at t to dz,. ..dz, about (z,,...,z,) at ¢+A is 


dz, oe © © de, | dent. Oe fa Oo dzy, 


and the probability of transition from (y,,.. .,y,) at t to dz,.. .dz, about 
(21,. > .,2,) must then be 


2,2... dz, | | Relative probability of (y,+1,- - -5Yy) att 


x [Vaz o 8 © dey 44 o 8 e dyy 


ai ( W(Yyi,- = - Ynst) * 
=6hy a : def aPdye ee [Vee 6 day ges dy 


ae ear =: dywde eae 


But this transition probability is vdz,...dz,. Hence (7) is true for a 


n 


classical theory, and we assume it to hold true in Fényes’ theory as it is con- 
sistent with Fényes’ relations between v and w, which are of a classical kind. 


We now consider the integral 


ky) : 
=| (2; Ys) (% —Yx) V(y,t,2,¢ +A) W(y,t)dy ata » « dyyde,. . . dey, 


for i<n, k<n. 
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Clearly, 


it = = 
Tax —Y i) (2), =n) [VW ares Sa SOURG Ro dey ‘dz, ... dz 


j 


il: 
=a | —Y i) (2, —Yx)O(Yy,t)o(y,t,2,t +A)dz,. . . dz,, by equation Ghy 


n 


il 
=wyst)on | (2;—¥) @e—Y,)0Ystyeyt +A)de, . . . dey, 
But also 


a1 
Sip | Ws) on it (2;—Y;)(@,—y,,) Vdz, . . (dey yy - . dyy. 


We equate these expressions for I, and let A-+0. Then the definitions (5) 
yield, for i,k<n, 


W(Yry 2 = 0 Ynst)BDix(Yay + Ynyt) = | WY a5» + + Ynst)Bin(Yay » «+ Yast)dY nea « « » AYy. 


Hence, if, for i,k<n, 


b;, #9, 
then 
Binz 0. 
This is Fényes’ conclusion, and shows that the addition of further coordinates 
Yn+1s+ + + sY¥y Cannot cause the scattertensor to vanish in the completed system 


if it does not vanish in the original system. Fényes also concludes that, for 
ik<n, 6;,=b;,, but this does not follow from the present argument, and is 
doubtful since @,, is in general a function of y,.,,.. . Yy While b,, is not. 


Fényes next proves that a system can only be assigned a phase-space 
density function f(u,y,t) and be treated by the methods of statistical mechanics 
if the scattertensor b;, vanishes identically. Some objections to this proof are 
stated in the writer’s thesis (Nicholson 1953). 
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SOME ELECTRON COLLISION CROSS SECTIONS OF Call 
By J. T. JEFFERIES* 
[Manuscript received September 29, 1953] 


Summary 
The cross sections for electron collision excitation of the transitions 48 y2—4P 2 
and 4P,,, in CalI have been calculated using a distorted wave Born gs chee 
For electrons of energy 4 eV, the calculated values are respectively 6° 6naz and 9-97ap- 


I. INTRODUCTION 

The interpretation of the physical properties of the solar chromosphere 
and of various phenomena connected with it is assisted by calculations of radiation 
emitted by model atmospheres, such, for example, as have been performed for 
hydrogen (Giovanelli 1949 ; Jefferies 1953). To extend these calculations to 
the important case of Call the rates of collisional excitation are needed, particu- 
larly for transitions between the 48 and 4P levels, which give rise to the H and K 
lines. These cross sections are of interest also, as shown by Miyamoto (1953), 
in assessing the role played by non-coherent scattering in the formation of these 
lines. In the following, results are given of a calculation of the cross sections 
for electron excitation of the two transitions 4s?S,,.>4p?P,;. and 4p°P3)o. 


II. THE CoLLIsioNn CROSS SECTIONS 
In atomic units the cross section for excitation, by electron collision, of the 


transition nn’ may be written, see, for example, Mott and Massey (1949), 


o(n>n') 


oes I we 
ae PI SURES bps |(m|Vjn))7dQ, ....- (1) 


MyM yj 


k and k’ being the momenta of the incident and scattered electrons, m, and m,- 
their spin components, M, and M, the components of the total angular 
momentum of the initial and final states of the ion, and dQ the solid angle into 
which the electron is scattered. The symbols n and n’ involve both the ion and 
colliding electron. The factor 2(2J-+1)—equal to 4 in the present case—arises 
from an averaging over the two possible spin orientations of the incident electron 
and the 2J-+1 values of M,. 


The term (n|V|n’) is defined by 
(n| V\n') = { WV Y;-de, 
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V being the interaction energy, and the ¥’s representing wave functions of the 
complete system, ion and incident electron. The gs should strictly be anti- 
Symmetrical combinations in the coordinates (space and spin) of the colliding 
and ionic electrons. However, for transitions of interest here, it appears (Bates 
et al. 1950) that a better approximation is obtained if exchange effects are 
neglected, and we accordingly take Y to be a simple product of wave functions, 


PF =Us)x.(2), Vn =ba(l)ye(2), 


where the ionic and colliding electrons are designated respectively by the numbers 
1 and 2. . 

The Y,(1) and ¥,(1) are taken as appropriate linear combinations—as 
given for example by Condon and Shortley (1935)—of one-electron wave 
functions, whose radial components are tabulated by Hartree and Hartree 
(1935), the angular components being of the central field type. 


For the incident electron in the field of the ion, we find 


(.=?k-12 SL, (kyr), (cos oe eee ee (2) 
1=0 


where 
L(k,r) =(21+1)eG,(r), 


G(r) being the solution of the differential equation 
Gy (r) + [k?+2Z,/r —UL41)/r2J@,(r) =0, ........ (3) 


which goes to zero as y'+1 and asymptotes to k—1/? sin (kr+-n,), , being a phase 
whose magnitude is not required for our problem. The symbols « and 8 represent 
spin functions and P,(cos9) is the Legendre polynomial. The term 2Z Al 
in equation (3) represents the potential of the free electron in the Call field and 
can be found from results given by Hartree and Hartree (1935) who tabulate 
2Z, for Cal and CalII. For CaII the mean of these has been used. The wave 
function of the scattered electron may be written, 


GG hells ae y Ly (k',r)P (cos @) 4", ota (4) 
P=6 (p 
© being the angle between the momentum vector of the scattered electron and 
the radius vector. 


Taking the interaction energy V to be 1/r,—1/r,, and using well-known 
expansions in terms of associated Legendre polynomials, we may now calculate 
(n|V|n’) and hence the cross section. The results obtained, for k?—0-30, 


are 
3 (4878; )2—4p°P 2) =6 6702, 


a(4878,/5 —4p?P 5/5) =9 9raz. 


where a, is the radius of the first Bohr orbit of hydrogen. 
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In obtaining these, a sum over the index / of equation (2) has been made. 
It may be shown (Bohr, Peierls, and Placzek 1949) that, for any value of J, 
the contribution to the cross section can be no greater than (2/-+41)ma2/k?. 
The values obtained here were checked against this condition at each stage, and 
were found to be compatible with it in all cases ; in only one (J=1) did it approach 
the limiting value. In fact, the results given above are effectively those due 
to the partial wave with /=1. 
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THE CONTINUOUS RADIATIVE ABSORPTION CROSS SECTION 
OF FeXIV AND THE CORONAL TEMPERATURE 


By ALMA WERNER* 
[Manuscript received September 17, 1953] 


Summary 


The continuous radiative absorption cross section of FeXIV was calculated, using 
a Hartree wave function to evaluate the matrix element for recombination to the 
ground state. This matrix element was considerably smaller than the value obtained 
by Hill (1950, 1951) using the hydrogen-like approximation, but the total cross section 
for recombination was not greatly different. Balancing the rates of recombination 
and collision ionization in the solar corona then gave a temperature of about 2 x 108 °K, 
compared with Hill’s value of 1 x 10° °K. 


I. INTRODUCTION 

FeXIV is one of the most important of the highly ionized atoms in the solar 
corona (Woolley and Allen 1948) and, by balancing the rates of radiative recom- 
bination and collision ionization of this ion, one may deduce the electron agitation 
temperature of the corona. Estimates of these rates were made by Woolley 
(1947) using classical methods for the ionization cross section and taking a value 
calculated for OI at 6000 °K, modified by assuming a certain dependence of the 
cross section on the atomic number and temperature, for the radiative recom- 
bination cross section. Improved estimates have since been made by Hill 
(1951) using wave mechanical methods. Both calculations gave a coronal 
temperature of close to 10®°K. Independent methods of estimating this 
temperature have given somewhat higher values (see Woolley 1947). 


Hill’s calculation of the recombination coefficient of FeXIV was made 
using an appropriate modification of Wessel’s formula for the recombination 
of an electron with a proton. Detailed calculations of recombination coefficients 
using accurate atomic wave functions have now been made for several neutral 
atoms and singly ionized atoms, and it appears that the hydrogen-like approxi- 
mation can sometimes give results seriously in error, as a result of considerable 
cancellation in the integral for the matrix element. As it seemed likely that 
such sensitivity of the calculation to the form of the radial wave function would 
occur, a fortiori, for highly charged ions, and as a Hartree field for FeXIV has 
become available since Hill’s paper was written (Gold 1949) an accurate calcula- 
tion of the recombination coefficient of FeXIV was undertaken. 
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II. RADIATIVE RECOMBINATION TO THE GROUND STATE 
Quantum theory gives the following expression for the total cross section 
of an atomic system for radiative recombination 


1287°me? * : é 
Q(k®) =LOn(k*) = as a vis | forrpas Tea erase (1) 
§ & 


Y, being the wave function for the bound state, with energy H,, into which the 
electron falls, and , the continuous wave function for the incident electron with 
momentum kh/27 before capture. The frequency of the emitted radiation is 
Wage 

If V(r) is the potential of the ion field to which the free electron is captured, 
then 


Y= (21+ Aileruktr S Gyn P, (cO8 O)j ~~. ..-0+0se- (2) 


where G, is the solution of the differential equation 
G+ [k?-2V(r) Il +1)r2]@,=0, 2 ........05. (3) 


which vanishes at the origin and has the asymptotic form k-! sin (kr+%,), 
7, being a phase shift whose value we shall not require. 


The matrix elements sensitive to the form of the wave functions will be 
those for capture to the ground state of the ion, namely, the state n=3, 1=1. 
The hydrogen-like approximation used by Hill will be sufficiently accurate for 
capture to excited states. From the usual selection rule, capture to the ground 
(3p) state can only take place from an s or d state in the continuum, involving 
the functions G and G, respectively. G, is the only one of the G’s which differs 
markedly from a Coulomb wave function for Z=—16-4 (corresponding to an 
effective nuclear charge of 16-4e in the vicinity of the 3p electron), since the 
i(i+1)r-* term in (3) swamps any deviation of Vir) from the Coulomb field 
for small 7, and at much larger distances the Coulomb field is small. Only 
Q,°:1, therefore, was calculated using formula (1) with accurate wave functions. 


The Hartree field and ground state wave functions have been obtained for 
FeXIV by Gold (1949), and the required values of V(r) to be used in (3) were 


found by subtracting the potential g(r) of the 3p electron from the Hartree 
field of FeXIV, where 


o(r) = [ "Ydé + | Be iby ae 4 ine (4) 
/ 0 r 


Y(€) being the (radial) Hartree wave function (averaged over all angles) for the 
3p electron. G) was then found by numerical integration of (3). 


The form of G@ and ), were found to be such as to cause considerable cancel- 
lation in the integrand in (1), and the values obtained for Q,° 1 by adding together 
the contribution from the s and d states of the continuum were several times 
smaller than the corresponding values obtained by Hill, as will be seen by 
comparing the second and third columns in Table 1. 
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III. RADIATIVE RECOMBINATION TO THE EXCITED STATES 
The hydrogen-like approximation, as used by Hill, will be sufficiently 
accurate for capture to the excited states. Hill (1950) has given graphs for 
various @,”, n being the total quantum number, based on matrix elements 
calculated by Wessel for n=1, 2, 3 and by Bates for not too low energies. At 
low energies, for n>3 and for (ka)-1>20 (where k=2nxmv/h and a=ay/Z), one 
uses Kramer’s classical quantum theory expression 


16e7h iW 
On" =a5 a_i (Ka)—* —.—__.. 1... 2. ee. (5) 


nn? + (ka)? 
When allowance is made for the levels which are already filled, we have for the 
recombination cross section of FeXIV 


OF =O 0 OO a eas (6) 


Values of the various Q,” on the right side of (6) were obtained from Hill’s 
graphs, and the necessary correction made from the more accurate values of 
@,°! found as above. The final value so obtained for Q, is shown in the last 
‘column of Table 1. It is seen that the major contribution to Q, comes from 
capture to the higher states, so that Hill’s considerable over-estimation of the 
cross section for capture to the ground state does not have too serious conse- 
quences. 
TABLE 1 


RECOMBINATION CROSS SECTIONS 


| | 
/ os | Oo | he On 
(ka) | Werner | Hill Hill 
(10-2em?) | (10-%2 cm?) (10-22 cm?) (10-22 cm?) 
| 
4 0-07 3:1 55 13 
5 0-13 5 97 30 
6 0-20 | 8-2 154 5B 
10 0-73 24-6 537 249 
14 1-8 49 1200 635 
20 5-1 100 2720 | 1550 
25 9-8 157 4580 2750 


IV. TEMPERATURE OF THE SOLAR CORONA 

If the peak of the Maxwell distribution came near the plateau of the ioniza- 
tion curve, one might reasonably estimate the temperature of the solar corona 
by finding the particular energy for which q r—Q, But the peak falls far below 
the threshold for ionization (below 100 eV compared with a threshold of 376 eV). 
The temperature of the corona must therefore be obtained by finding the 
temperature for which (Qz)ay.=(Q,)av. Where the suffix Av. indicates that the 
values of Q, and Q, must be averaged over a Maxwellian distribution of electron 
energies. 

Using Table 1, (Qz)ay. may be obtained for a few temperatures, and, using 
Hill’s ionization curves, (Q,)4y. may be obtained for the same temperatures. 
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The point of intersection of the curves of (Qp)ay, and (Q,)ay. against temperature 
gives the required temperature 7 of the corona. 


It is found that about 0-4 of the total value of (Q,)4y. comes from the low 
energy tail of the Maxwell distribution below an energy of 4 eV corresponding 
to ka <1/30. This is due to the rapid rise in the Q,”’s towards infinite values as 
ka tends to zero, so that the value of Q;.dN/dEH, where dN is the number of 
electrons with energies between H and #+d£, when plotted as a function of E, 
is found to rise again as H falls to low energies. Hill appears to have avoided 
this embarrassing behaviour by applying a “ cut-off ’’ below 4 eV. However, 
the integrated value of Q, is found to be finite, and its value over the range 
ka=0 to 1/30 was obtained by replacing the summation over n in (5) by an 
integration over n, adjusting the lower limit suitably, and finally integrating 
over ka. Owing to the high values of Q, at low energies, a high radiative 
absorption of electrons in this range will occur, and one might expect an appreci- 
able deviation in the energy distribution from the Maxwell values at low energies, 
especially as most of the electron-electron collisions will be small-angle, resulting 
in a slow interchange of electron energies. On the other hand, this effect will 
be damped out to some extent by the overwhelming predominance of elements 
other than iron in the solar corona. Such a deviation could exert a considerable 
change in the value obtained by integrating Q re 


The values of the averaged Q’s obtained are given in Table 2. 


TABLE 2 


AVERAGE CROSS SECTIONS 


T (108 °K) 1-0 1-5 2-0 3-0 
(Qp) Av. (10-°° em?) 3-1 1-4 1-1 
(Q,)Av. (a) (10-2° em?) 0:66 | 1-27 2-43 

(6) (10-2° em?) 0-53 1-00 1-90 


There is some uncertainty in the values of Q, obtainable from Figure 2 of 
Hill’s paper. The values (a) in Table 2 were 6btained using the mean of curves 1 
and 2, and the values (b) using curve 4. These gave the following values for 7 : 


Values (a): 2-1 x108 °K, 
Values (b): 2:25 x106 °K. 


These two values are to be compared with the value 1-1 x 10° °K obtained by 
Hill, and with the values 2-3 x 10%, 3-3 X108, and 2-5-6-5 x10® °K at different 


heights above the limb, obtained by entirely different methods (see Woolley 
1947). 


However, the experimental data giving FeXIV as the most abundant of 
the various ionized states of iron cannot be assumed to apply to the quiescent 
corona, but will, in fact, be bound to include a proportion (unknown) of coronal 
‘hot spots’. Similarly, the other values of the coronal temperature, obtained 
by various other methods, would also be some kind of mean between hot spot 
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and quiescent temperatures. The value of the temperature for the quiescent 
corona, given by the minimum solar radio noise, is about 0-5 x106 °K, which is 
considerably below the above-mentioned temperatures. 
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SPACE CHARGE WAVE AMPLIFICATION IN A SHOCK FRONT 
AND THE FINE STRUCTURE OF SOLAR RADIO NOISE 


By Harti K. SEN* 
[Manuscript received August 17, 1953] 


Summary 


The Mott-Smith (1951) interpolation method gives anon-Maxwellian velocity distribu- 
tion for the particles in a shock front. The dispersion equation corresponding to the non- 
Maxwellian distribution is derived by YVlasov’s (1945) formula. The roots of the 
dispersion equation indicate frequency bandwidths of space charge wave amplification 
that decrease with the shock strength. It is suggested, in agreement with Denisse 
and Rocard (1951), that the storm bursts of narrow bandwidth originating in shock 
fronts constitute the elementary fine-structure components of solar radio noise bursts. 


I. INTRODUCTION 

Solar radio noise bursts have a fine structure (Blum and Denisse 1950 ; 
Reber, unpublished data ; Wild 1951) in the frequency bandwidth of amplifica- 
tion, of the order of a few per cent. of the base frequency. Denisse and Rocard 
(1951) suggested the origin of these elementary storms to be the space charge 
wave amplification in a shock front. They drew attention to the fact that the 
electron velocity distribution in the shock front of an ionized gas will depart 
from the Maxwellian one, developing a secondary hump at a velocity exceeding 
the mean thermal motion of the electrons. Applying the Landau criterion 
(Landau 1946 ; Bohm and Gross 1949), they concluded that the secondary hump 
would be responsible for the excitation of electronic oscillations and indicated 
its application to the observed fine structure of solar radio noise bursts. 


Denisse and Rocard, however, used the Enskog-Chapman approximation 
(Chapman and Cowling 1939), which, on account of its slow convergence, is 
applicable only to very weak shocks, as pointed out by Wang Chang (1948). 
They admitted in their paper that, though there was every reason to believe 
that the effects discussed by them would augment with the strength of the shock, 
their analysis did need extension to strong shocks. 


In a recent paper, Mott-Smith (1951) indicated a promising method of 
approach to the velocity distribution in a strong shock. He pointed out that 
the distribution of molecular velocities in a strong shock wave in a gas would 
be bimodal in view of the fact ‘ that a considerable number of the Maxwellian 
molecules of the bounding supersonic and subsonic streams penetrate into the 
centre of the shock”. He found the velocity distribution function on the 
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assumption that it would be a sum of two Maxwellian terms with temperatures 
and mean velocities corresponding to the subsonic and Supersonic streams. 
He further showed that his distribution function was an approximate stationary 
solution of the Boltzmann equation for strong shocks. 


Il. THE DISPERSION EQUATION 

We have followed in this paper* the Mott-Smith approach, as we believe 
that it is applicable to strong shocks and also brings out clearly the physical 
concept of the bimodal velocity distribution. 

We assume the gas to be completely ionized with equal numbers of positive 
ions and electrons. We also neglect the small polarization effect (Denisse and 
Rocard 1951) and assume the electrons and ions to have a common mass velocity. 
On account of our neglect of the polarization effect, the concentration functions 
will refer indifferently to the ion or the electron.t The Mach number, however, 
will refer to the ions, which mainly determine the shock wave. 

We shall use the following notation : 


e, charge of electron (in e.s.u.), 
m, mass of the electron (or ion), 
x, Boltzmann’s constant, 
Uq, Stream velocity before shock, 
Up, Stream velocity behind shock, 
T,, stream temperature before shock, 
T,, Stream temperature behind shock, 
y, ratio of specific heats, 
a=2y/(y—1), 
M, Mach number of stream before shock =u, V{ (a—2)/a}(m/xT .), 
NM, particle concentration before shock, 
N', particle concentration behind shock, 
n, particle concentration in shock centre, 
u, particle velocity along the direction of propagation of shock, 
a, common mass velocity of electrons and ions, 
U=u—4, 
0’ =V (m/2xT,)U, 
k=wave number of A.C. perturbation, 
_q@=angular frequency of A.C. perturbation. 
We define as the centre of the shock front the point where the particle 
concentration is the mean of the concentrations before and behind the shock, 
that is, where 


1 ; 
n= 3 (No “iq ): 


* The basic equation (1) used in this paper has been derived in a paper on ‘“‘ The 
non-Maxwellian distribution in a shock front and the anomaly of the chromospheric temperature ”” 


(Sen 1953). 
+ The suffix e will be used when the concentration refers specifically to the electron. 
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For simplicity, we shall regard the shock centre as the representative point in 
the shock front and investigate the conditions at this point. Then the normalized 
electron velocity distribution function f(U’) at the shock centre, referred to 
axes moving with the stream velocity @, can be shown to be (Sen 1953) 


(Mine= = Po eU' Pde HU 19", 2s 2 (1) 
2VniNn 
where b, c, d, and f are constants given by 
(a—1)?M? 1 


b 


~ (M? +a —2)(aM?—1)’ 
(= (M?—1)(M?+a—2) 
on cms 


(a —1) {a(M? +1) —2}’ 
(a —1)2M3 


d= Gia —2)3 2a? 1) 
f ja M(M?—1) 
~~ 2 a(M?+1)—2 


Ji £(U") 


Fig. 1.—Velocity distribution at centre of shock front. 


We take y=5/3 for the electronic gas. Figure 1 gives the plot of the 
function Vxf(U’) against U’ for different values of the Mach number M. For 
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comparison, we have also drawn in the same figure the corresponding Maxwellian 
distribution.* It is apparent that, with increasing strength of shock, the 
velocity distribution curve becomes progressively non-Maxwellian. For M ~3, 
the curve develops a secondary hump that accentuates with M. 


The secondary humps in our electron velocity distribution curves in Figure 1 
give us reason to expect space charge wave amplification in the shock front. 
We shall see if this is so from the dispersion equationt corresponding to the 
distribution function (1). Assuming that all A.C. quantities vary as 
Re exp j(kx—wt), Vlasov (1945) derived, in the linear approximation, the 
following dispersion equation : 


4rn,e2 | LVGaV, © F 
m (w—kV,)? ~~” 


where f(V,) is the normalized electron velocity distribution function. 


Applying (3) to (1) and assuming a series expansion for small k (i.e. long 
waves), we derive the following dispersion equation : 


Oe ord: 


avi ey as ee eer er (4) 


3c?d 3d 
(; Vb IRR 


Boe ae 
+543 )eM 


where 
kishfe and se =O) Wy). p50. Chas oe ee a (5) 


@, being the plasma frequency in the medium before the shock, that is, 


Table 1 gives the upper limit of « as a function of M, for complex roots{ 
k’ of the dispersion equation (4). Figure 2 gives the corresponding graph. 


TABLE 1 


UPPER LIMIT OF ~ AS A FUNCTION OF M 


WIS Yi ate | ISO e220 2b a0 obs 420) 5-0 87> 0)" L020 


Ol ewsts . | 1-00, 1-07 1-28. 1-36 1-41 1:45 1-48 1-51 1:54 1-56 


*e-U"_ Lt Vxf(U’). 
M-— 1 


+ We consider only the motions of the electrons and neglect the motions of the ions, on 
account of the relatively larger mass of the latter. 

J It is true that the roots of k’ in the equation as it stands are purely imaginary. The reason 
lies in the nature of the approximation and the neglect of collisions. Inclusion of higher powers 
of k’ in (4) or of collision effects will introduce the real part of the propagation constant'k:. 


bY) 
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Presumably, only values of «>1 will be significant for space charge wave 
amplification, as frequencies below the plasma frequency will not have much 
chance of escape from the overdense atmosphere. We see from Figure 2 that 
the frequency bandwidth of amplification becomes narrower with decreasing 
strength of shock. 


1-60 


| 
cee 


Fig. 2,—Frequency bandwidth of amplification, %, as a function of 
the shock strength M. 


III. Discussion 

Frequency bandwidths of a few per cent. of the base frequency have been 
observed in the fine structure of solar radio noise bursts (Blum and Denisse 
1950; Reber, unpublished data; Wild 1951). It is true that the Mott-Smith 
analysis does not apply to weak shocks.* Nevertheless, in the absence of any 
compelling reasons to suspect sharp discontinuities, the progressive decrease 
of the bandwidth of amplification with the shock strength would presumably 
carry over into the region of weak shocks, and is, moreover, in agreement with 
the analysis of Denisse and Rocard (1951). 

We may suppose that the shock waves originate as weak shocks from the 
convective cells in the subphotospheric layers that are responsible for the photo- 
spheric granules (Schwarzschild 1948). .The author (Sen 1953, Appendix) has 
shown that even in the low chromosphere the shock waves will be frequent 
enough to preserve the non-Maxwellian distribution as a quasi-steady state 
against the disruptive effect of collisions. 

It is beyond the scope of the present paper to enter into the controversial 
and difficult question of whether the conditions are as favourable in the solar 
atmosphere as in discharge tubes for conversion of space charge wave energy 
into electromagnetic radiation. 

The author believes, however, that the discontinuity at the shock front 
may favour such conversion. In that case, the shock fronts traversing the solar 
atmosphere would give rise to storm bursts of narrow bandwidth that form the 
elementary fine-structure components of solar radio noise bursts. 


*It gives the wrong slope to the shock thickness as a function of the shock strength. See 
Wang Chang (1948) and Mott-Smith (1951). 
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ON THE CRITERION FOR DIELECTRIC BREAKDOWN IN 
IONIC CRYSTALS 


By J. J. O’DWYER* 
[Manuscript received September 25, 1953] 


Summary 

Previous theories on the criterion for electronic breakdown in ionic crystals are 
__ reviewed, in particular those of Frohlich and Heller. It is shown that the ideas proposed 
by Heller are based on insufficient examination of the physical picture of breakdown, 
and the validity of Fréhlich’s criterion is vindicated so long as electron-lattice collisions 
determine the distribution function. However, for the relatively high densities of 
conduction electrons existing just before breakdown the effect of electron-electron 
collisions may well be more important than the effect of electron-lattice collisions in 
determining the distribution function. Accordingly a critical field strength is calculated 
for a Maxwellian distribution of conduction electrons by a method which is a modification 
of Fréhlich’s work. Comparison with the somewhat inadequate experimental results 
existing at present suggests that the breakdown field should be identified with the 

critical field originally proposed by Frohlich. 


I. INTRODUCTION 
The theory of the dielectric breakdown of ionic crystals has been dealt with 
in detail by Frohlich (1937, 1939), who developed a criterion which could be 
applied for the calculation of the breakdown field strength at sufficiently low 
temperatures. 


Recently Callen (1949), Heller (1951), and Franz (1952) have advanced 
criteria for dielectric breakdown in certain cases. The work of Callen is based 
on the so-called low energy criterion of von Hippel (1935) as opposed to Fréhlich’s 
high energy criterion, and will not be discussed further since it has been dealt 
with in the literature and is, moreover, not required for the line of thought of the 
present work. Heller uses an idealized model of a non-polar crystal to calculate 
in detail the distribution function for the conduction electrons at high field~ 
strengths. The results of this calculation are then incorporated in his breakdown 
criterion to estimate the breakdown field strength. The actual numerical work 
is done for diamond, but Heller states that his criterion is also applicable to 
ionic erystals and compares the results of his criterion with those of Froéhlich. 
Franz likewise endeavours to calculate this distribution function but uses a 
method which is incorrect, since he assumes that the effect of the field is simply 
to shift the electron distribution function bodily in momentum space by an 
amount determined by some relaxation time constant. This has been shown 
to be in error for high fields in insulators by Fréhlich (19475). 


* Division of Electrotechnology, C.S.1.R.O., University Grounds, Sydney. 
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In the present work breakdown criteria are re-examined and it is found that 
the original Frohlich criterion is correct for the model to which it was applied. 
However, it is possible that the model is not in accord with reality on some 
points ; in particular, evidence will be advanced to show that electron-electron 
collisions may be much more frequent than electron-lattice collisions just before 
breakdown. A modification of Frdéhlich’s calculations (1937, 1947a) will be 
applied to determine a critical field strength for the instability of a Maxwellian 
distribution of conduction electrons.* Experimental evidence, though not 
convincing, will be found to be slightly in favour of the original Frohlich theory. 


II. BREAKDOWN ORITERIA 
(a) The Frohlich Criterion 
Frohlich (1939, 1947a) has distinguished two extreme cases for the estab- 
lishment of equilibrium in electron distributions at high field strengths. In the 
first instance he has considered that collisions between conduction electrons and 
lattice vibrations maintain equilibrium together with the applied field, while 
collisions between conduction electrons themselves are of negligible consequence. 
This corresponds to the so called “low temperature ”’ breakdown theory. 
Alternatively, it may be considered that collisions amongst conduction eleetrons 
themselves and between conduction electrons and electrons in shallow traps are 
much more frequent than collisions between conduction electrons and lattice 
vibrations. This assumption leads to the ‘ high temperature ”’? breakdown 
theory.+ 
In the case of the low temperature theory Fréhlich (1937) has calculated the 
mInean rate of energy gain from the field as 


where 


+(E) t(E){ | exp (lv/kT,) 1 
1 2285 eth | 


if Li 2 } | 


pe B-3!2 
to(#) 164\/2 m?Ma'yv 5 


and the mean rate of energy loss to the lattice vibrations by an electron of 


energy HE as mia 
2?re*m?* 
== =% OS) 6) 6) B 4) See) er 8 a he 3 
B(E) Wai log y E-3, (3) 


* Since this paper was written the author has been informed by Professor Frohlich that he 
has carried out the calculation of the critical field strength for a Maxwellian distribution of 
conduction electrons. It appears that his work is quantitatively more exact than that presented 
here, so that he may be able to draw more definite conclusions in his comparison with experimental 
work than those drawn on the basis of the present calculations. 

+ This distinction concerns the mechanism by which the electron distribution function is 
stabilized. It will be found necessary to make a further distinction below based on the 
mechanisms of energy transfer from the electrons to the lattice. This will lead to yet another 
set of physical conditions for which an instability criterion can be given for the electron 


distribution function. 


38 J. J. Oo DWYER 


in which e and m are the electronic charge and mass respectively, F is the electric 
field strength, v the reststrahlen frequency, M the reduced ionic mass, a the 
lattice constant, 7, the lattice temperature, and log y is a slowly varying function 
of E such that, for H=I (ionization energy), (log y)!=2-6 for most alkali halides. 
These formulae are valid for energies greater than a certain energy (H)~1 eV) 
and less than the ionization energy (I[~5 eV). 


Fréhlich’s low temperature breakdown criterion is then 
ACH Tye BU).”  oaeees aie ere ee (4) 


which is used as a determining equation for the breakdown field strength F*. 
The physical idea of this criterion can be explained with the aid of Figure 1. 


dé A(FE,,E) 


I i= 


Fig. 1.—Average rate of energy gain from the field and energy loss 
to the lattice vibrations per electron. 


For a field 7, <F* the only electron which can, on the average, make a net energy | 
gain from the field will be one whose energy is greater than the ionization energy ; 
while for a field F, >F* an electron of less than ionization energy will make a 
net average gain from the field. It is then argued that F* is the breakdown 
strength, since it is at this field strength that the field is, on the average, first 
able to accelerate an electron of slightly lower energy up to the ionization energy. 


(b) The Heller Criterion 

Concentrating essentially on a low temperature model (in the sense explained 
above), Heller (1951) has modified Fréhlich’s idea and produced a new breakdown 
criterion. Remarking that Frohlich has only considered the average behaviour 
of one electron, Heller rightly points out that high field strengths will change 
the electron distribution function from a Maxwellian one (as already shown by 
Frohlich (1947b)) and then advances a breakdown criterion based on the idea 
that the field alters the ionization rate by altering the distribution function. 
He alleges that Frohlich has ignored this by simply considering the change which 
the field produces in the average ionization process caused by one electron. 
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The essence of his work can most easily be seen by considering the kinetic 
equation derived by Frohlich (1947)) : 


Of, B(x) a Q 
up £ ae = E +0%0);2e +40) { 

de ppc eas (5) 
L= = 28 ef r(«) On? J 


in which we have defined a dimensionless variable x—H/kT, and expanded the 
electron distribution function in a series of Legendre polynomials 


f(@,9,t) =fo(a,t) +f,(a,t) cos 0, 


assuming that only these two terms are required. (0 is the angle between the 
applied field and the momentum direction and t is the time). The quantities 
A(x), B(«), and +(x) are given by (1), (3), and (2) respectively, and 


2 A(a)a 
ste Bie). 


The equations (5) are valid only in the same energy range as equations (1), 
(2), and (3). The first equation of (5) can be written 


AA Pp Aenea (6) 
where p is the density function 
e(x,t) =4nV'x f, (x,t), 
and S is a current density, 
B(o)— "TV a Be) [a rorenge 1]. Bey. e8 (7) 
For stationary conditions we have then from (6) that 
i ( ) == SOUS arene a atsk nai & awe leap naa (8) 


Frohlich has imposed the boundary condition that there can be no diffusion of 
electrons into or from the negative energy region and hence (8) becomes 


DO a toate ys eis tee pam Phas nde ig 9-8 (8a) 


This is simply a mathematical statement of the fact that, under the assumptions 
made, there are no electron removal or introduction processes. 

However, it is clear that such processes will be important particularly at 
high field strengths. The ionization rate will depend on the field strength through 
the field dependence of both the distribution function and the total number of 
conduction electrons. If we denote the ionization rate by S(F) then Heller 


replaces (8a) by 
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alleging that, in the steady state, the ionization rate must be equal to the recom- 
bination and trapping rate. Since recombination and trapping occur mainly 
from amongst the low energy electrons, equation (7) will still determine the 
electron distribution function for energies between H, and I (the range of validity 
for equations (2) and (3)), in spite of the fact that electron-electron collisions 
are now being considered to be of importance in some energy ranges. Equation (7) 
then becomes 

kT 


Paes Sy, 
ivan 


and we note from (3) that V xB(a) is independent of x The solution to (9) 
is easily obtained as 


fo= 


1 +04(0)) 92 + fo 
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in which N and S are to be determined by the normalization condition and the 
details of the ionization process. 


For low energies or very low field strengths the solution (10) becomes 


kT 
= = S(F)4-N, @XD C=), ac. ak ck ee = eis oe (10a) 
fo 4nV xB(a) ( Nes 1 p ( ) 
while for higher field strengths and higher energies 
kT 
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where A is a constant containing various factors appearing in C?(%). This 
solution (10b) is identical with the solution given by Heller for the same energy 
region, apart from different lattice interaction parameters which lead to a different 
value of A. Heller has performed very detailed calculations to determine the 
electron distribution function in the ionization region, for which purpose he has 
made arbitrary assumptions concerning the cross section for ionizing collisions. 
He then states that 
S(P)=a(F)No 


SoA NGC N lie ek re (11) 


where NV ,, is the number of electrons in the conduction band, NV ,(F) the number 
of empty trapping centres at field F, N,, the number of holes in the valence band, 
and A must apparently be understood as some sort of combined recombination 
and trapping coefficient. For an insulator obviously 


Nei oN LF) 200) aes eee (12) 


since conduction electrons can come only from the valence band or from traps. 
Combining (11) and (12) we have 


OE) == ACN oN 10) po aes eee ener (13) 
Heller then gives as his breakdown criterion 
oF) ae (0)5 an ero eee (14) 
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on the ground that N, begins to increase rapidly (proportionally to «(F)/A) 
when «(F') exceeds A. N,(0). This means that breakdown is to be considered 
a8 occurring when the ionization rate is so high that the trapping rate cannot 
keep pace with it, the equilibrium number of conduction electrons then being 
such a rapidly increasing function of field Strength that no dielectric would 
carry the current involved. 


(c) A Re-examination of the Breakdown Criteria 

Although, at first sight, Heller’s ideas would appear to be a logical extension 
of Fréhlich’s work, nevertheless it seems that they are based on insufficient 
examination of the physical aspects of the problem. The main misconception 
in his treatment is that he assumes that the ionization rate will be balanced by 
the trapping and recombination rate when the conduction electrons have 
attained their equilibrium distribution in a given external field. This cannot be 
so; for, if trapping and recombination were together responsible for balancing 
ionization from the valence band, then a net transfer of electrons from the 
valence band to traps would be continuously required. There could not then 
be any equilibrium no matter how weak the field. It is plain that, in the state 
of equilibrium, ionization from the valence band must be balanced by recom- 
bination to the valence band and ionization from traps must be balanced by 
trapping processes. (Ionization in both these cases may be due to thermal 
ionization, ionization by inelastic collision with conduction electrons, and field 
emission. In the case of traps all three processes will probably contribute, 
but ionization from the valence band will be mainly due to inelastic collisions.) 
It is now clear that it is incorrect to replace (8a) by (8b), since a given ionization 
rate S(F) does not imply a current of electrons in energy space, as each high 
energy electron lost by an ionizing collision will be replaced by one from a 
recombining collision. Equations (9) and (10) will then be correct with S(#)=0 
(as originally given by Frohlich), and the breakdown field would logically be 
conceived as that field for which the recombination rate is unable to balance the 
ionization rate. However, this is exactly what Fréhlich has calculated in his 
original paper. It is easily seen that for fields #>F* the high energy electron 
from @ recombining collision is not, on the average, able to lose its energy to the 
lattice, and in fact undergoes a further ionizing collision thus nullifying the 
effect of recombination in balancing ionization. Thus the Frohlich criterion 
gives the field strength for which recombining collisions are unable to effect a 
net removal of electrons from the conduction levels. 


(d) A New Approach to the Breakdown Criterion 

It would seem that the breakdown field strength of ionic crystals in the 
low temperature region should be identified with that critical field strength 
given by Frdéhlich, since at this field strength ionization would increase the 
number of conduction electrons indefinitely. However, it seems to have been 
overlooked that for large electron densities electron-electron collisions will be 
the dominating feature in determining the distribution, and not electron-lattice 
collisions as assumed by both Frohlich and Heller in their derivation of the 
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distribution function.* Moreover, since the time taken for conduction electrons 
to establish a temperature under the influence of mutual collisions is many orders 
of magnitude less than the time required for breakdown to build up, the electron 
distribution can be expected to change back to Maxwellian under these conditions. 
This process decreases the number of electrons of high energy (of order of the 
ionization energy) to such an extent that, while the ionization rate is not actually 
zero, it is of such infinitesimal proportions that it could scarcely be conceived 
as being responsible for breakdown (cf. (10a) and (10b)). 

The critical field strength is then that field strength for which a Maxwellian 
distribution of conduction electrons cannot attain any finite temperature for 
which equilibrium will exist between the energy gain from the field and the 
energy loss to the lattice by the conduction electrons. This picture, which is 
at first sight similar to the model on which Frohlich (1947a) calculates his high 
temperature breakdown, differs from it in very important respects : 

(i) In the low temperature case the number of conduction electrons will be 
independent of their temperature 7 for any given lattice temperature 7). The 
number will in fact be that for which the electron-electron collision relaxation 
time has just superseded the electron-lattice collision relaxation time as being 
the chief factor determining the distribution function. In the high temperature 
case, on the other hand, the number of conduction electrons is a very sensitive 
function of 7, due to excitation from the large numbers of shallow traps which 
exist at the higher temperatures. 

(ii) In the low temperature case the transfer of energy from the electrons 
to the lattice is almost entirely due to collisions between conduction electrons 
and lattice vibrations, while in the high temperature case practically all the 
energy lost to the lattice is by transitions of electrons in shallow traps. 


III. THE CRITICAL FIELD STRENGTH 
The low temperature critical field strength will thus be determined from 


AUR TT) SBT), ee eee (15) 


as the lowest value of # for which (15) yields no finite solution for 7. (That 
this is, in fact, possible is evident from the analysis below.) Since the number of 
conduction electrons is not a function of 7 we have 


aN ie 
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* Heller has estimated the relative importance of electron-electron collisions by asserting that 
10° conduction electrons per c.c. give evidence of breakdown. This estimate seems unreasonably 
low, particularly since it is implicit in his breakdown criterion that the density of conduction 
electrons just before breakdown is of the same order of magnitude as the number of electron 
acceptor impurity atoms, which figure he estimates at 10!’ per c.c. This latter figure is more in 
agreement with the order of magnitude obtained experimentally on mica by Kawamura, Onuki, 
and Okura (1952) who found that avalanches contained about 108 electrons just before breakdown. 
Since their specimens were 5 x 10-4 cm thick, any reasonable estimate of the ‘“‘ avalanche cross 
section ” will give a figure more of order 101” than 10! for the electron density. It is for just 
such densities that electron-electron collisions would be expected to achieve the same degree of 
importance as electron-lattice collisions. 
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in which 7(7,7,) is the average relaxation time given by 


J7(#,7,To) VB exp (—E/kT)dE 
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The quantity +(#,7,7,) represents the average relaxation time of an electron of 
energy Hin a Maxwellian distribution of temperature 7 with lattice temperature 
T,. It can be derived easily from Fréhlich’s (1937) calculations as 
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in which a is the lattice constant, w is the wave number of the lattice wave, 
kis the wave number of the electron, and @«, O¢ are the probabilities per second 
that an electron makes a transition into or from the state considered by emission 
or absorption respectively. The integrations (representing the sum over all 
processes) have been performed by Froéhlich and give 


1 = exp (hv/kT, —hv/kT) +1 (19) 
HH,T,T) (H) exp (wj/kT,)—1 
in which 
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replaces the expression for +,(H) given in (2) since we are now dealing with 
energies less than the critical energy stipulated. Substituting (19) and (20) 
in (17) and introducing the result into (16) gives 


Mathy exp (hv/kT,) —1 
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Similarly the average loss to the lattice can be found from* 


_ SB(E,T, To) VE exp(—E/kT)QB 22 
a (22) 


* The averaging in (17) and (22) is not strictly correct. Frohlich (personal communication) 
has pointed out that (17) should read 
—fr(#,7,T))H?!{0 exp (—H/kT)/OH}AE 
fH} exp (—E/kT)dE 


(7,79) = 


This will alter the result for t(7',7,,) by the numerical factor 2, and, as no conclusions are drawn 
from the absolute magnitude of the critical field, the error will not affect the conclusions of this 
work. 

The integrations of (17) and (22) have been taken from 0 to oo. Those in (17) should be 
from 0 to J and the form of the integrand should change for the critical energy ~1 eV. However, 
contributions from such relatively high energies will be small due to the form of the distribution 
function. The lower limit of the integrations in (22) should be hy as electrons with energy less 
than hy cannot lose energy to the lattice. This will probably be a more serious source of error. 


44 J. J. O DWYER 


Using Fréhlich’s (1937) calculations we find similarly 
hy exp (hv/kT, —hy/kT) —1 


= a ey Dees nv alee 23 

i erie eel 
Substituting (23) in (22) and making use of (20) gives then 

2m\* 2re4 log [ exp (hv/kT,—hv/kT) —1 24 

BLT.) =( Ma? (kT)? exp (Wv/kT,)—1 * ~~" et 


in which log [ has been assumed to be independent of E (actually it is a slowly 
varying function of F of order of magnitude unity). The quantities A(F,7T,7,) 
and B(T,T,) are plotted diagrammatically in Figure 2 from which it appears 
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Fig. 2.—Average rate of energy. gain from the field and 
energy loss to the lattice vibrations per electron of a 
Maxwellian distribution. 


that for a field F,<#F* an equilibrium temperature 7, will be attained, while 
for a field F, >F* no equilibrium temperature for the conduction electrons will 
be possible. Hence F* is the critical field strength for which the Maxwellian 
distribution of conduction electrons becomes unstable, the corresponding 
electronic temperature being T*. An approximate analytic expression for F* 
can be obtained subject to certain simplifying assumptions. Since the curves 
A(F,T,T,) are reasonably flat in the vicinity of T=T7*, we may take T* to be 
that value which maximizes B(T,T,) with respect to T. The condition for a = 
maximum is 
(1—hv/kT) exp (hv/kT,—Iw/kT)=1, .......... (25) 


and, if we assume hy <kT, (a condition which is satisfied for many of the alkali 
halides between about —100 °C and room temperature), then (hy [kT —hv/kT) <1, 
and on expanding the exponential we find 


Te UOT TS) 14 CY ea ee (26) 


Substitution of this value of 7 in the instability criterion (15) gives with the 
help of (21) and (24) 
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as an approximate expression for the critical field strength which causes instability 
when electron-electron collisions determine the distribution function of the 
conduction electrons. This will be compared with the value 


« 228ml 2he? ae ( D) & 
EL 4Ma'T(hyyi (98 Y)? Ut exp (wfkt,y—1y? ~° (8) 
obtained originally by Fréhlich (1937) for the critical field strength which causes 
instability when electron-lattice collisions determine the distribution function 
of the conduction electrons. 


IV. DISCUSSION 
(a) Identification of the Breakdown Field 
The question as to the identification of the breakdown field strength 
immediately arises, and it seems that breakdown will occur for that field strength 
which is the higher of Fy, Or F;, in any given instance. 


For suppose #,,<F;,; then not until F =f,,, would there be any 
mechanism by which the number of conduction electrons could be sufficiently 
increased to make electron-electron collisions predominate in determining the 
distribution function. However, when F =f,,, the number of conduction 
electrons increases rapidly till the distribution becomes Maxwellian, and since 
Fi pe, breakdown should then occur. 

If on the other hand F< ng it may reasonably be supposed that a 
field ? =F, simply changes the conduction electron distribution to a Maxwellian 
one whose temperature is about twice the lattice temperature (cf. equation 
(26)). For alkali halides with [25 eV there would then be an almost negligible 
ionization rate. It is then reasonable to suppose that breakdown would not 


occur until F=F7,,- 


(b) The Magnitude of the Breakdown Field 

Quantitative calculations show that #7, and Fy, ave of the same order of 
magnitude for most of the alkali halides, and as given by (27) and (28) 
respectively are of the order of half the measured breakdown strengths given by 
von Hippel (1935). This is not as serious as would seem at first sight since many 
factors may be considered, some of which cause effects of considerable magnitude 
and all of which would tend to improve the agreement between theory and 
experiment. 

Firstly, from the experimental point of view the results of von Hippel must 
be subject to some doubt. Recent careful work by Calderwood and Cooper 
(1953), in which the specimens were annealed so as to be as free as possible from 
mechanical strain, has shown that some of von Hippel’s results are probably too 
high. Unfortunately, however, they have not tested a sufficiently full range of 
substances to make adequate comparison. 

Secondly, from the theoretical point of view several comments arise. In 
the derivation of (27) the results of a perturbation calculation have been extended 
to regions of doubtful validity ; also log [has been put as unity. Thus, granted 
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the model, less quantitative significance applies to the value of F',, than to that 
of F;,,. Further, if the Born lattice theory of the dielectric honk of ionic 
croecale be accepted, then the reststrahlen frequency and several of the crystal 
constants appearing in the final results for Ff}, and F;, can be replaced by the 
experimentally measured dielectric Ghuabanites and tne calculated breakdown 
strengths increased by factors of the order of 50 per cent. This has been done 
by Frohlich (1939) for F,,, but is not repeated for the present calculations, 
since no significance will be attached to the absolute magnitude of F7,,. 

It is evident that in the present state of the theory an examination of the 
magnitudes of breakdown strengths will be of little use in determining which 
critical field strength is to be identified with the breakdown field strength. 


(c) Dependence of Breakdown Strength on Temperature 

Omitting universal constants and writing z=hv/kT, we have for the critical 
field strengths 

1 [etexp (2) +1})? 
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The temperature dependences are then contained entirely in the functions of z. 
The ratio of these temperature dependent terms is given by 


Vo Seo ees 
(exp (2) = 


the approximation being subject to the restriction imposed in the derivation 
of (27), namely, z<1. It cannot be expected, then, that measurements of the 
temperature dependence will show which is the critical field strength to be 
identified with the breakdown field, since both criteria give approximately the 
same temperature dependence. 


Calderwood and Cooper (1953), working on sodium chloride and potassium 
chloride in the temperature range —100 to 50 °C, have found that the breakdown 
strength increases with increasing temperature more rapidly than predicted DY = 
the functions of (29) and (30). This is also understandable on the basis of 
Froéhlich’s calculation of the temperature dependence of the relaxation time, 
since in this temperature range an increasing number of thermal defects (not 
taken into account in the calculations) would reduce the relaxation time at a 
faster rate than that predicted. 


(d) Dependence of Breakdown Strength on Physical Parameters 
The variation of breakdown strength at room temperature over a series of 
alkali halides is given in Table 1. The quantities listed are the experimental 
breakdown strength Fy according to von Hippel (1935), the critical field ype 
according to Frohlich “(1937 ), and the critical field Fy, from. equation (27). 
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Units have been adjusted so that all values given are relative to the corres- 

ponding value for sodium chloride. This is easily achieved for the theoretical 

results since from (27) and (28) we have immediately 
oe es jl 
He (yi (exp (2) St 


An examination of these results shows clearly that the breakdown strength 
varies from crystal to crystal in a manner which agrees much more closely with 
the critical field F,, than with Fy, Although it is possible that breakdown 
occurs at a field strength F,,, for some alkali halides and F,, tor others, and, 
although the accuracy of the experimental results quoted is dubious, it seems 
most likely on the basis of these experimental results that Fn 18 less than EF 
for these substances, and that F’,,, of Fréhlich’s original work should be identified 
with the breakdown field strength. 


TABLE 1] 


RELATIVE VALUES OF BREAKDOWN FIELD STRENGTHS AND CRITICAL FIELD STRENGTHS 
FOR A SERIES OF IONIC CRYSTALS AT ROOM TEMPERATURE 


Substance Pry | Tees Fry 
Sodium chloride 1-00 1-00 1-00 
Sodium bromide 0-66 0-99 1-15 
Sodium iodide 0-53 0:87 1-01 
Potassium chloride 0-66 0-62 0:86 
Potassium bromide 0:47 0-52 0:77 
Potassium iodide 0-40 0-48 0-70 
Rubidium chloride 0:53 0-45 0:69 
Rubidium bromide 0:40 0-39 0-68 
Rubidium iodide 0-33 0-29 0:50 


Heller has criticized Frohlich’s theory on the ground that it predicts that 
breakdown strength should vary inversely with internal ionization energy, and 
he suggests that two crystals with similar lattice parameters but different 
internal ionization energies be used to test the validity of his criticism. How- 
ever, it is obvious that this criticism is quite invalid since the breakdown strength 
is a function of many other physical constants apart from the ionization energy 
which is contained implicitly in a knowledge of those constants together with 
the laws governing the formation of crystals. In other words, the best that any 
theory can do is to give a correct manner of variation from crystal to crystal, 
since in the nature of things it is not possible to vary one physical constant while 
keeping the others fixed. 
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THE INTEGRAL AND DIFFERENTIAL RANGE SPECTRA OF 
SEA-LEVEL MESONS 


By A. J. DyErR* 
[Manuscript received November 30, 1953] 


Summary 


The differential and integral range spectra of the hard component of cosmic rays 
in water and lead have been determined up to a thickness of 1500 g cm of water, 
and 2800 gcm~* of lead. The differential results indicate that there is no anomaly 
with an intensity greater than 5 per cent. in the differential momentum spectrum in 
the region below 4 BeV/e. A comparison of the integral range and momentum spectra 
supports the energy loss data of Halpern and Hall in preference to those of Bethe and 
Bloch in the case of water. No such distinction of the theories is possible in the case 
of lead and, although the integral absorption curve in lead agrees with that obtained 
by Heyland and Duncanson (19530), there is an unexplained discrepancy between 
experiment and theory. The intensity of knock-on showers as a function of thickness 
of water absorber has also been determined. 


I. INTRODUCTION 

In an earlier report (Dyer 1953) an account was given of a determination 
of the integral and differential range Spectra of sea-level mesons in water. The 
differential data obtained did not possess sufficient accuracy to lead to a con- 
clusion on the reality of an anomaly in the momentum spectrum near 3 BeV/c 
referred to by several authors (Blackett 1937 ; Glaser, Hamermesh, and Safonov 
1950; Caro, Parry, and Rathgeber 1951). 

As there was some evidence of an anomaly, the integral and differential 
spectra (in the neighbourhood of 4 BeV/c) were studied further with improved 
equipment. A greater reliability was obtained by replacing battery operated 
circuits with mains operated ones, adequately stabilized against voltage 
fluctuations. 

Since the water-hole was available during the winter months only, corres- 
ponding measurements were made with a lead absorber during the summer. 
The results of both experiments are reported in this paper. 


II. LEAD ABSORPTION EXPERIMENT 
The general design of the counter telescope was largely determined by the 
fact that a quantity of lead in ingot form of the order of 1} tons was available 
on loan. In order to obtain the necessary absorber thickness only one arrange- 
ment of the lead was possible, that is, within the telescope with the cross- 
sectional dimensions of the absorber approximately 9 by 6in. The differential 
absorber had a thickness of 20 cm. 
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The telescope arrangement is shown in Figure 1. Counters A, B, and C 
had an effective length of 18 cm, and counters in tray D had an effective length 
of 50cm. The counters placed around trays B and O were in anti-coincidence 
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Fig. 1.—Counter arrangement for lead absorption experiment. 
Fig. 2.—Integral and differential range spectra in lead. 


with the threefold coincidence arrangement ABC and provided protection 
against side showers. Coincidences ABC and ABC-D were recorded for absorber 
thicknesses of from 14cm up to 245 cm in steps of 21cm. The coincidence 
circuits had a resolving time of 5 psec. 
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The anti-coincidence background rate was obtained by removing the 
differential absorber and a smoothed correction applied to the differential 
counting rates. 


The final results are plotted in Figure 2 and presented in Table 1. 


TABLE 1 


INTEGRAL AND DIFFERENTIAL RANGE SPECTRA IN LEAD 


| 


Integral Differential 
Range Mean Range 
(counts/hr) (g em-?) (counts/hr) (g em?) 
17-2+0-2 159 1-90+0-06 272 
15-4+0-3 397 1-77+0-08 511 
13-2+0-2 636 1-45+0-07 749 
11-6+0-2 874 1-22+0-06 987 
10-5+0-1 1112 1-06-+0-03 1226 
9-4+40-2 1350 0-99+0-05 1463 
8-2+0-1 1589 0-92+0-04 1702 
7-1+0-1 1828 0-68+0-03 1941 
6-3+0-1 2065 0-61+0-03 2179 
5-740-1 2305 0-48+0-02 | 2419 
4-9+0-] | 2545 0:42-0:02 | 2657 
4-6+0-1 2780 0-38+0-02 2895 


III. WATER ABSORPTION EXPERIMENT 

The new counter telescope used in conjunction with the underwater: 
equipment described previously (Dyer 1953) is shown in Figure 3. The main 
features of the earlier arrangement were preserved, but larger counting rates 
were obtained by increasing the size of the counter trays. 

Threefold coincidences ABC were recorded of particles traversing 10 cm 
of lead, and the number stopping in a further 10 cm of lead obtained by means 
of the double-layer anti-coincidence tray D. Two counters E were placed on 
either side of tray B in anti-coincidence with trays ABC to provide protection 
against side showers and showers produced in absorber a. 

An additional tray of counters FG was placed immediately under absorber a 
with alternate counters connected in parallel. Coincidences AFG were selected 
and recorded and used also as an anti-coincidence “ suppression ” pulse on the. 
coincidence arrangement ABC. Events AFG would be mainly knock-on showers. 
and with this counter arrangement would be detected with an efficiency of 
about 50 per cent. The use of counters HFG in this manner provided adequate 
protection against unwanted events. 

The counters ABCHFG had an effective length of approximately 18 cm 
and were 3 cm in diameter. The counters in tray D had an effective length of 
40 cm and were 5cm in diameter. AJl counters were of the Maze type and 
were constructed according to the technique of MacKnight and Chasson (1951). 

The coincidence and amplifier circuits (resolving time 5 usec) were located 
in the underwater tank and operated from stabilized B+ and heater voltages. 


52 A. J. DYER 


The main power supply and recording unit was situated in a hut adjoining the 
water-hole. 


The integral and differential range spectra were determined down to a depth 
of 14m of water in steps of approximately 1 m, and the anti-coincidence back- 
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Fig. 3.—Counter arrangement for water absorption experiment. 
Fig. 4.—Integral, differential, and shower curves in water. 


ground measurement was made by removing the differential absorber. At the 
same time measurements of the shower intensity (AFG) were obtained over the 
same range of absorber thickness. 


The results are presented in Figure 4 and in Table 2. 
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IV. Discusston or REsuLTS 

(a) Integral Spectra 
The integral results are compared in Figure 5 with the curve given by 
Rossi (1948). In order to convert to equivalent range in g em-2 of air use 
was made of the data given by Montgomery (1947) for the range of mesons in 
air and lead. The momentum-range relation for water was obtained by integrat- 
ing the energy loss data given by Halpern and Hall (1948), and all results were 

normalized to Rossi’s curve at 98 gem of air. 


TABLE 2 


RESULTS OF UNDERWATER INVESTIGATION 


| 
Depth | Integral | Differential Showers 
(m of water) | (counts/hr) | (counts/hr) (counts/hr) 
| | 
0 | =-36b 1.3 | 19-0+40-3 265 41-3 
1-03 ; 821 41-9 | 20-5+40-5 241 +1-6 
1-30 | AO) ok 21-0-40-4 232 +1-0 
2-12 290 +1-4 20-1+40-4 216 -+£1-3 
3-24 254 +1-6 18-3-40-5 194 41-3 
4-29 230 +1-3 16-8+0-4 177) e120 
5-52 205-241-1 14-0-40-3 158-6+41-2 
6-70 185-1+41-2 13-0-+0-4 147-0+1-0 
7-12 174-8+41-2 11-2-+0-4 142-041-1 
8-19 159-0+0-9 10-0-+0-2 129-0+41-1 
9-36 147-54+1-0 8-9+0-3 120-7+1-0 
10-72 136-2+1-0 8-4+40-3 112-3+40-9 
11-77 127-4+40-7 7-6+40-2 103-8+0-7 
12-90 116-2+0-8 6-5-+40°3 97-340-7 
14-00 108-3-+40-6 6-1+40-2 91-8+0-6 


The general agreement with the Rossi curve can be seen from Figure 5, 
and in particular it will be noted that the results for water agree somewhat 
better than those for lead. Rossi’s curve is based on the work of Ehmert (1937) 
and Wilson (1938), and the present results lie within the experimental errors of 
their measurements. 


(b) Differential Spectra 

For the purpose of deciding the reality of an anomaly in the momentum 
spectrum, a differential measurement of the type described here possesses a 
greater degree of sensitivity than an integral one. 

When both differential experiments are taken into account, it can be said 
with confidence that no anomalies greater than 5 per cent. exist in the momentum 
spectrum below 4 BeV/c. 

This result agrees with that of Brini, Rimondo, and Filosofo (1952) who, 
from a similar experiment using an iron absorber, concluded that there are no 
irregularities greater than a few per cent. Similarly, Heyland and Duncanson 
(1953a, 1953b) decided by a detailed investigation using a lead absorber that 
there are no significant anomalies in the region 0-365 cm of lead. 
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By making use of the normalizing factors fitting the integral results to the 
corresponding Rossi curve, and the equivalent ranges in air and lead given by 
Montgomery (1947) it is possible to estimate the absolute intensity of the 
differential spectrum from the present results (Fig. 6). It is seen that the 
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Fig. 5.—Integral range spectra in absolute units. 
experimental curves are of similar shape to the Rossi differential curve but lie 


somewhat higher. This result is consistent with the suggestion offered by York 
(1952) that the Rossi curve is 20 per cent. too low. 
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Fig. 6.—Differential range spectra in absolute units. 


(c) Shower Measurements 
The intensity of knock-on events as a function of thickness of water absorber 
has been presented in Figure 4. Two aspects of this shower measurement are 
of iriterest : (a) the ratio of the number of knock-on events to the meson intensity 
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and (b) the way in which this ratio varies with depth. Janossy (1948, p. 245) 
calculates the ratio of knock-on events at sea-level to be 0-10, and this agrees 
with the present results when it is noted that this type of counter arrangement 
has a detection efficiency of approximately 50 per cent. for two-particle showers. 


The variation of this ratio with depth is shown in Figure 7 in which the 
value at zero depth has been normalized to the above value of 0-10. Two 
calculations of the variation of the intensity of knock-on events with depth 
underground have been made (Janossy 1948, p. 247 ; Hayakawa and Tomonaga 
1949), but these authors are mainly concerned with very great depths and no 
profitable comparison with their results is possible. 
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Fig. 7.—Ratio of knock-on showers to meson intensity 
as a function of depth. 


V. RANGE-MOMENTUM RELATION FOR HIGH ENERGY MESONS 
It is evident from the work of George (1952) that the only significant process 
causing energy loss for mesons with energy less than 4 BeV is that of ionization. 
Thus by comparing the intensity-depth curves with curves based on the integral 
momentum spectrum and theoretical energy loss data it should be possible to 
make some test of the different theories. 


The chief point of interest lies in the difference between the familiar Bethe- 
Bloch energy loss curve and that given by Halpern and Hall (1948). The data 
for water provide a good test in this respect because of the large polarization 
effect predicted for water by Halpern and Hall. This is not so in the case of 
lead below 4 BeV/c and the difference between the two theories is insignificant 
for our purpose. 

Thus in Figures 2 and 4 theoretical absorption curves are presented making 
use of the data given by Halpern and Hall (1948) for water, Montgomery (1947) 
for lead, and the integral momentum spectrum as determined by the Melbourne 
cosmic ray spectrometer. To permit normalization at the minimum absorber 
thickness the following information was used: a range of 14 cm of lead corres- 
ponds to 0:29 BeV/c; 10 cm of lead corresponds to 0:24 BeV/c and to 58 g em-? 
of water. 
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Considering first the results for water, it is seen from Figure 2 that the 
experimental results are in much better agreement with the theory of Halpern 
and Hall than with that of Bethe and Bloch. The slight discrepancy below 
1000 g em of water can be attributed to loss of particles by scattering out of 
the coverage of the counter telescope. Because of the directional selectivity 
of the telescope it is plausible to assume that at these shallow depths more mesons 
will be scattered away from the telescope than scattered in, resulting in a net 
loss of particles. 


The discrepancy above 1000 gem? portends the very large departure 
found by Rathgeber (1951) in a similar comparison extended down to very great 
depths. 


The results for lead show very different behaviour. The departure from 
theory at about 1000 g cm~? of lead is in the wrong direction to be explained by 
scattering. It will be seen from Figure 2 that the results obtained in a similar 
experiment by Heyland and Duncanson (1953b), when corrected for scattering, 
exhibit an even greater departure from the theoretical curve. The uncorrected 
data of these authors are found to coincide with the results of the present 
experiment. 
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THE LATTICE COMPONENT OF THE THERMAL CONDUCTIVITY 
OF METALS AND ALLOYS 


By P. G. KLEMENS* 
[Manuscript received August 31, 1953] 


Summary 


Makinson’s (1938) theory of the lattice component of the thermal conductivity 
of metals and alloys, when limited at low temperatures by interaction with the conduction 
electrons, is re-examined, and the magnitude of the lattice conductivity is related to 
the electronic thermal conductivity at low temperatures, thus avoiding uncertainties 
in the theory at high temperatures. The result depends on whether transverse lattice 
waves can interact with the electrons. 


The variation of the lattice conductivity with electron concentration is discussed, 
and the theory is applied to the systems copper-nickel, copper-zinc, silver-palladium, 
and silver-cadmium. At present only the first system has been measured, and the 
results can be reconciled qualitatively to the theory if it is assumed that holes appear 
in the 3d band for nickel concentrations greater than 10-20 per cent. It also appears 
that for copper there is direct interaction between electrons and transverse waves. 
Qualitative predictions are made for the other three systems. 


I. INTRODUCTION 


In addition to the thermal conduction in metals due to the free electrons, 
there is heat transport by the lattice. Since the free electrons, interacting with 
the lattice waves, limit the phonon mean free path, this lattice conductivity is 
much smaller than the conductivity of a dielectric solid and forms only a small 
part of the total thermal conductivity of a good electronic conductor. However, 
the lattice component becomes appreciable for metals and alloys of smaller 
electronic conductivity, and in some cases it has been possible to identify the 
lattice component. 


The theory of the thermal conductivity of dielectric solids has been 
formulated by Peierls (1929) and extended by Klemens (1951). The same 
theory can be used in the presence of free electrons, except that the interaction 
between electrons and lattice waves must be considered as an additional scattering 
process. The relaxation time for this interaction has been worked out by Bethe 
(see Sommerfeld and Bethe 1933), and his result was used by Makinson (1938), 
who obtained an expression for the lattice conductivity in terms of electron 
interaction, boundary scattering, scattering by lattice defects, and phonon- 
phonon interaction and gave a qualitative discussion of the overall temperature 
dependence of the lattice conductivity. 
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In the special case when the only processes contributing significantly to the 
thermal resistance are electron interactions, Makinson obtained for the thermal 
conductivity 


%,=7 1865) for Tee. sings coe (1) 


where it can be shown that 


87262K3M (1 dH \? 
hPaeO2 k “nae 


Here 0 is the Debye temperature, K the Boltzmann constant, M the mass, 
and a? the volume, of a unit cell, and # and k the energy and wave number of an 
electron state. The constant CO; is the usual coupling constant, of the dimensions 
of energy. 

In order to eliminate the coupling constant C4, Makinson expressed x, 
in terms of x,(00), the electronic thermal conductivity at high temperatures. 
He treated modes of all three polarizations as interacting equally with the 
conduction electrons, so that the constant O2 in (2) is one-third of the corres- 
ponding constant appearing in the expression for electronic conductivity. With 
this assumption he obtained 

2 
“= Zpayit 18( 9) Oe ETE rhs es (3) 
where N is the number of free electrons per atom. It should be emphasized that 
(3) depends on the assumption of a free electron gas, and also that x,(00) is 
not the observed conductivity but the ideal conductivity (i.e. after subtracting 
the residual thermal resistance). of the same material on the assumption that 
the Bloch theory is obeyed at high temperatures. 

Now it is well known that the Bloch theory neglects Umklapp-processes, 
which are certainly significant at high temperatures, that it disregards the 
dispersion of the velocity of sound, and that it does not allow for a possible 
frequency variation of the interaction constant C. Furthermore, the theory 
does not give the observed relation between the high temperature and the low 
temperature thermal conductivity. It seems thus more advantageous to 
eliminate the high temperature conductivity and to compare x, to the ideal 
electronic thermal conductivity at low temperatures. There still remains 
an uncertainty due to different possible coupling schemes. We shall discuss this 
point in Section IT. 

From (3) it appears at first sight that a variation of x, with the concentration 
of free electrons is accounted for by the factor NV? in the denominator. It must 
be remembered, however, that x,(00) itself varies with electron concentration. 
Unfortunately the ideal electronic thermal conductivity is generally unobservable 
for those substances whose lattice conductivity can be determined. The 
variation of x, with electron concentration must be determined directly from (2). 
This variation will be discussed in Section III. In Section IV the theory will 


be applied to the alloy systems copper-nickel, copper-zine, silver-palladium, and 
silver-cadmium. 
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II. THE ABSOLUTE VALUE OF THE LATTICE CONDUCTIVITY 
We shall express (2) in terms of the ideal electronic thermal conductivity 
x(I') at low temperatures. Sondheimer (1950) has obtained the following 
expression for the thermal conductivity at low temperatures according to the 
Bloch theory 
“(T)Sx Sidlivser a (4) 
- : T) W6N2 cc e 
solving the Bloch equation to third order by a variational method. The author 
(Klemens 1954) has solved the same equation numerically and obtained, with 
an uncertainty less than 0-5 per cent., a numerical factor 64-0 in place of 71-6. 
Using this new value and substituting into (3) we obtain 


The factor N~* arises because x, is proportional to ke *(dH/dk)2, while x, is 
proportional to ke(d/dk)?. The factor (dH/dk)? cancels in the ratio, so that 


in (5) 
ENTE Te ar Gis ote roy (6) 


This is independent of the dependence of # on k and, provided the Fermi surface 
is spherical, N denotes the actual number of electrons in the conduction band. 
If the Fermi surface touches the zone boundary, the effective value of N?/3 will 
be reduced and will be proportional to the area of the Fermi surface in k-space ; 
but for monovalent metals it is not likely to depart very much from the value 
‘pea 

Formula (5) has been deduced on Makinson’s assumption that electrons 
interact with the transverse as well as with the longitudinal waves, so that, if 
O? is the interaction constant in the expressions for the electronic conductivities, 
C2 =C?/3. In this case we must also take 0 to be near the value 0), the Debye 
temperature as deduced from low temperature specific heat measurements. 


However, if we adopt the Bloch model, in which electrons interact with the 
longitudinal lattice vibrations only, (5) must be modified. In this case C?=C?, 
C2=0. However, (1) and (2) will remain unaltered. The contribution to the 
thermal conductivity from the transverse phonons will not be higher than that 
given by Makinson’s coupling model, if we assume that longitudinal and transverse 
phonons interact by means of three-phonon processes conserving total wave- 
vector. As has been pointed out elsewhere (Klemens 1951), these processes do 
not contribute directly to the thermal resistance, but are important in estab- 
lishing thermal equilibrium and tend to equalize the effective mean free paths of 
phonons of the same frequency but different polarization. 


In (3) we must thus replace C2 by C2, so that an additional factor 1/3 enters 
into (5), the electronic conductivity being increased relative to the lattice 
conductivity. Thus 


T 4 
oy =105%/0)() ee ee eG cles Me (7) 
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for interaction of electrons with longitudinal waves only. Also, in that case 
the appropriate @-value will not be 0, but 0,, the Debye temperature appropriate 
to the longitudinal lattice waves only, as introduced by Blackman (1951). 

Using values of the ideal thermal resistance observed by Berman and 
MacDonald (1952) for copper, and by White (19534, 1953b) for silver and gold, 
- the lattice thermal conductivity has been calculated from (5) using 9p for 0, 
and again from (7), using 6,. The value of 0, for copper has been taken from 
Blackman (1951), and the values of silver and gold were chosen in the same 
proportion to 0. The results are shown in Table 1. 


TaBLeE | 
7% iT) 9p 0, | %*,Z'-* according | x,1'—* according 
Metal | to Eqn. (5) | to Eqn. (7) 
(W cm! deg) (°K) (°K) (W cm! deg-*) | (W cm deg-3) 
Gold a ae Bor Se 170 270 29% 10% 1-5x10+ 
Silver hd Ae thoiias< Oe 215 340 | oni se ee eZine 
Copper te - 4-4, x 104 315 505 Week | for5s i= 2 


Makinson’s coupling scheme (interaction between electrons and waves of 
all polarizations) gives a lattice conductivity higher by a factor 20 than given 
by Bloch’s coupling scheme (electrons interacting with longitudinal waves only), 
and observations of the lattice component of the thermal conductivity should 
thus provide a method of discriminating between these two schemes. It must be 
emphasized, however, that intermediate coupling schemes, such that C? >C240, 
are also possible, and these would lead to intermediate values of the lattice 
conductivity. Finally, there is the possibility that the transverse waves are not 
coupled tightly to the longitudinal waves. This would result in an additional 
contribution to the conductivity, of different temperature dependence, analogous 
to the “‘ longitudinal ”’ conductivity of quartz glass (Klemens 1951). 

While it is impossible to observe the lattice conductivity of the monovalent 
metals directly, it should be possible to infer it from the lattice conductivity of 
dilute alloys. 


IIT. VARIATION OF LATTICE CONDUCTIVITY WITH ELECTRON CONCENTRATION 

It is possible to vary the number of free electrons in a band by varying the 
composition of some alloys. The resulting variation of the lattice conductivity 
can serve thus as a qualitative test of Makinson’s theory. Nevertheless, for 
this purpose one cannot use (3), because of the unknown behaviour of x,(00), 
but (1) and (2) must be used directly. If the thermal resistance of the lattice 
component is W,=1/x,, 

W,c(kdk/dh)p, 7b, bile Ate Mea eae We ety Se ee (8) 


for a spherical Fermi surface. This can be expressed also as 
Whe ocg(k)¢/(dH/dk)? 
OCG yc] (CEL CR) ce) eae ee nner (9) 
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where G(£) is the density of states per unit energy interval and g(k) is the density 
of states per unit wave-number. The latter quantity is proportional to the area 
of the Fermi surface in k-space and it is easily seen from Sommerfeld and Bethe 
(1933), equation 46.2, that every element of the Fermi surface contributes 
additively to W,, so that (9) is a general expression, valid also if the Fermi 
Surface is non-spherical, or extends over two zones, provided dH/dk is averaged 
over all elements of the Fermi surface. 

For a single band of free electrons, (9) is constant and independent of 
electron concentration. However, as the Fermi surface approaches the zone 
boundary, d#/dk decreases and W, increases until the zone is nearly full, when 
g(k) decreases and both g(k) and W, approach zero for a full band. In Figure 1 
the variation of W, with electron concentration for an s-band is shown 
_ Schematically. 
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Fig. 1.—Variation of W,T? with electron concentration 
for an s-band (schematic). 


Such behaviour can be expected for the alloys copper-zine and silver- 
cadmium. With increasing concentration of the divalent constituent the 
number of electrons in the s-band increases from one. A quantitative test seems 
impossible at present, because it is not known whether every divalent atom 
donates an additional electron to the conduction band or keeps a fraction of the 
additional electronic charge localized. Also the energy contours are not known 
in detail near the zone boundary and it is still an open question whether the Fermi 
surface of the monovalent metal touches the zone boundary. 

In the case of the alloy systems copper-nickel and silver-palladium the 
number of electrons in the s-band is reduced with increasing concentration of 
the transition element. The thermal resistance due to the s-band should thus 
remain constant or decrease slightly. But at sufficiently high concentrations 
of the transition element, holes will appear in the d-band. It is seen from (9) 
that the resistance due to the d-band must be added to the resistance due to the 
s-band. The general variation of this component of W,, at least for low con- 
centrations of holes, will be given by a curve similar to the right-hand part of 
Figure 1. The total resistance will thus remain almost constant, and not more 
than the resistance of the monovalent metal, until that alloy composition at 
which holes first appear; then it will pass through a maximum and reach a 
constant value, above the value for the monovalent metal. 
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LV. COMPARISON WITH OBSERVATIONS 

Apart from various technical alloys which are difficult to interpret, the only 
alloys whose thermal conductivity has been studied at low temperatures are the 
series copper-nickel, namely, 10 per cent. nickel by Estermann and Zimmerman 
(1952), 20 per cent. nickel by Hulm (1951), 30 per cent. nickel by Wilkinson and 
Wilks (1949), and 40 per cent. nickel by Berman (1951). Estermann and 
Zimmerman have also studied ‘Monel ’’, an alloy containing 67 per cent. 
nickel, 30 per cent. copper, and iron, manganese, silicon, and carbon. We can 
regard “‘ Monel ” as approximately equivalent to 70 per cent. nickel and 30 per 
cent. copper. 
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Fig. 2.—Variation of W,T? with alloy composition for the series nickel- 

copper-zine. Observed values Xx, value expected for copper from 

equation (5) ©. The value for copper—35 per cent. zinc is surmised 
from German silver (Berman 1951). 


In Figure 2 the observed values of W,7? are plotted against alloy com- 
position, and the value calculated for pure copper according to Makinson’s 
coupling scheme (equation (5)) is also shown. According to Bloch’s coupling 
scheme (equation (7));W,7? is 20 times higher, and, unless there are unsuspected 
and violent variations between copper-10 per cent. nickel and pure copper, 
the experimental evidence seems to favour an intermediate coupling scheme, 
that is, electrons interacting with transverse phonons, but not as strongly as 
with longitudinal phonons. 

An interesting feature of Figure 2 is the apparent appearance of an observable 
number of holes in the 3d-band at low nickel concentrations of about 15 per cent. 
This is in disagreement with the usual band theory, which predicts holes to first 
appear at 40 per cent. nickel (Mott 1935). On the other hand, there is other 
evidence for the anomalous appearance of holes at low nickel concentrations 
(Coles 1952), which confirms this interpretation. 


The dotted line in Figure 2 indicates qualitatively the probable variation, 
inferred from the above considerations, of W,7? with alloy composition for higher 
electron concentrations. It would be desirable to measure copper-nickel alloys 
of still lower nickel concentration (Say 5 and 2 per cent.) and various copper-zine 
alloys to test this behaviour. It may be that an examination of these alloys 
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will reveal a decrease of WT below the value of 10 per cent. nickel. This would 
indicate better agreement with Makingon’s coupling scheme and also the presence 
of holes for still lower nickel concentrations. 


According to Coles the system silver-palladium behaves in agreement with 
the simple band theory. It would thus be of interest to study this system, as 
well as silver-cadmium, in order to test whether W,T? is substantially constant 
from silver to silver-40 per cent. palladium (when holes should first appear) 
and whether W,7? rises gradually with increasing concentration of cadmium for 
silver-cadmium, as expected. Such a study would clarify also the question of 
the interaction of transverse phonons with electrons, and possibly the departure 
from a spherical Fermi surface. 
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THE THERMAL CONDUCTIVITY OF PURE METALS AT LOW 
TEMPERATURES ACCORDING TO THE FREE ELECTRON 
THEORY 


By P. G. KLEMENS* 
[Manuscript received October 26, 1953] 


Summary 


The paper discusses the validity of Sondheimer’s (1950) variational method of 
solving the integral (Bloch) equation for the distribution of free electrons, interacting 
with lattice vibrations, in the case of thermal conduction at low temperatures. This 
equation is solved numerically, and it is found that the resulting thermal conductivity 
is about 11 per cent. larger than the value calculated by Sondheimer. 


I. INTRODUCTION 

It can easily be shown that the thermal conductivity of a pure metal, 
calculated on the assumption of energy transport by free electrons interacting 
with lattice vibrations but in the absence of scattering by static imperfections, 
should be inversely proportional to the square of the absolute temperature at 
sufficiently low temperatures. However, no analytical solution has been 
found to the Bloch integral equation which must be solved to obtain the multi- 
plicative constant to that relationship. 

The variational method of Kohler (1948, 1949), extended by Sondheimer 
(1950), overcomes the difficulty by adjusting the parameters of a linear trial 
function by a variational principle which leads to a stationary expression for 
the conductivity. The particular trial functions chosen are polynomials in the 
electron energy. 

Clearly the results of such calculations must be sensitive, at least to some 
degree, to the particular form of the trial function used. Since it can be shown 
that the actual solution of the Bloch equation cannot be represented by a 
polynomial in electron energy, some doubt is thrown on the accuracy of Sond- 
heimer’s approximation. In order to clarify this point, the Bloch equation has 
been solved numerically for the region in which the 7T-? law applies, where the- 
error of the Sondheimer method is probably largest. The present result is 
estimated to be accurate to better than 0-5 per cent., and it is found that the 
theoretical conductivity exceeds Sondheimer’s value by 11 per cent. 


Il. THe VARIATIONAL METHOD 


Consider the equation 
9 6() = eee en Eee (1) 


where ¢(#) is a function of H, later to be identified as the electron energy, and S 
is a linear operator, so that S.c(#) is also a function of H. Consider a real 
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Hilbert space, whose elements are all self-adjoint and are the functions ec. 


Scalar 
products are defined by the integrals 
(€,,€.) =(¢,,6,;)= E oe 
162) =(Ca,€1) = | ¢4( )e,(H) dB, Bethe rent «iw ake (2) 
f#) being the Fermi distribution function. Let S have the special property 
ea USCG 0) —ASC,05), a cian wiv nce kk (3) 
CS 0r 1) Use een. We ee Ns ar SES NS, (4) 


It is then easily shown by considering the variation of ¢ that the solution of (1) 
is such that 


(Se,c) is a. maximum, .............. (5) 


subject to the normalization condition 


OSes (BE 0) ee cee ee te ees (6) 


In the Kohler-Sondheimer method, S is the integral operator describing the 
rate of change of c(H)—a measure of the deviation of the distribution function 
from equilibrium—due to the interaction of the free electrons with the lattice 
vibrations. It was shown by Kohler (1948), that (3) and (4) are indeed satisfied. 


Let ¢°™ and c/) be the solutions of (1) with n=3/2 and n=5/2. Defining 
coefficients 


K =K,, m= (Ct, Hn +4) =(e+#), Hm+4), 


Lene (7) 
then the electrical conductivity is proportional to K,,1, while the thermal 
conductivity is proportional to 
Ky oK11—(K,,,)? 
K, See re eee ae (8) 


min 


It is obvious from (5) and (6) that the coefficients K,. and K,,, are Stationary ; - 
that is, given a trial function deviating from the true solution by de, the error 
in these coefficients will be of order (dc, 3c). The coefficient K, , is not Stationary 
for general variations, but Makinson (personal communication) has shown that, 
with the trial function a polynomial in # and its variations thus restricted, the 
Sondheimer method also leads to a stationary expression for K,.. The expression 
(8) for the thermal conductivity is then stationary. 

The same result would be obtained if the Bloch equation for the case of 
thermal conduction were written in the form given by Bethe (see Sommerfeld 
and Bethe 1933), who showed that the thermal conductivity, correct to the first 
significant order in KT'/C, is given by 


BCOC( C, © ) mune Naas ee den techies A 2s an (9) 
where c(c) is the solution of 


SS EOL) see Co Me Sek ces 4 uy vn’ (10) 


and e=(H—C)/KT. The variational method can again be applied to (10). 
The expression (9) is of similar form to K,,, or K,,, and it is easily seen to be 


E 
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stationary and a maximum. This formulation of the problem is more easily 
discussed than Kohler’s. The function c(<) is, except for terms of higher order 
in KT/C, a linear combination of c®/” and eee 

In the Kohler-Sondheimer method, the trial functions c(#) are expressed in 
a series of ascending powers of HL, whose coefficients are evaluated and substituted 
into the stationary expression for the transfer coefficients. This is equivalent to 
expressing ¢(¢) aS a power series in c, and substituting the coefficients into io): 
In practice only terms up to the cubic are retained. Now the function c?!” 
can be expressed very well by the first few terms of a power series ; but the 
function ¢(/2) cannot be thus represented at low temperatures for a pure metal, 
because the solution c¢(e) of (10)—given explicitly in (11) below—approaches 
a constant value asymptotically, as is easily seen by inspection. Thus the 
variational method, while giving good results for electrical conduction, and for 
thermal conduction when the Wiedemann-Franz law is obeyed, cannot give the 
correct solution ¢(<) for thermal conduction in a pure metal at low temperatures. 


It does not necessarily follow that the variational method gives a value 
of the thermal conductivity seriously in error, for, if ¢,(¢) is the polynomial 
trial function, the approximation (¢,,c) to (9) differs from the true value only 
by a term of second order in de=c,—c. However, this term is not necessarily 
small. In the real Hilbert space introduced above, all functions c,(<) which are 
cubic polynomials form a subspace P. The true solution c(<) evidently lies 
outside this subspace, since it cannot be represented by a cubic. Thus the 
length (Se.5ce)! cannot be less than that of the component of ¢(<) orthogonal to Pe 
and this sets a lower limit to the second order error in (¢,¢). It may be that 
(Se.8c) is not negligible compared with (c,¢). 

Tt does not seem possible to give more than this qualitative discussion of the 
error, which from the above considerations must of course be negative. Equation 
(10) has therefore been solved numerically for a pure metal at very low temper- 
atures, and the conductivity, varying as T~*, has been evaluated from (9). 


Ill. NUMERICAL SOLUTION OF THE BLOCH EQUATION 
Disregarding multiplicative constants, the explicit form of (10) at low 
temperatures (7<0) in the absence of scattering by static imperfections is 


pe eee {ole +2) ele) eae +[e(e —a#) —e(e)] le {ae (wnat hh) Fee 


eae. e& +e * 


The symmetry of (11) requires that c(<) shall be an odd function of ¢, and it is 
seen easily that c(e) oce for small c, and that c’(c) ce for large ec. 

Two methods were used to solve (11) numerically, both of which gave 
substantially the same results. The lengthy computations involved were done 
on an automatic desk calculator. 

In the first method the integral equation was replaced by a set of 10 simul- 
taneous linear equations, with the values of c(e) at 10 equally spaced points as 
unknowns. ‘The coefficients of the equations were the values of the kernel at 
these discrete points. Use was made of the property ¢(—<c)=—e(e), ¢(0)=0. 
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It was assumed that c(c)=0 for all values beyond the 10th point. The set of 
10 equations was solved by a method of successive elimination adapted for desk 
machines, as described for example by Milne (1949). Two such calculations 
were made, using spacings of 0-5 and 1-0 respectively, and the two sets of 
solutions are marked in Figure 1. The assumption ¢(¢)=0 for large « was seen 
to be inconsistent with the results, but, since:the two sets of results did not differ 
greatly in spite of the different cut-off, it seems that the effect of this cut-off is 
not critical. 


=—O-=12 


-0-04 


-0-02 


Fig. 1.—Solution of equation (10), replacing the integral equation 
by a discrete and finite set of linear equations. Crosses for 
e=0-5, 1, .. -, 5; circles for e=1, 2,..., 10. Full curve: 
result of the iterative method. Inset shows the form of ¢(ce). 


It would have been desirable to shorten the intervals without decreasing 
the range of unknown values. Unfortunately the methods of computation 
available did not permit a significant increase in the number of unknowns. 
However, it was noticed that in each equation the diagonal term was dominant, 
which suggested the following iterative procedure : 


Let ¢(c)=¢(e)+¢,(e) +¢(e) +. . ., Where ¢(c) is given by 
2 gdaf e&+1 e-£+1 ane 
i et—1 meates fe2| = Saisie eh a alei ats (12) 


and 


co +1 Sale 
[7 ea] eile +2) aul Ngegea t tr-ale—#) aang gat =O 


Evaluating ¢(¢), ¢,(€), ¢:(e), ete. in turn from these definite integrals, successive 
approximations were obtained. The integrations were done numerically and 
C,-1(€) was obtained for a few values ofc. The intermediate values were obtained 
by interpolation and used for the next iteration. The iteration was broken off 
after c,. The smallness of ¢,(¢) indicates whether ¢(¢) =¢)(¢) +6,(€) +. . .+6¢,_4(e): 
is a good approximation. While the convergence of this method was not 
examined, the actual results, plotted in Figure 2, indicate that it is satisfactory. 
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No investigation was made of the accumulation of errors, and therefore the 
solution had to be tested by substitution into (11). The conductivity can then 
be obtained from (9). These two steps were combined and a further correction 
to the conductivity was obtained by multiplying the solution by an arbitrary 
constant and renormalizing it using the relation 


(S6,0)={(6,0). Ue ve aes eee eee ee ee (14) 


As before, with ¢ thus normalized, the expression (¢,¢c) is stationary. The 
renormalization correction was only.0-4 per cent. ; hence the conductivity thus 
calculated is accurate to at least the same limit. 
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Fig. 2.—Solution of equation (9) by iteration. 


IV. CONCLUSION 

Including the multiplicative factors in the Bloch equation and the expression 
for the thermal conductivity, which have not been stated here, but are given by 
Bethe (see Sommerfeld and Bethe 1933, Section 39), the thermal conductivity 
in the 7~* region has been obtained from the numerical solution of (11). Express- 
ing this in terms of a hypothetical thermal conductivity at high temperatures, ~ 
assuming a Debye spectrum of limiting frequency 27K0/h, a spherical Fermi 
surface due to N free electrons per atom, and absence of any processes other 
than those considered in the Bloch theory for a pure metal (in particular no 
Umklapp-processes), one obtains 


“CT ) =x (eo)(O)7')2(64 - OV 218) eee ee (15) 

The result of Sondheimer’s (1950) third approximation, when similarly expressed 
has a numerical constant of 71-6 in place of 64-0, while the first approximation, 
obtained by Wilson (1937), leads to 95-3. Sondheimer’s value differs from the 


present solution by only 11 per cent. As is to be expected, the present method 
gives a larger value for the conductivity than Sondheimer’s. 
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In addition to the conductivity, these calculations also give the functional 
dependence of ¢(c). The variational method, using a polynomial trial function, 
does not even approximate the true solution, though it gives reasonable values 
for the conductivity. While the function c(e) is only of secondary interest, 
knowledge of it may be useful in other work. 


There are well-known discrepancies between the Bloch theory and the 
thermal conductivity observed at low temperatures (Hulm 1950, 1952 ; Andrews, 
Webber, and Spohr 1951; Berman and MacDonald 1951, 1952 ; White 1953), 
which are hardly reduced by the result of the present calculations. It thus 
appears that the simple free electron model is inadequate. The required 
modifications of the model will be discussed subsequently. 
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THE ELECTRICAL AND THERMAL CONDUCTIVITIES OF 
MONOVALENT METALS 


By P. G. KLEMENS* 
[Manuscript received November 5, 1953] 


Summary 


The experimentally determined values of the high and low temperature electrical 
and thermal conductivities of pure sodium, copper, silver, and gold are such that the 
ratios of these quantities for each of these metals do not agree with the values expected 
from the Bloch free electron theory, except for the high temperature Wiedemann-Franz 
ratio. Reasonable agreement can be achieved by assuming (i) that the conduction 
electrons can interact directly with transverse lattice vibrations, and (ii) that the Fermi 
surface departs significantly from spherical shape in all these metals, and touches the 
boundary of the Brillouin zone in the case of copper, silver, and gold. 


I. INTRODUCTION 

The thermal conductivity of a pure metal at low temperatures, assuming 
energy transport by quasi-free electrons (electron energy E a function of the 
wave number k only) interacting with lattice vibrations having a Debye spectrum, 
has been calculated by the author (Klemens 19546) by solving numerically the 
appropriate transport equation. The conductivity thus obtained is about 
11 per cent. larger than the value previously obtained by Sondheimer (1950), 
and its accuracy was estimated to be better than 0-5 per cent. This does not 
substantially alter the well-known discrepancy between the predictions of the 
theory and the observed thermal conductivity. In this paper the discrepancy 
will be re-examined and modifications of the quasi-free electron model which 
offer an explanation will be considered. 


In all theoretical expressions for the thermal and electrical conductivities 
of pure metals there enter two constants, always in the same combination, 
which are difficult to calculate but can be combined and treated as an empirical 
constant. They are the effective number of free electrons and the electron-— 
phonon interaction constant C. When comparing experimental results with 
theoretical predictions, the empirical constant is eliminated by forming the 
ratio of two conductivities. Of the four quantities used, namely, the electrical 
and thermal conductivities at high and at low temperatures, the high temperature 
electrical and thermal conductivities are related by the Wiedemann-Franz law, 
so that only two independent ratios can be formed. The Wiedemann-Franz 
law holds at high temperatures irrespective of particular assumptions about the 
band structure and the electron-phonon interaction, and it is therefore not a 
sufficient test of the Bloch theory. It is in fact well obeyed at high temperatures 
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for all metals, except where there is an appreciable lattice component of thermal 
conduction. 

By the quasi-free electron theory if W is the thermal resistance and i 
and T,, are two temperatures such that T,<0<T, then, according to Klemens 
(1954b), 

W(7,) 
W(T,) 


eeGd ON SOP IG) a.) ene en ot (1) 


where § is the Debye temperature and W the number of free electrons per atom. 
Also the electrical resistance at high and at low temperatures is related by 


and, since Rk(7,)—LW(T,)T>., where L=(xK/e)?/3 =2-45 x10-8 WQ/deg?, the 
high temperature conductivities can be eliminated from (1) and (2) giving 
W(T,) 64-0, 0? RiT,) 
T2 4076) ee (3) 


where T, and 7,’<0@. This equation could, of course, be derived without 
reference to the high temperature conductivities. 


It has previously been assumed by various authors (see Sondheimer 1952) 
that W is the effective number of free electrons per atom, defined in terms of the 
current induced in the band by an electric field, and that it can be treated as an 
adjustable parameter. However, it arises in (1) from a term q?/2ke in the 
transport equation at high temperatures, q being the maximum wave number 
of the phonons and kz the Fermi wave number. For a spherical Fermi surface 
q/ke oc N1'®, where WN is the number of free electrons per atom in the conduction 
band, quite independently of the dependence of # on k. For a monovalent 
metal we must therefore take N =1. 


II. THERMAL CONDUCTIVITIES AT HIGH AND AT LOW TEMPERATURES 

The thermal conductivities of pure sodium and copper have been measured 
by Berman and MacDonald (1951, 1952) and that of pure gold and silver by 
White (1953a, 19536), who also repeated the measurements on copper (White 
1953c). Subtracting the residual resistance, they obtained the ideal thermal 
resistance, which at low temperatures is indeed approximately proportional to 
T?, The values of W(T,)/T? so obtained, together with W(T,), the thermal 
resistance at room temperatures, are given in Table 1. Taking for 0 the value 
0,, which is derived by fitting the ideal electrical resistance to (2), and putting 
N =1, the ratio W(T,)/T?2W(T;) was calculated from (1) and compared with the 
corresponding ratio of the measured values. As seen in the table, these two 
ratios are not equal, so that (1) is not satisfied. 

It has not been made clear whether this discrepancy arises from a failure 
of the theory in respect of W(Z,) or of W(T,), or because of a wrong choice of 
the 0-value. The last two effects are not independent, for a failure of the theory 
to give the correct expression for W(7',)—and hence for R(7',)—would affect the 
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value of 0,. The theoretical expressions for W(T,) and R(T,) may not be 
correct because the Bloch theory neglects the following effects which should be 
considered at high temperatures even for the quasi-free electron model : 


(i) A lowering of the effective vibration frequencies due to the dispersion 
of the lattice waves, and due to each high frequency wave being neither purely 
longitudinal nor purely transverse. 


(ii) The occurrence of Umklapp-processes. These are processes which 
conserve energy but change the total wave-vector by an inverse lattice vector. 
On the quasi-free electron model these processes cannot occur at low temper- 
atures, but must occur at high temperatures. .Since they are not considered in 


TABLE 1 
Metal Sodium Copper Silver Gold 

W(T,)/T? (W-! cm deg-*) Bis Soll Ome 2.) 5 Opxol Ome 6-4xX10 1-3 10-* 
W(T.) (W-! cm deg) 0-73 0-26 0-24 0:64 
RE) L? (Q. em deg—>) Od, <1 Ome” 26, L0me 1 Kon Bi sce 22 3-9 x10- 
Op (°K) 202 330 220 170 
0, (°K) 150 315 215 170 
0, (°K) 260 505 340* 270* 
6.3) (°K) 1, 136 105 80 
Ratio of calculated to 

observed values of 

W(T)/T?W(T) 
using Op .. 5,0 a6 3-0 6-0 5-0 5-8 
L 1-8 2:6 2-1 2-3 

(0,/0,)4 2-8 5:4 5:8 6-3 
(8, /8(s))” 5-0 13-7 10-5 11:4 
(87/93)? 1:7 5:4 4-2 4:5 


* Taking the same ratio of 0,/0) as for copper. 


the Bloch theory, they form an additional source of resistance, also proportional 

to T at high temperatures. The magnitude of this resistance, which is difficult 

to calculate accurately, is sensitive to the shape of the zone boundary and to its. 
position relative to the Fermi surface. However, it can never greatly exceed the 

Bloch resistance, and would only be about 30 per cent. of the Bloch resistance 

for N=1 and a spherical Brillouin zone. 


(iii) A possible variation at high frequencies of the electron-phonon inter- 
action parameter CO, assumed in the Bloch theory to be constant for all interaction 
processes. Such a variation would follow from Nordheim’s assumption of a 
rigid ion, in contrast to Bloch’s deformable ion, and would also occur in inter- 
mediate cases. But even for a deformable ion a decrease of C with increasing 
phonon frequency would be obtained if proper account were taken of the partial 
interference of electron wave-functions in calculating the transition matrix. 
This point is discussed by Bethe (see Sommerfeld and Bethe 1933, p. 517). 
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While (i) and (ii) would cause the high temperature resistance to increase 
over the value given'by the Bloch theory, (iii) would cause a decrease. 

In view of these uncertainties, equation (1) is not a good test of the validity 
of the theory of thermal conduction at low temperatures. 


III. THERMAL AND ELECTRICAL CONDUCTIVITIES AT Low 
TEMPERATURES 

The uncertainties of the theory at high temperatures can be avoided by 
comparing the thermal and electrical conductivities at low temperatures, using 
equation (3). One can confidently expect the phonon spectrum at low fre- 
quencies to be of the form given by the simple elastic theory, so that, according 
to the Bloch theory, the 0-value in (3) should be 07, related to the velocity of 
longitudinal low frequency waves and calculated by Blackman (1951) for some 
metals, including sodium and copper. 

Substituting the observed values of W/T? and R&/T® into (3) and calculating 
a value for 0 from it, denoted by 6.3), we find that 0.) is too low in all cases 
(see Table 1). The discrepancy (0z/6(3))? is somewhat less for sodium than for 
the noble metals. 

It should be noted that the discrepancy in (1) would have been reduced 
if 6; had been used instead of 6,; but this could have been done only at the 
expense of introducing a discrepancy (0,/0,)4 in (2) (Blackman 1951). Attempts 
to resolve this discrepancy, by Klemens (1952) in terms of dispersion of the 
lattice waves, and by Bhatia (1952) in terms of Umklapp-processes, are both 
in error.* A full consideration of these effects would lead to an increase in 
the high temperature resistance, as pointed out above, so that the discrepancy 
in (2) would be increased even further. 

There are thus discrepancies between theory and experiment which can be 
explained neither in terms of deviations of the phonon spectrum from the Debye 
model, nor by reasonable adjustment of the §-values. One is therefore led to 
conclude that they arise as result of deviations of the electronic band structure 
from the quasi-free electron model. 


IV. MopIFICATIONS OF THE QUASI-FREE ELECTRON MODEL 

It has been seen that the observed ratio of the electrical to the thermal 
resistance at low temperatures is greater than expected from the Bloch theory. 
The following explanation is offered. 

It is well known that the processes responsible for electrical resistance are 
such as to move an electron in momentum space from a point on the Fermi 
surface to a point on the opposite side of it. At high temperatures this is done 
in large steps, each phonon interaction changing the direction of the electron 
by about 1-5 radians. At low temperatures the angular change at each inter- 
action is only of order 7'/0, so that the processes producing the electrical resistance 


* Klemens takes the density of normal modes to be proportional to w*dw, w being the phonon 
frequency, but this is correct only in the absence of dispersion. Bhatia correctly deduces that 
the 0-value at high temperatures is lowered because of Umklapp-processes, but does not consider 
that these processes increase R(T',), and hence increase the 0-value deduced from (2). 
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can be regarded as a small-step diffusion process, in which an electron wanders 
to the opposite side of the Fermi surface. The calculation of the resistance 
becomes a random walk problem on the Fermi surface. The electrical resistance 
is inversely proportional to the square of the distance to be covered and pro- 
portional to the number of steps per unit time and to the square of the average 
length of each step. It would therefore be expected that the electrical resistance 
of a metal having a non-spherical Fermi surface would differ from that derived 
on the Bloch theory, where a spherical Fermi surface is assumed. 

On the other hand, the thermal resistance at low temperatures is due to a 
movement of electrons from a point just above the Fermi surface to one just 
below it, or vice versa; that is, a change of energy of order AT without an 
appreciable change of direction. Since in such processes the electron does not 
change its location on the Fermi surface but only its ‘‘ height ’’ above or below it, 
changes in the shape of the Fermi surface will not affect the thermal resistance, 
except by changing the effective number of free electrons, which does not enter 
the present considerations. 

The possible deformations of the Fermi surface from spherical shape satisfy 
the following requirements: (i) the enclosed volume is kept constant, (ii) the 
deformation has the polyhedral symmetry of the Brillouin zone, and (iii) along 
the axes of symmetry the deformation is outward. Such a deformation will 
alter the electrical resistance relative to the thermal resistance at low temper- 
atures. This effect will be even more pronounced, and increase the electrical 
resistance, if the Fermi surface touches the zone boundary, for then an electron, 
diffusing on the Fermi surface, can reach an opposite point not only by the usual 
way but also by drifting to the nearest point of contact and reappearing on the 
opposite side of the zone. The distance to be covered is thus approximately 
halved on the average, and there will be an additional resistance, about four 
times the ordinary resistance, due to movement via the points of contact, so 
that the total resistance is increased by a factor of about 5. 

We have seen that the ratio R(7,)/W(Z,) is larger than expected from the 
Bloch theory, the discrepancy being (0;,/9(g))? shown in Table 1. This dis- 
crepancy can be reduced by a factor of about 5 if it is assumed that the Fermi 
surface touches the zone boundary. Even so, for the noble. metals, the 
discrepancy is too large to be explained in this way alone. In order to reconcile 
the theory to the observed values of R(7',) /W(T,), it must be further assumed 
that the conduction electrons interact with the transverse waves as well as with 
the longitudinal waves. This would make 0 p the appropriate §-value in 
equation (3) and the discrepancy in (3), now (0,/9(3))?, is sufficiently reduced, 
as seen from Table 1, to permit an explanation in terms of the Fermi surface 
touching the zone boundary. 

Peierls (1930a, 1930b, 1932) suggested that the Fermi surface of monovalent 
metals should touch the zone boundary in order to account for the absence of 
observable effects at low temperatures arising from quasi-equilibria between 
electrons and phonons, and, although Klemens (1951) showed that this was not a 
hecessary conclusion, it remained a possibility. Smit (1952) pointed out that 
the effects of shear strain on the thermoelectric forces suggest strongly that the 
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Fermi surface touches the zone boundary in the cases of gold and silver. Measure- 
ments by Mortlock (1953) have made it appear probable that this is also the case 
for copper. The sign of the thermoelectric power of the noble metals, in contrast 
to that of the alkali metals, gives additional support to the hypothesis. 

Bloch’s conclusion that the conduction electrons cannot interact directly 
with transverse phonons is based on the assumption of a spherical Fermi surface. 
Since this assumption has here been discarded to explain the low temperature 
conductivities, it is not unreasonable to assume some interaction between the 
conduction electrons and transverse waves. There is also some evidence for 
such interaction from the study of the lattice component of the thermal con- 
ductivity of alloys (Klemens 1954a). The magnitude of the lattice component 
depends sensitively upon the degree of interaction between the conduction 
electrons and transverse waves. The lattice component of a pure metal cannot 
be determined directly but can be deduced from the thermal conductivity of 
dilute alloys. Measurements on copper-nickel alloys, as discussed by the author, 
indicate such interaction in the case of copper, and recent measurements of 
silver-palladium alloys (White, personal communication) indicate the same 
for silver. 

Considering now the high temperature resistance (electrical or thermal), 
and remembering that for Fermi surfaces touching the zone boundary the 
contribution from Umklapp-processes to the resistance is roughly equal to that 
from ordinary processes, and also that dispersion can reduce the frequency of 
the shortest lattice waves by about 1:5 (Klemens 1952) and thus increase the 
resistance by a factor of 2 to 2:5, one can explain the discrepancies in (1) with 
§6=0,~0, for the noble metals. This would, of course, also explain the dis- 
crepancies in (2) noted by Blackman (1951). 

With sodium the position is different, since the discrepancy from (3) is 
smaller. It can be explained either by assuming that the Fermi surface touches 
the zone boundary, but that the conduction electrons do not interact with 
transverse waves, or by assuming a Fermi surface, non-spherical but nevertheless 
not touching the zone boundary, and interaction between the electrons and 
transverse phonons. The latter explanation seems more probable, because it 
will also explain the observed value of the high temperature resistance, and 
because of the normal sign of the thermoelectric power. 


V. CONCLUSIONS 

The experimental value of the ratio R/W for pure metals at low temperatures 
is too large compared with the predictions of the Bloch theory, and deviations 
from the quasi-free electron model must be assumed to explain this discrepancy. 
Values of the high temperature resistance also indicate that the Bloch theory is 
not valid. It seems that in the four metals considered there is interaction 
between the conduction electrons and transverse lattice waves. In gold, silver, 
and copper the Fermi surface apparently touches the zone boundary, while in 
sodium it does not. 

There is evidence in support of these conclusions from thermoelectric effects 
and from the lattice component of the thermal conductivity. 
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X-RAY LINE BROADENING AND PURE DIFFRACTION CONTOURS 
By R. I. Garrop,* J. F. Brerr,* and J. A. MacponaLp* 
[Manuscript received October 19, 1953] 


Summary 

In analysing the data from experiments designed to distinguish between particle 
size and distortion broadening from polycrystalline materials, it is customary either to 
employ correction formulae to obtain the true broadening 8, or to derive the pure 
diffraction contour in terms of a Fourier series whose coefficients may be evaluated 
from the experimental line profiles. The first method leads to values of 8 that are 
critically dependent upon the particular functions chosen to represent the diffraction 
line profiles and the second method, whilst removing this ambiguity, only yields the 
pure diffraction contour numerically and not analytically. 


By applying Fourier methods, it is shown that the pure diffraction contours 
associated with particular causes of broadening can in fact be identified with certain 
types of analytic functions. In particular, the Cauchy and Gaussian distributions, 
which have often been arbitrarily employed in the past to represent the pure diffraction 
contour and experimental line profiles, are only strictly applicable to particular types of 
particle size and lattice distortion effects respectively. The case of combined size and 
distortion broadening is also considered, and for pure particle size broadening correction 
curves are derived corresponding to different types of particle size distributions. 


I. INTRODUCTION 

It is well known that radial broadening of X-ray diffraction lines from 
polycrystalline materials is associated with small particle size or variations in 
lattice spacing (e.g. due to faults in the crystal or heterogeneous lattice strains) 
over the volume of the material irradiated by the X-ray beam. In some cases 
it is clear which of these factors is predominant, but in others either effect, or a 
combination of them, may equally well be the cause of the broadening, and 
several methods have been suggested for differentiating between the various 
possibilities. 

The problem is complicated by the necessity for correcting the broadening 
actually observed for instrumental effects before the true broadening due to the 
inherent condition of the material can be obtained. To carry out this correction 
it is customary either to employ correction formulae relating the true (required) 
integral line breadth 6 to the total observed breadth Bb and the instrumental 
breadth b (Scherrer 1920 ; Jones 1938 ; Warren and Biscoe 1938 ; Taylor 1941 ; 
Schoening, van Niekerk, and Haul 1952), or to analyse the experimentally 
determined line profiles by somewhat laborious mathematical procedures (Stokes 
1948; Paterson 1950). 


* Defence Research Laboratories, Melbourne. 


78 R. I. GARROD, J. F. BRETT, AND J. A. MACDONALD 


In the first class, the values obtained for (8, for given values of b/B, depend 
markedly, for the range covered by most experimental data, upon the particular 
correction formula adopted. Shull (1946) has shown that the true line profile 
after correcting for instrumental broadening (hereafter termed the ‘ pure 
diffraction contour’’), and hence the most appropriate correction formula, 
may be derived if the experimental line shapes are assumed or known to conform 
to particular types of analytic functions. Unfortunately, however, unless 
extremely accurate experimental techniques are employed, this criterion is of 
limited use, because the various types of functions which may be chosen to fit 
the observed profiles only differ appreciably in shape in regions close to their 
‘‘ tails? where possible percentage errors in measurement of line intensity are 
greatest. This uncertainty as to the proper relationship between 8, B, and b 
is of particular consequence in attempting to distinguish between particle size 
and distortion broadening from deformed metals by investigating the variation 
of @ with diffraction angle and X-ray wavelength, and has contributed to the 
conflicting nature of the results obtained in this field in the past (Brindley 1940 ; 
Smith and Stickley 1943 ; Stokes, Pascoe, and Lipson 1943 ; Megaw and Stokes 
1945 ; Wood and Rachinger 1949). 


Uncertainties of this type may be avoided by the use of the second class of 
method mentioned above and the more recent work on cold-worked metals has 
tended to adopt this type of procedure (Patterson 1950 ; Warren and Averbach 
1950, 1952a, 1952b; Auld and Garrod 1952; McKeehan and Warren 1953 ; 
Smith 1953; Williamson and Hall 1953). In this case the pure diffraction 
contour is obtained numerically but not analytically. 


Line breadth, however, is only one of the parameters associated with the 
broadened X-ray diffraction lines. Recently, it has been shown that much 
additional information may be obtained from a study of the shape of the pure 
diffraction contour. The latter is represented by a Fourier series obtained 
numerically from the experimental X-ray data by Stokes’s method (1948), 
and the dependence of the Fourier coefficients on frequency can be used to 
investigate particle size broadening (Bertaut 1950, 1952 ; Warren and Averbach 
1950), distortion broadening (Warren and Averbach 1950, 1952a) or a combination 
of the two effects (Hastabrook and Wilson 1952; Paterson 1952; Warren and 
Averbach 1952b). 


It is important to note that in all of this work mentioned above, either 
analytic functions have been employed as direct or tacit assumptions for repre- 
senting the X-ray line profiles or, alternatively, the pure diffraction contours 
have been obtained numerically from experimental data by computation. The 
question therefore arises whether in fact pure diffraction contours, due to 
particular causes of broadening, can be identified with particular types of 


analytic functions and, if so, the range of validity associated with the use of 
such functions. 


In the present paper an attempt is made to investigate some aspects of this 
problem by the use of the Fourier methods referred to previously. 
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IT. VALIDITY OF ANALYTIC FUNCTIONS FOR THE PURE DIFFRACTION CONTOUR 


The following analysis for a randomly oriented polycrystalline material 
apples to any reflection which can be of the form 001 with respect to an 
appropriate system of orthogonal axes. As shown previously (Eastabrook and 
Wilson 1952; Paterson 1952), the pure diffraction contour for a material 
exhibiting line broadening may be represented quite generally by 


I(X) =| A(m,l) exp (2nimX)dm, ..........5. (1) 
where X =(20—20,)A—! a, cos 0,, 

a,=length of unit cell axis in [001] direction, 

§,=Bragg angle for peak intensity, 


m=(variable) difference in coordinates in [001] direction between any 
pair of cells in the crystal, 


#=constant for a particular experimental arrangement. 


A(m,l!) is a Fourier transform of I(X) and may be expressed as the product 
of two other quantities (Eastabrook and Wilson 1952), 


Alen ai N(m\I.(mU; ws. snaciternoae oct (2) 


where N(m) depends only upon the size and shape of the crystallites in the sample 
and J(m,l) depends upon the lattice distortion. 


If the analysis is restricted to diffraction contours that are symmetrical | 
about the peak value, it follows that for any given 00/ reflection, A(m,l) may be 
written as 


A(m) =P | " I(x) cos (Quma/T)da, .......... (3) 


where v=2(0—9,), 
T =){ (a3 Cos 9p), 
P=constant. 


Eastabrook and Wilson (1952) have shown that, if A(m) is plotted against m, 


the initial slope is a measure of the reciprocal of the mean particle size M (in 
units of a3) in the [00/] direction and the initial curvature gives a lower limit 


to the mean square strain ¢?; that is, 


dA = 
Absicallaes M eb abrahs) Celta manisliverte, ‘Sel eure eye's: wef f (4) 
d2A 
he EVES Oar ERI AOR 5 
(atm) a > 4 ( ) 


where A(m)=A(m)/A(0). 


80 R. I. GARROD, J. F. BRETT, AND J. A. MACDONALD 


(a) The Functions (1 a?x?)-1, exp (—k*x?), and (1 -|-o?x?)—? 
The pure diffraction contour I(#) is related to the intensity distribution 
g(x) due to instrumental factors and the total distribution h(w) from a material 
exhibiting line broadening by the equation (Jones 1938) 


Ses 


where u is the parameter of integration. 

h(w) and g(#) are the experimentally observed line profiles, and various 
authors have from time to time suggested different analytic functions to represent 
the experimental data. Among these are the functions (1-+a?x?)-1, exp (—k?a?), 
and (1-+c?x?)~. 

It can easily be shown (Shull 1946) that, if h(x) and g(x) are of the form 
(1-++-a?x?)-1, then I(x) also conforms to this type of function, and similarly for the 
function exp (—k«#). It is therefore of interest to inquire whether these 
analytic forms for I(x) can be identified with particle size or distortion broadening 
or a combination of the two effects. If h(x) and g(x) are, however, of the form 
(1-+c2)-2, I(a) is not of this form and cannot be readily evaluated analytically 
from (6). Nevertheless, for reasons to be discussed later, this form for I(x) 
is also investigated below. 


Case 1 
Let I(#)=(1+a?a?), then from (3) 


A(m)=P(n/a) exp (—2x | m |/aT). 


( dA an 
a] m| rene 7 (7) 


( d2A Ar? 
aahielinee aaa, he rey 8 
d | m |? te (m0 a®T? (8) 


A(m) has a finite initial slope and therefore the function (1-+a?#?)-! can . 
represent particle size broadening. If distortion broadening were also present, 
from (5) and (8), e? would have to be negative. Since this is physically 
impossible, this particular intensity distribution for J(v) can only correspond 
with pure particle size broadening, and A(m) may be replaced by const. x N(m) 
In such cases, Bertaut (1950) has shown that it is possible to derive nace 
information about the particle size and size distribution in the sample. The 
following results follow directly from the relationships he has established. 


Hence 


(i) The mean particle size M in the [001] direction is given by 


— aT 
a eee (9) 


X-RAY LINE CONTOURS 81 


This follows from Bertaut’s analysis, which shows that 


where 


aN co 
tim)=—Noml (ahi) =|, Oe m |)p(M)aM, .. (10) 


and p(|m|) is the size distribution function. 


(ii) The ‘‘ apparent particle size ’’ L as defined by Jones (1938) is given by 


Tad) SNGA\dan N Olea Tir eae, (11) 


where M and L are in units of as. 
It may be noted here that, since the integral line breadth 


a= | ° T(#)de/I(0) =n/a, 


it follows from (11) that 
(8 cos O)/A=(a3L)—*, 


which is the familiar relationship for particle size broadening. 


(iii) The mean square particle size 
w={ t(m)dm =a2T?/27?=2(M)?, ... 0. ee (12) 


(iv) The mean square deviation in particle size 
eo (aT) ost eae oe horeioee eo od: (13) 
(v) The size distribution function 
p(| m |) =a2t/d | m |? =(27/aT) exp (—20| m| /aT). .... (14) 


(vi) The fraction of particles having dimensions M in the range |m|<M<oo 
- out of the total number of particles contributing to the diffraction is given by 


ie p(M)aM = —dt/d | m|=exp (—22| m|JaT). .... (15) 
| m | 
Case 2 : 
Let I(x#)=exp (—k?’a?), then 
A(m) =P(n#/k) exp (—17?m?/k?T?). oe. eee ees (16) 


It follows from (4) and (16) that M=o if k is finite. 

Hence this type of function cannot represent particle size broadening. 
To investigate the possibility of distortion broadening we can replace 
(Am) by const. xJ(m). 


F 
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From (5) the root mean square strain in the [00/] direction is given approxi- 
mately by a 
(2)t#= (22 12)-1> a ee (17) 


Since A=2d sin 0), d=a,/l, 8 =73/k, it follows by substitution in (17) that 
the “‘ apparent tensile strain ’’ y is given by 


n=B cot 0,=2(27e2)t. wwe eee eee (18) 


This is the result found by Stokes and Wilson (1944) by other methods, 
for distortion broadening due to a Gaussian distribution of lattice strains. 


Case 3 ° 
Let I(#)=(1-+c¢?x?)-?, then 


A(m)=P(x/2c)(1+427 | m |/eT) exp (—27 | m|/ceT), .. (19) 
and ; 
(44/4 | m |) =0=0- 


Thus this function cannot represent particle size broadening. However 
(19) is of the correct form to represent distortion broadening. It follows that 


()\t =(I DT) 2. eee (20) 
and 


(b) Other Types of Particle Size Broadening 
It is of interest to consider the pure diffraction contours associated with 
types of particle size distributions other than the somewhat unlikely case in 
practice given by the Cauchy contour (1+-a2x2)-1. This may be investigated 
by reversing the previous procedure ; that is, the particle size distribution is 
assumed and the corresponding diffraction contour is then obtained. 


By replacing N(m) in (1) by the expression for V (m) in terms of the size 
distribution function p(|m|) given by (10), it follows that for a contour 
symmetrical about the peak value 


I(&) =K{ p(M)(xa/T)-? sin? (xMa/T)dM, ...... (22) 
0 
where, by definition, 


| p(M)aM =1 
0 
and K is a constant. 


This is a general expression which enables the intensity distribution for 
the 001 reflection to be determined if the size distribution function is known. 
In general, as Jones (1938) has pointed out, p(M) is not known and is likely to 
vary for each material, but three possible examples are given below. 


(i) Consider first the simple case in which the crystals are all of the same 
size and the same external Shape, which is here taken to be cubic, 
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In this case M=M—=L. Hence 
I(x) =KL*(nLa|T)- sin? (nLa/T), .......... (23) 


that is, the intensity distribution is of the familiar form D(nx)-2 sin? nx where 
D and n are constants. The same result has been obtained by other methods 
by Stokes and Wilson (1942) as part of a more generalized treatment of the 
diffraction from polycrystalline aggregates of uniform particle size. 


Oo-8 


DISTRIBUTION GIVEN BY EQN. (27) 
‘ ——— SCHOENING, VAN NIEKERK, & HAUL. 


— —— —_ CAUCHY 


o-6 


a 
O-4 
O-2 
Oo O-2 O-4 0-6 o's ibe) 
x (IN UNITS OF £) 
Fig. 1—Types of distribution functions representing J(2). 
(ii) Let 


p(M)=(2/n)to0— exp (—M?/20*), .......6005 (24) 
where oc is the root mean square value of M. 
By integration of (22) it follows that 
I (a) =2K (2n0/T)-*[1 —exp {—4o07(27x/T)*}]. ...... (25) 
(iii) One objection to (24) is that p(M) is a maximum for M=0. To obtain 
a skew distribution about a non-zero value of M let 
pM) =] nts? exp (—M7/28"),  ........ (26) 
where 8 is a constant. Then 
| T() =2K (2n0/T)—[1 —(1 —4x2S?a?/T?) exp { —}8?(270/T)?}). 
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The results of the preceding analysis are summarized in Table 1 and in 
Figures 1 and 2. In these figures, the constants for each function have been 
adjusted for convenience so as to make the areas under the curves all equal. 


(c) Combined Particle Size and Distortion Broadening 
In the examples considered so far, either particle size or distortion broadening 
has alone been operative. Both effects may however be present in the same 
sample and Warren and Averbach (1952b) have shown how the experimental 


A (m) 


“A 


° 0-2 0-4 0-6 o's 1:0 


m (IN UNITS OF T/A) 
Fig. 2.—Transforms of functions in Figure I. 


data may, in favourable cases, be analysed numerically to determine the relative 
influence of the two factors. It is, however, of interest to reverse this procedure 
and examine analytically how particular models of size and distortion combina- 
tions may be expected to modify the shape of the function A(m,l) for any given 
reflection. 

The problem is of particular importance in connexion with the effect of 
cold-work on polycrystalline metals. On the assumption that both particle 
size and distortion broadening are contributory factors, a number of models 
may be assumed. Two extreme cases are as follows : 

(1) First, as a result of plastic deformation, each grain in the aggregate 
may become dissociated into a number of units. Some of these units are strain 
free but of such dimensions that particle size broadening occurs ; in other units 
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the size is still sufficiently large for no appreciable size broadening, but distortion 
broadening occurs due to heterogeneous lattice strains. Under these circum- 
stances the intensity distribution in a reflection is the sum of the contributions 
due to the particle size and distortion factors treated independently. This 
would correspond with the assumption made by Hall (1949) in taking the total 
line breadth @ as the simple sum of the breadths due to each factor separately. 


1-0 pe 


< RN — — — 100% STRAIN, EXP(-k2 x2) 
=--+--+- 70% STRAIN, EXP(-k? x2) 


—-—-— 30% STRAIN, EXP(-k2 x 2) 


SIN? nx 
(nx)2 


100% PART. SIZE, 


0-6 


“a 
A (m) 


O-4 


m (IN UNITS OF T/g8) 


Fig. 3.—Transforms for combined particle size and distortion broadening given 
by equation (29). 


(2) Secondly and more probably, after plastic deformation each grain. 
may become dissociated into a number of small, heterogeneously distorted 
units. The intensity distribution for any reflection is then the resultant coherent 
scattering in a given direction of the incident beam produced by these domains, 
and is given by equation (1) for crystals of the cubic class. 

As an illustration of the method of treatment, a particular example corres- 
ponding to each of these cases is considered below. 


Oase 1 


On the first hypothesis, suppose for simplicity that the crystallites conform 
to one or the other of only two possible types : 

(i) A given proportion of the total number contains crystallites sufficiently 
large for no size broadening to occur and in which the strain distribution function 
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is assumed to be Gaussian. The intensity distribution in the reflected beam due 
to these crystallites is thus of the form exp (—k?22). 


(ii) The remainder are strain free and of a small uniform size. For these, 
the diffraction contour is represented by the function (na)-2 sin? nav. 


The resultant pure diffraction contour is then given by 


I(a)=C exp (—kx?)+D(nx)-? sin? nz ........ (28) 
Hence 


A(m) =K,(x3/k) exp (—1?m?/k?T?) + K4(x/n)(1—z | m |/nT),* .. (29) 


where K, and K, are parameters whose relative magnitudes determine the 
contributions due to distortion and particle size effects respectively. For 
100 per cent. strain broadening K, =!, K,=0 and for 100 per cent. size broadening 
==0, fet. 

Figure 3 shows the form of A(m) for values of (K,, K.)=(1, 0), (0-7, 0-3), 
(0-3, 0-7), and (0, 1). 


Case 2 

In this example, it is assumed that the sample consists of small distorted 
crystals of uniform size and with a Gaussian distribution of lattice strains. 
Hence 


A(m)=N(m)J(m)=P(1—7x | m |/nT) exp (—7?m2/k?T?),* .... (30) 


where P is a constant and m and k have the same significance as in the previous 
example. By assigning various values to n and k varying relative contributions 
of particle size and distortion broadening respectively can be represented. 
For pure size broadening, k=oo and for pure strain broadening n=0o. The 
true diffraction line breadth is given by 


B-l—=n-kT erf (n/k) —(k®T/nn){1—exp (—n?/k?)}. .... (31) 


In Figure 4 A(m) is plotted for values of n/k of 0, 2,5, 00. The curves all 
represent the same value for 6. 


(d) Correction Curves for Particle Size Broadening 

To obtain the true integral breadth 8 from the measured values B and 6 
it ig convenient and customary to obtain, if possible, correction curves in which 
6/B may be plotted as functions of b/B. The principal correction formulae 
which have been suggested are summarized in Table 2. As pointed out in 
Section I, these formulae are based upon the subjective choice of various types 
of analytic functions to represent the experimental] X-ray line profiles, and in 
general are without reference to the particular cause of broadening involved. 
The preceding analysis, however, indicates how given types of analytic functions 


* The particle size factor in (29) and (30) is zero outside the range 0< | m |<nT/r. 
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may be assigned to particular forms of particle size distributions. It is therefore 
of interest to investigate the dependence of the appropriate correction curve 
upon the particular type of particle size broadening considered. 

The appropriate relationship between B, b, and 8 can, however, only be 
obtained if two of the three functions in equation (6) above are known. Assuming 


— — — 100% STRAIN, EXP(-k? x”) 


—.—-— n/k =2 


SIN? nx 


(nx)? 


—————— 100% _ PART. SIZE, 


& (m) 


O-4 0-6 0-8 10 


m (IN UNITS OF 7/8) 


Fig. 4.—Transforms for combined particle size and distortion broadening given 
by equation (30). 


that I(v) and g(x) are known, the integral breadth B may be obtained by either 
of the following two methods. ; 


(i) From (6) it follows that if transforms of h(#) and g(x) are given by 
fat (m= | h(x) exp (2rimx)da, 


am) =|" g(x) exp (2rimax)dax 
respectively, then ‘ 
H(m) =A (Lm)G(m), 
H(0) =G@(0). 
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The observed intensity distribution h(#) in the presence of size broadening 
is then found from 


ita) =| H(m) exp (—2xima)dm. 

Finally ot 

Be | ” h(w)da/h(0) =H(0)/h(0), 
or iz 


B=G0)f | ORE EA. eae ee ene (32) 


(ii) The above method is appropriate if the pure diffraction contour I(#) 
is known directly. If, however, the size distribution function p(| m |) is adopted 
as a starting-point, it is more convenient to derive an expression for the breadth B 
in terms of this distribution function. The analysis is too lengthy to set out 
here, but it can be shown that 


B=MG(0) | | © (TmyG(m)dm, .. 0. eee eens (33) 


where the parameters have the significance defined previously. 


As pointed out already, B will depend upon the functions chosen to represent 
I(x) and g(#). In practice, it is generally found that the instrumental contour 
g(x) may be represented quite closely, either by exp (—k?x’) (Taylor and Sinclair 
1945; Shull 1946; Alexander 1950), or by a function of the type (1+ ¢?x?)~? 
(Jones 1938; Schoening, van Niekerk, and Haul 1952). 


For both of these forms for g(x), the four types of particle size broadening 
considered previously have been analysed by the methods outlined above and 
the results are summarized in Table 3. In Figure 5, the correction curves 
corresponding to the size distribution function p(M) given by (26) have been 
plotted in the usual way for the two different forms for g(a). For comparison, 
the curves corresponding to formulae (I), (II), and (VI) in Table 2 are also 
included in Figure 5. 


III. Discussion 

A number of interesting points emerge from the analysis in Section IT. 

(1) First, the functions (1-++a?a?)-1 and exp (—k?a?), which have previously 
been used somewhat indiscriminately to represent the pure diffraction contour, 
can in fact only be identified with line broadening due to particular types of 
particle size and lattice distortion effects respectively. Hence, in any attempt 
to distinguish between particle size or strain broadening from a particular 
material, the use of the one or the other of these functions (together with the 
appropriate relationship between B, b, and 8) involves an intrinsic initial assump- 
tion about the cause of the broadening, when the object of the investigation is 
to discover the cause. Such an assumption must inevitably weight the experi- 
mental results, partially at least, in favour of one or the other of the two effects. 
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In this connexion it is therefore perhaps significant that in most previous work 
on the cause of line broadening from cold-worked metals, those investigators 
who have used the Warren relationship between B, b, and 8 have concluded that 
lattice distortion was the predominant factor, whilst those who have employed 
the Scherrer correction found that particle size was the main cause. The best 
procedure in such work therefore is to make no assumptions at all about the 
shape of the experimental line profiles. 


8/8 


(@) 


Fig. 5.—Correction curves associated with particle size broadening for 
various types of size distribution functions and different instrumental 
contours. a, Warren curve; 6, p(M) given by equation (26), 
g(x) =exp (—k?a) ; c, p(M) given by equation (26), g(a) =(1+c¢2a)-2 ; 
d, Schoening, van Niekerk, and Haul curve; e, Scherrer curve. 


(2) Secondly, as would be expected, the pure diffraction contour depends 
not only upon the cause of the broadening but also upon the nature of the size ~ 
and strain distribution functions. In cases where the size effect is negligible 
Eastabrook and Wilson (1952) have suggested that the Cauchy line profile e 
possibly a better approximation to the pure diffraction contour encountered 
in practice than the Gaussian form. At first sight this is in direct contradiction 
to the results obtained here. It should be noted, however, that different distortion 
models are considered in the two cases. In the present paper it has been shown 
that a Gaussian strain distribution corresponds to a Gaussian intensity distribu- 
tion for the pure diffraction contour. On the other hand, Eastabrook and 
Wilson have considered the case of crystals large enough for negligible particle 
size broadening and in which each crystal is asswmed to contain several regions of 
compression and extension. In this case, they have shown that for small m 
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(corresponding to the behaviour of J(«) for large a), J(m) is approximately 
proportional to exp (—27:212e2m?), whereas for large m, J(m) tends more nearly 
to be proportional to exp (—const.| m |). This implies that, for this particular 
type of distortion broadening, the pure diffraction contour would approximate 
to a Cauchy form at and near to its peak value, with a gradual transition with 
progressive increase in # to some other profile (e.g. Gaussian) that is consistent 
with distortion broadening for small m. 

The question as to whether the contour is a closer resemblance to a Cauchy 
or to a Gaussian profile will depend upon the type of distortion that is operative. 
For cases of distortion broadening encountered in practice, it seems unlikely 
that any simple analytic function will truly represent the pure diffraction contour, 
and for the reasons discussed in (1) above and (4) below, it is dangerous to attempt 
to assign given functions as ‘‘ close fits ” to the experimental observations when 
dealing with distortion broadening. For pure particle size broadening on the 
other hand, such a procedure is often permissible, since determination of the 
‘apparent particle size ” from line breadth measurements can only be regarded 
aS approximate in view of a number of other uncertainties. 

(3) Thirdly, for pure particle size broadening, Alexander (1950), in discussing 
the factors affecting determination of crystallite size with a Geiger-counter 
X-ray spectrometer, concluded that a typical crystal size distribution leads to 
a pure diffraction contour which bears a closer resemblance to a Cauchy profile 
than a Gaussian form. The preceding analysis would tend to support this 
conclusion. At the same time the exact form of the contour depends upon the 
particular type of size distribution law appropriate to each material. 

A point of interest here is that Schoening, van Niekerk, and Haul (1952) 
have reported recently that the line profiles obtained from small crystals with a 
Geiger-counter X-ray spectrometer could be represented very closely by functions 
of the type (1-+c?x?)-*. In this case, although J(x) cannot be conveniently 
evaluated analytically, by employing the methods described previously it 
can readily be shown that these functions for h(#) and g(a) cannot truly represent 
particle size broadening. Assuming that in the samples examined by these 
authors no distortion broadening occurred, the inconsistency between their 
experimental observations and the present theoretical treatment presents a 
problem. It may perhaps be that some other function or functions compatible 
with particle size broadening could also represent closely their experimental 
observations. For example, if 

g(x)/g(0) =(1 +4, 670?) (1 Acta)" 
and 
h(x)/h(0) =(1 +4203m*) (1 eS?) ~* 


(which approximate to the previous functions if q, and q, are small), it can be 
shown that these profiles are compatible with size broadening, giving a non- 
negative value for the size distribution function p(|m |) provided that 


hs ee Gan ang a | i> Ce: ‘) 
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Examination of Figure 5, however, shows that except in cases where a 
high accuracy is warranted in the determination of particle size, the differences 
introduced by using one or other of the correction curves (b), (c), or (d) will not be 
serious. It is also interesting to note the close agreement between curves 
(c) and (d) which are both based upon the same function (1-+c?x?)-* for g(@). 
Curve (d), given by Schoening, van Niekerk, and Haul, cannot strictly be 
applicable to particle size broadening, yet is nevertheless a close fit to their 
experimental conditions and observations. On the other hand curve (c¢) corres- 
ponds to a particular size distribution which may approximate to typical 
distributions encountered in practice. It appears therefore that for general 
application to particle size broadening, curve (c) is likely to be a reasonable 
compromise. 


(4) Finally, as pointed out by Eastabrook and Wilson (1952), the original 
methods developed by Warren and Averbach (1950) for distinguishing between 
particle size and distortion effects, based upon the shape of the pure diffraction 
contour rather than its breadth, have certain limitations in practice, particularly 
if the analysis is restricted to single orders of reflection from given sets of planes 
in the crystal. It is true, for example, that there is a considerable difference 
in shape between the Fourier transforms (Fig. 2) corresponding to the contour 
functions (1 +-a22?)-1 and exp (—k?a?). Comparison of Figures 1 and 2, however, 
shows that the pure diffraction contours in Figure 1, which produce appreciable 
changes in Figure 2, only differ appreciably in shape in regions close to their 
‘‘ tails ’’? where percentage errors in measurement are greatest. In consequence, 
if Fourier methods are used to determine the pure diffraction contour J(zx) or its 
Fourier coefficients, from observations on the shapes of the experimental h(x) 
and g(x) contours, the shape of the A(m) curve will be critically dependent upon 
the accuracy of the experimental observations of line intensities at values 
approaching the general background value due to incoherent scattering. Further- 
more, Figures 3 and 4 illustrate how the shape of the curve changes when particle 
size and distortion effects are both operative. Consequently, although the 
more recent methods of Warren and Averbach (19520), based on analysis of 
several orders of reflection from any given set of planes, reduce the chance of 
ambiguity of interpretation (due to experimental error) of the experimental 
results, the use of such criteria alone, for differentiating between particle size 
and distortion broadening, would appear to be rather dangerous unless very ~ 
accurate experimental techniques are employed. 
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GALACTIC RADIATION AT RADIO FREQUENCIES 
VIL. DISCRETE SOURCES WITH LARGE ANGULAR WIDTHS 
By J. G. Botton,* K. C. WESTFOLD,T G. J. STANLEY,* and O. B. SLEE* 
[Manuscript received September 25, 1953] 


Summary 


Observations with three forms of equipment have revealed the existence of a 
number of sources of angular width more than 1°. 


A rough analysis of the brightness distribution of one source shows that it is 
elongated along a parallel of galactic latitude. This source appears to be typical of 
a class that is generally distributed around the galactic equator, and may represent 
fine structure in the distribution of radiation from the Galaxy. 


Of the others, one appears to be associated with the abnormal galaxy NGC 5128, 
and another has been identified with a network of gaseous filaments in our own Galaxy. 


I. INTRODUCTION 

Up to the present time, surveys of the brightness distribution of galactic 
noise have been made using either a single aerial of low resolving power or an 
interferometer consisting of two aerials separated by many wavelengths. The 
observations have been mainly on metre wavelengths, for which the brightness 
is sufficiently high to permit measurements over a large part of the celestial 
sphere. 

With such wavelengths, aerials of moderate physical dimensions have 
beam widths of the order of 10° between half-power points. The observed 
brightness distributions contain only such major features as the concentration 
towards the galactic plane with its principal maximum near the galactic centre, 
and subsidiary maxima in Cygnus and Taurus. The actual brightness distribu- 
tion can, to some extent, be extracted mathematically from the observed 
distribution, given the aerial sensitivity pattern, but the manual procedure is 
most laborious and open to errors. Higher resolution due to the sharp-edged 
shadow of the Karth can be gained if observations are made with an aerial on a 
high cliff directed at the horizon. 

With the interference techniques the aerial beam is split into a number of 
closely spaced fringes. As the source passes through the fringe system a 
sinusoidal pattern is recorded, whose features are determined by the angular 
distribution of brightness across the source. Most interferometers used so far 
have aerial spacings of about 50 wavelengths, giving fringe separations of about 
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1°. The sources discovered with such systems have angular widths of a few 
minutes of arc. No appreciable interference pattern is obtained from a source 
whose angular diameter is of the order of the fringe separation. 


No systematic search has yet been made for objects of intermediate size, 
although a number are known to exist. Mills (1952a) found evidence for three 
such sources from a survey made with two interferometers with different aerial 
spacings. An extended object in Cygnus has been studied by Brown and Hazard 
(1951a) at 158 Me/s and by Piddington and Minnett (1952) at 1200 Me/s. 


The present paper describes a Survey of the sky for sources whose angular 
widths are 1° or more. The principal equipment used was a two-aerial inter- 
ferometer whose fringe spacing could be varied from 3 to 14°. The first observa- 
tions with the smallest fringe spacings indicated the existence of a few sources 
which had not been detected with interferometers of fringe spacings of about 1°. 
If the sources had been sufficiently separated, it would have been possible to gain 
some idea of the brightness distribution across these sources by observing the 
amplitudes of the interference patterns at a number of fringe spacings. However, 
as the fringe spacing was progressively increased, the simple patterns of the 
smaller spacings gave place to extremely complex patterns, apparently the 
result of having more than one such source in the fringe pattern at a time. 
Such complex effects were observed whenever the plane of the Galaxy crossed 
the fringe system, and may perhaps be attributed to fine structure of the back- 
ground. Only in relatively few cases has it been possible to suggest a specific 
interpretation of the observations. 


IJ. EquipMentT USED IN THE INVESTIGATION OF THE SOURCES 
Three types of equipment have been used to study the sources. These 
are a 72-ft diameter fixed reflector, a sea interferometer with automatic control 
of the receiver gain, and an azimuth interferometer. The last two have been 
described in a previous paper (Bolton and Slee 1953). 


(a) The 72-ft Reflector 

This reflector consists of 4in. metal strips spaced 1 ft apart on the surface 
of a paraboloid of revolution, of focal length 40 ft and aperture 72 ft, with its 
axis vertical. The feed is a rod dipole and parasitic reflector. The aerial beam 
width is 6° at a frequency of 150 Mc/s and the beam can be directed by tilting 
the mast supporting the feed. This aerial has about the same ratio of focal 
length to aperture as the 220-ft reflector at Jodrell Bank, for which Brown and 
Hazard (19516) found very little distortion in the beam for tilt angles of up to 15°. 
By tilting up to 15°, a survey was made of the strip of the celestial sphere between 
declinations —20 and —50° and Right Ascensions 14 and 22 hr; this includes 
the galactic equator between longitudes 300 and 335°. The observations were 
made over a period of only a few months and electrical interference during the 
day-time prevented satisfactory observations of the other section of the galactic 
equator. The results of this survey, expressed in the form of contours of equal 
aerial temperature, are shown in Figure 1. 
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(b) The Sea Interferometer with Automatic Control of the Recewer Gain 

The aerial of this equipment consists of a 6 by 2 array of Yagis, on an 
azimuth mounting erected on a 240-ft cliff overlooking the sea. It operates on a 
frequency of 110 Mc/s and the beam width in azimuth is about 10°. The beam 
width in altitude is also about 10° but the effect of the Earth’s shadow at the 
horizon greatly improves the resolving power of the aerial, so that a faint source 
rising above the horizon produces a more marked change in the recorded output 
of the receiver than it would when crossing the free-space pattern of the aerial. 
The aerial with its image in the sea forms an interferometer and, if the angular 
width of a source is smaller than the fringe separation (1°), an interference pattern 


is observed. 
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Fig. 1—Contours of aerial temperature of the region 

about the galactic centre as seen on the 72-ft reflector at 

160 Me/s (aerial beam width 6° between half-power points). 

The units are not accurately known owing to uncertainty 

in the reflection coefficient of the aerial, but the contour 
interval is approximately 20 °K. 


Normally, with the sea interferometer it is difficult to distinguish the effects 
of faint sources against the large, but slowly varying, changes in the output of 
the receiver as the regions near the galactic plane cross the aerial beam. How- 
ever, with a receiver modification described by Bolton and Slee (1953) this 
disadvantage has been largely overcome. In this modification, which is a form 
of automatic gain control, the output of the receiver is fed into an integrator, 
the output of which is in turn used to control the gain of the input stages of the 
receiver. The result of this arrangement is to suppress almost entirely the 
slowly varying components in the receiver output. Sources of angular width 
less than the fringe spacing appear as an interference pattern, and those of 
angular width somewhat greater than the fringe spacing as a small “ hump”, 
on the record. Such sources were roughly located by the sidereal time at which 
they first appeared, the estimated time at which they were fully risen, and a 
knowledge of the aerial diagram in azimuth. 
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(c) The Azimuth Interferometer 

This equipment and some of its uses have been described in a previous paper 
(Bolton and Slee 1953). It consists of two aerials, whose spacing can be varied, 
on the top of a cliff overlooking the sea. The frequency used was 100 Me/s. 
The aerial beam is split into a double system of interference fringes, due to the 
Spacing of the two aerials and their images in the sea. The present observations 
were made with aerial spacings along the cliff top of between 4 and 20 wave- 
lengths. The spacing between the aerials and their images was 50 wavelengths. 
Some of the observations were made with a stationary fringe system, and in 
others the fringe system was swung backwards and forwards through one fringe 
width per minute. The fringe swinging was found particularly useful with 
small aerial spacings where the movement of a source through the fringes, due 
to the Earth’s rotation, is comparatively slow. 


REVERSING POINTS 


TIME 


Fig. 2.—Idealized pattern due to an extended source rising above the horizon and through the 
fringe system of the azimuth interferometer. The fringe system is swung backwards and forwards 
through 1 fringe-width/min. The points at which the direction of the fringe swing is reversed. 
can be clearly seen. From O to A the amplitude of the pattern increases as the source rises above 
the horizon, and then slowly decreases as the source passes out of the aerial beam. Due to phase 
switching of the aerials the pattern is distributed about a central zero line. Note also the change 
in the period of the pattern drawn by the reversing points; this is due to the motion of the 
instantaneous centre of the source during and after rising. 


For sources whose angular widths in altitude exceed the separation of the 
sea-interference fringes, the effect of the azimuth fringe system only is observed. 
An idealized record with fringe swinging, due to such a source, is shown in 
Figure 2. The instantaneous amplitude of the pattern between the points 
marked O, when the source starts to appear above the horizon, and A, when it is 
fully risen, represents the total flux density from that part of the source above 
the horizon. The subsequent decrease in the amplitude of the pattern is due 
to the source passing out of the aerial beam. Apart from a small effect as the 
rising edge of the source enters the aerial beam, the envelope of the pattern 
from O to A gives the flux density per unit altitude from the source, along a line 
perpendicular to the horizon. The flux density per unit azimuth, along a line 
parallel to the horizon, can be deduced from the variation of the pattern amplitude 


with aerial spacing. 
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The points at which the fringe swing is reversed at each end of the cycle 
are clearly shown on Figure 2. The locus of these points represents one of the 
interference patterns that would be obtained with the stationary fringe system. 
The period of this pattern is due to the azimuth motion of the effective centre 
of the source and, ideally, it can be used to determine its declination. However, 
while the source is rising, the period of the locus is often different from that 
when it is fully above the horizon. This effect is due to the motion of the 
instantaneous centre of the visible part of the source. For a source rising 
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Fig. 3.—Records obtained with the azimuth interferometer (fixed fringes), at six different aerial 
spacings, of the point and extended sources in Centaurus. The rapid sinusoidal variation is 
due to the point source passing through the sea-interference fringes, the slower one to the azimuth 
fringe system. The amplitude of the sea-interference fringes due to the point source provides 
a calibration. Note that the amplitude of the azimuth pattern due to the extended source 
increases as the aerial spacing decreases (it is zero for a spacing of 21 wavelengths). The aerials 
were directed towards an azimuth of 40° E. of S.; the hour angle for a source on the horizon at 
this azimuth is approximately 08 hr 20 min. 


= 


with its central line vertical, the period of the locus does not change. In other 
cases the period of the locus during rising is shorter or longer than in the remainder 
of the record, according as the instantaneous centre moves north or south in 
azimuth relative to the azimuth of a fixed point on the celestial sphere. The 


change in period of the locus as the source rises would, in principle, enable the 
inclination of its central line to be determined. 


III. OBSERVATIONS OF THE SOURCES 
The existence of more than 20 sources has been inferred from the observa- 
tions with the three aerial systems. Of these, one has been observed with all 
three equipments, three with two, but the majority with the azimuth inter- 
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ferometer only. The survey with the 72-ft reflector revealed only those with 
high flux density within the small region covered. With the sea interferometer 
and receiver with automatic gain control, sources whose dimensions in the 
vertical plane at rising are small compared with the aerial beam were discerned. 
Objects of angular width smaller than 2° could be studied satisfactorily using 
the azimuth interferometer at aerial Spacings of more than 10 wavelengths. 
With this instrument, as the aerial Spacing was reduced, the number of sources 
observed increased, but so also did the confusion due to the effects of more than 
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Fig. 4.—Records, illustrating the high degree of confusion of the effects due to a number of sources 
in the fringe system at the one time, obtained with the azimuth interferometer at three different 
aerial spacings. (a) A region close to the galactic plane. All records have the same scale of 
sensitivity, as can be seen from the amplitudes of the sea-interference patterns due to two point 
sources. The aerials were directed towards an azimuth of 110°; the hour angle for a source 
on the horizon at this azimuth is approximately 05 hr 20 min. (b) A region well away from the 
galactic plane. All the records have the same scale of sensitivity, as can be seen from the 
amplitudes of the sea-interference patterns due to a point source. The aerials were directed 
towards an azimuth of 70° ; the hour angle for a source on the horizon at this azimuth is approxi- 
mately 06 hr 40 min. 


one source in the fringe system at a time. For aerial spacings of four wave- 
lengths (fringe separation 15°) interference patterns were observed whenever 
the plane of the Galaxy crossed the fringe system. 

A case where there is little confusion is illustrated in Figure 3 which shows 
records, obtained with the azimuth interferometer with a stationary fringe 
system, of an extended source surrounding the “ point ”? source Centaurus—A. 
At the 21-wavelength spacing only the pattern due to the point source passing 
through the sea and azimuth fringe systems can be seen. At smaller spacings 
this pattern is superimposed on the azimuth pattern due to an extended source. 
The scales of these records are not all the same, but the pattern due to the 
point source provides a calibration. It can be seen that the amplitude of the 
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pattern due to the extended source, relative to that of the point source, increases 
as the aerial spacing is decreased. The azimuth patterns due to the point and 
extended sources are in phase, suggesting that the two sources are concentric. 


Figures 4 (a) and 4 (b) are records, obtained with the same equipment, 
showing cases with a high degree of confusion, in regions respectively close to 
and away from the galactic plane. It is not possible to say with any certainty 
where a source rises on these records. Both the amplitude and period of the 
pattern at any aerial spacing change in an irregular manner and there is no 
systematic change in the amplitudes of the patterns for different aerial spacings. 
Figure 5 is a 24-hr record obtained with the fringe-swinging system. It shows 
an almost continuous complex pattern due to many extended sources, and sea- 
interference patterns due to the point sources Taurus—A and Virgo—A. 


POWER 


O06 12 18 
SIDEREAL TIME (HR) 


Fig. 5.—A 24-hr record obtained with the azimuth interferometer with the fringe- 

swinging system. The envelope is filled in by the rapid movement of the recorder 

pen as the fringe system is swung backwards and forwards. The complex effects 

due to a number of extended sources passing through the fringe system and the 

sea interference patterns of two point sources, Taurus—A and Virgo—A, can be seen. 

The aerials were directed towards an azimuth of 116°; the hour angle for a source 
on the horizon at this azimuth is 05 hr. 


No attempt has been made to sort out many of the sources from these 
complex patterns. The accuracy of the results would not warrant the labour 
involved and the observations must ultimately be superseded by surveys made 
with pencil-beam aerials. 

In Table 1 are listed a number of sources which could be delineated without 
too much difficulty. The observations on these sources were such that the times 
of rising above the horizon could be confidently estimated and, with the azimuth 
interferometer, the changes in amplitude of the patterns with aerial spacing 
behaved in a regular manner. Table 1 includes the estimated positions, flux 
densities, and angular extents of the sources, and the equipments with which 
they were observed. Further details are given in the following notes. 


Source A.—This source is clearly seen on the azimuth-interferometer records 
with aerial spacings less than 15 wavelengths, but its effects are obscured by 
confusion at smaller spacings. It appears to be the source Fornax—A (Stanley 
and Slee 1950) and the position given is a new determination from sea-inter- 
ference measurements.* The declination agrees with that given by Mills (1952b) 
for this source, but the Right Ascension differs by 2 min from Mills’s value, a 
discrepancy which cannot be resolved. Mills also considers that this source has 


* These measurements will be reported in a later paper. 
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an angular diameter of about 4°. The difference in the two values of the Right 
Ascension may be due to its angular extent, but no definite suggestion can be 
made as to a brightness distribution which would reconcile the two results. 

Sources B and D.—These sources were seen only with the sea interferometer 
with automatic control of the receiver gain. They are objects of low surface 
brightness and rise with their central lines nearly parallel to the horizon and the 
galactic equator. The positions given may be in error by 1 or 2°. The sources 
were not observed with the azimuth interferometer, presumably because of their 
extent in azimuth. 

Source C.—This source is clearly seen with the azimuth interferometer 
with aerial spacings greater than 15 wavelengths, but its effects are obscured 
by confusion at smaller spacings. It may be associated with the source Pictor—A 
(Stanley and Slee 1950). 


RECORD AMPLITUDE (10-24 w mM72\¢/5)7") 
RECORD AMPLITUDE (10724Ww M~2ic¢)s)"!)) 


5 10 1S 
AERIAL SPACING (WAVELENGTHS) AERIAL SPACING (WAVELENGTHS) 
SOURCES E AND F SOURCE J 


(A) (b) 


Fig. 6.—Curves showing the variation of the amplitudes of the azimuth-interferometer patterns 
with aerial spacing. (a) Sources E and F. The effects of source F begin to show for aerial 
spacings of less than 10 wavelengths. (b) Source J. 


Sources E and F.—The observations with the azimuth interferometer in this 
region were very good. The variations of the amplitude of the interference 
patterns with aerial spacing are shown in Figure 6 (a). It is believed that for 
spacings greater than 10 wavelengths the curve is due to source E alone and, 
at smaller spacings, to the two sources. The position of the centre of source F 
is difficult to estimate, but from observations with the sea interferometer it 
appears to be slightly south of E, which is the source Puppis—A (Stanley and 
Slee 1950). The position of the latter is a new determination.* It disagrees 
with the position published by Mills (1952a, source 08 —4) but Mills has informed 
the authors (personal communication) that his results on this source are 


ambiguous and that an alternative interpretation would agree with the present 
results. 


* These measurements will be reported in a later paper. 
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Sources G and H.—These sources are clearly seen with the azimuth inter- 
ferometer with aerial spacings between 8 and 15 wavelengths but their effects 
are lost in confusion at smaller spacings. The positions may be in error by 
several degrees. 


Source J.—The azimuth interferometer results in the region of this source 
are very good and clear of confusion for aerial spacings of more than five wave- 
lengths. The amplitudes of the patterns for various aerial spacings are shown in 
Figure 6 (b), the value at zero spacing being a direct observation with the sea 
interferometer. This source overlaps the source Centaurus—A, which has been 
identified with the galaxy NGC 5128 (Bolton, Stanley, and Slee 1949). 
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Fig. 7.—Variation in amplitude of the azimuth-interferometer patterns for five 
aerial spacings. The aerials were directed towards an azimuth of 40°; the hour 
angle for a source on the horizon at this azimuth is approximately 08 hr 20 min. 


Source K.—This is the second brightest of the extended sources observed. 
It appears in the contours of the 150 Mc/s survey and is clearly observed at all 
aerial spacings with the azimuth interferometer. The observations indicate 
that it rises with its central line nearly vertical, along the parallel of galactic 
latitude b——2°. Itis therefore particularly suitable for analysis of its brightness 
distribution. 

As the source rises, the variation in amplitude of the azimuth-interferometer 
pattern, for any spacing, determines the distribution along its length of flux 
density per unit galactic longitude. In the present circumstances, it is approxi- 
mately given by the rate of change of amplitude with altitude of the leading edge 
of the source. In Figure 7, the amplitude due to the sources J, K, and L is 

_plotted against sidereal time. At 07 hr, J is passing out of the aerial beam 
and K is rising into it; at 10 hr, K is passing out of the beam and L is rising 
into it ; at 09 hr, K is fully risen and is making practically the full contribution 
to the power received. In the interval between about 07 hr 30min and 
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08 hr 30 min the curves are almost rectilinear. Thus, for a rough analysis, 
we may consider the flux density per unit galactic longitude of the source K 
to be uniform over its extent of approximately 10°. 

When fully risen, the variation in amplitude with aerial spacing enables 
the flux density per unit galactic latitude, in the transverse direction, to be 
determined by Fourier analysis similar to that used by Stanier for the Sun 
(see Ryle 1950). Figure 8 (a) is a plot of amplitude against the parameter 
278/A, where s is the spacing and / the wavelength ; the curve is extrapolated 
to meet the amplitude axis at right angles. The derived distribution, assumed 
symmetrical about the central line, is given in Figure 8 (b). The effect of 
adopting a higher value for the amplitude at s =0 would be to raise all the values 
of flux density per unit latitude, and thus enhance the “ skirt ” of the distribution. 
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Fig. 8 (a).—Curve representing amplitude as a function of 2ms/i for the source K. 

Experimental points are shown as dots, with vertical lines denoting the estimated 

probable errors. (These decrease with increasing s/A.) The value at s=0 is 
obtained by extrapolation. 

Fig. 8 (b).—The flux density per unit galactic latitude across the source K. Latitude 

is measured from the central line b=—2°. The estimated extent of the source 

in galactic longitude is 10°, giving a maximum brightness temperature of 12,000 °K. 


However, it is possible that the values of amplitude for the smaller spacings, 
are too high because of contributions from the background. If the background 
distribution is not symmetrical about b = —2°, it will have the effect of broadening 
the apparent distribution in latitude of the source. Taking the extent in 
longitude as 10°, we obtain 12,000 °K. for the mean brightness temperature 
along the central line of the source. 


Source L.—This source, in the region of the galactic centre, is the brightest 
of the extended sources. Observations with the azimuth interferometer show 
that it has a strong central concentration, as interference patterns are obtained 
with the largest aerial spacings (fringe separation 3°). It is not easy to make an 
analysis of the azimuth-interferometer results as the patterns of this source 
overlap with those of source K and also the inclination of its axis is unfavourable. 
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Some idea of its shape may be gained from the results of the 150 Mc/s survey in 
this region, although the 6° beam of the aerial cannot resolve all the detail. 

Observations of the brightest sources K and L were also made with simple 
azimuth interferometers consisting of two single- Yagi aerials at 100 and 160 Me/s. 
It was observed that the ratio of the amplitudes of the interference patterns 
to the total background noise received by the aerials was approximately the 
same on the two frequencies, at each of three fringe separations (3, 7, and 14°). 
These observations suggest that in this frequency range the spectra of the sources 
are the same as that of the background radiation in their neighbourhoods. 


IV. DISCUSSION 

The observations described in this paper have revealed the existence of a 
large number of objects having angular widths of 1° or more. Some of these, 
for example, sources B, D, K, and L, which are elongated along parallels of 
galactic latitude, may represent fine structure in the distribution of the back- 
ground radiation ; the remainder appear to form no one distinct physical class. 
However, sources E and J are of particular interest. 

Source E, Puppis—A (08 hr 20min, —42° 15')—The new determination 
of position and observation of angular width have led to the identification of 
this source by Baade and Minkowski (personal communication) with a network 
of gaseous filaments similar to that which coincides with the Cassiopeia source. 
The filaments are in an area 1:25 by 0°75°, position angle 135°, centred at 
08 hr 20 min, —42° 48’. The radio position is slightly different, but this was 
determined from sea-interference measurements, which refer to a bright concen- 
tration rather than the optical centre. Moreover, this position coincides with 
the most outstanding filament. The filaments show no sign of organized motion, 
but the velocity dispersion within individual filaments ranges from +120 to 
—30 km/sec. This is the second of a new type of galactic nebulosity discovered 
through radio observations. The velocity dispersion in the filaments of this 
source is only about one-tenth, its brightness about one-fifth, but its angular 
diameter is about 10 times that of the Cassiopeia source. The identification 
provides another example of a high ratio of radio to optical emission, associated 
with a violent gas velocity dispersion. 

Source J (13 hr 22min, —43°).—The angular diameter of this source is 
about 24°. It overlaps the source Centaurus—A, which has been identified with 
the galaxy NGC 5128. Centaurus—A is known to have an angular diameter of 
less than 7’ (Stanley and Slee 1950; Mills 1952¢), which is less than the visible 
extent of the galaxy. It is possible that the small source is associated with the 
nucleus of the galaxy and the extended object with its outer regions. It would 
be a remarkable coincidence if these two bright sources had no physical 
connection. 

Of the sources that may be associated with galactic structure, K and L 
are deserving of further comment. 

Source K (16 hr 51min, —45°).—Observations of this source provide 
the best example of the type of pattern observed whenever the plane of the 
Galaxy crosses the fringe system of the azimuth interferometer. It is inferred 
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that there is a general distribution of similar objects around the galactic plane, 
which may prove to be fine structure of the background radiation. The analysis 
of the flux density per unit galactic latitude across source K then indicates a far 
greater concentration about the plane of the Galaxy than has hitherto been 
inferred. The half-width deduced from Bolton and Westfold’s (1950) 100 Mc/s 
survey with a low-resolution aerial was 15°, which gave rise to the supposition 
that the sources of the background radiation were distributed in a manner 
similar to the stars of Population II. The present value of 3° (see Fig. 8 (b)) 
is rather to be associated with the objects of Population I, such as early-type 
stars and interstellar gas and dust. It is possible that the background radiation 
originates in the interstellar gas, although it is generally agreed that some non- 
thermal process must be responsible. 


Source L (17 hr 41min, —273°).—The observations indicate that this 
source provides the greatest flux density and has the most peaked brightness 
distribution in both longitude and latitude of all the extended sources. The 
position of its centre is close to the accepted position of the galactic centre. 


It is difficult to believe that its high flux density is due to the fortuitous 
superposition of radiation from a number of objects in the line of sight. We are 
left with the inference that there is an extended physical object at the centre 
of the Galaxy, which is an unusually intense source of radio noise. 


V. LIMITATIONS OF INTERFERENCE TECHNIQUES 


The extended sources have been found by the use of interferometers of much 
smaller aerial spacing, that is, much greater fringe separation, than normally 
employed. They were not previously discovered in surveys of the general 
background because of the low resolving powers of the aerial systems used, and, 
in spite of their high flux densities, were not observed with other interferometers 
because the fringe separations of those instruments were less than the angular 
dimensions of the sources. Although the present observations have been of 
some value, they have also served to emphasize some of the fundamental 
limitations of interference techniques. 


It has been claimed that an interferometer has a resolving power equal to 
that of a single aerial whose physical dimensions in one direction are equal to the 
spacing between the individual aerials forming the interferometer. This 
resolving power can, however, only be realized in the study of a single isolated 
object. An interferometer consisting of two aerials has a theoretical resolving 
power determined only by the ratio of the wavelength and the aerial spacing, 
but in practice it is more often limited by the width of the primary beam of the 
individual aerial and the distribution of the sources whose angular dimensions 
are less than the fringe separation within that primary beam. 


A source may be regarded as effectively isolated under certain circumstances, 
e.g. when its flux density far exceeds that of any other source within the primary 
aerial beam ; examples are the Sun at centimetre wavelengths and the bright 
sources in Cygnus and Cassiopeia at short metre wavelengths when the primary 
aerial beam is fairly small. Two other factors tend to isolate sources in the 
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case of interferometers with very narrow fringe separations ; firstly, the instru- 
mental effect of a finite receiver bandwidth reduces the visibility of high-order 
(off-axis) fringes and so effectively decreases the primary beam of. the aerial, 
helping to isolate a source ; secondly, as the fringe separation is reduced below 
the angular dimensions of most of the sources within the beam, these no longer 
contribute to the output and leave one source effectively scorned) 


Under normal conditions, where there is no isolation, the output of the 
interferometer represents the sum of the effects of a distribution of sources 
within the primary beam. If the sources can be considered as widely separated 
points, the actual distribution can be reconstituted from the observed patterns, 
provided observations are taken with a number of fringe separations and a 
number of different interferometer axes. Such reconstitution presents far 
greater difficulty where the individual sources cannot be considered as points, 
that is, when their angular dimensions are of the order of the fringe separation 
and their isophotes are of irregular shape. 


The observations described in this paper have shown that the actual 
distribution of the extended sources is too complex to be delineated by inter- 
ferometers of moderate primary beam width, since in general there are several 
of them in the primary aerial beam at a time. It might be argued that some 
improvement could be gained by reducing the beam width of the individual 
aerials. This, however, has the effect of reducing the already small number of 
fringes within the primary beam and, although it might reduce the confusion 
between a number of sources in the beam at one time, it also introduces the 
complication of a change in shape from one fringe to the next within the primary 
beam. It is clear that a detailed study of the extended sources can be made 
satisfactorily only with pencil-beam aerials whose beam widths are less than 
the angular dimensions of the sources. 


VI. REFERENCES 


Botton, J. G., and SLEE, O. B. (1953).—Aust. J. Phys. 6: 420-33. 

Botton, J. G., STANLEY, G. J., and Sien, O. B. (1949).—Nature 164: 101. 
Bouton, J. G., and Westroitp, K. C. (1950).—Aust. J. Sci. Res. A3: 19-33. 
Brown, R. H., and Hazarp, C. (195la).—Mon. Not. R. Astr. Soc. 111: 576-84. 
Brown, R. H., and Hazarp, ©. (1951b).—Mon. Not. R. Astr. Soc. 111: 357-67. 


Mitts, B. Y. (1952a).—Aust. J. Sci. Res. A 5: 266-87. 

Minus, B. Y. (1952b).—Aust. J. Sci. Res. A 5: 456-63. 

Mitts, B. Y. (1952c).—Nature 170: 1063. 

Pippineton, J. H., and Mrnnerr, H. C. (1952).—Aust. J. Sci. Res. A5: 17-31. 
Rye, M. (1950).—Rep. Progr. Phys. 13: 184-246. 

SrantEy, G. J., and Siex, O. B. (1950).—Aust. J. Sct. Res. A3: 234-50. 


GALACTIC RADIATION AT RADIO FREQUENCIES 
VIII. DISCRETE SOURCES AT 100 Mc/s BETWEEN DECLINATIONS +50° AND —50° 


By J. G. Botton,* G. J. STANLEY,* and O. B. SLEE* 
[Manuscript received October 19, 1953] 


Summary 

One hundred and four discrete sources have been found from a survey covering 
declinations --50 to —50°. The individual sources are compared in position and flux 
density with those of previous surveys. The observed distribution shows the concen- 
tration of sources of all brightnesses to the galactic equator found by Brown and Hazard 
(1953) and the concentration of the bright sources to the equator found by Mills (1952a, 
1952b, 1952c). A new concentration of faint sources is evident in the southern galactic 
hemisphere. There is strong evidence for departures from a homogeneous isotropic 
distribution for the sources outside a 20° zone about the galactic equator. Ten identi- 
fications between sources and visible objects are suggested ; seven of these are between 
faint sources and extragalactic nebulae of photographic magnitude about 12-5, and three 
with galactic nebulosities. One of the latter is the expanding shell of Nova Aquila 1918. 


I. INTRODUCTION 

This paper describes the results of a new survey at 100 Mc/s of the celestial 
sphere for discrete sources. It is the sixth major survey; previous surveys 
have been made by Stanley and Slee (1950), Ryle, Smith, and Elsmore (1950), 
Mills (1952a), Brown and Hazard (1953), and Shain and Higgins (1954). 
Pertinent details of all the surveys are given in Table 1. The present survey has 
revealed the existence of the largest number of sources so far, although the 
number of sources per unit area is somewhat smaller than those of surveys 2 and 
4, as is the limit of sensitivity of the survey. The area covered (about 70 per 
cent. of the celestial sphere) is slightly smaller than that of survey 3 and the 
limit of sensitivity about the same; the reason for the higher source density 
is the higher resolving power of the present aerial system. 


Sea interference technique was used in the observations, employing the 
aerial system shown in Plate 1. The aerial diagram in azimuth consists of a 
main beam approximately 12° between half-power points and a number of very 
weak side lobes. In the vertical plane the main beam is only about 16° wide 
due to the large separation between the two banks, but there are major side 
lobes 20° each side of the main beam. However, interference effects from a 
source passing through the side lobes do not occur owing to the use of a wide 
receiver bandwidth and other factors which have been described in a previous 
paper (Bolton and Slee 1953). Sea reflection reduces the width of the main 
beam in the vertical plane to about 8°. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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12-Yagi array used in the observations. The two vertical banks are about 1-6 wavelengths apart. 
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The aerial resolving power and the receiver sensitivity are not much greater 
than those used in the previous survey by two of the authors. The principal 
reason for the much larger number of sources found in the present survey is the 
improved receiving technique which permits entirely automatic operation of the 
equipment and better ‘‘ seeing ’’ of the interference patterns due to the sources. 
These improvements have been described by Bolton and Slee (1953). 

A comparison has been made between the results of this survey and the 
others. As has been found by Mills (1952a) and Brown and Hazard (1953) in 
similar comparisons of previous surveys, there is good agreement between the 
positions and flux densities of the brighter sources. There is also good agreement 
for some of the fainter sources which are relatively isolated, but the agreement 
deteriorates for sources in areas of high source density. The reasons for this 


TABLE 1 
SURVEYS OF DISCRETE SOURCES 
Approximate 
Fre- Limit of Aerial Beam Region Number 
No. Observers quency | Sensitivity (to Half- Covered of 
(Me/s) | (W m-? (c/s)-1) | power Points) (Dec.) Sources 
1 Stanley and Slee 100 nOst= 9 by 17° 50 to —50° 22 
(1950) 
2 Ryle, Smith, and 81 SpelOae 14 by 90° 90 to 10° 50 
Elsmore (1950) 
3 Mills (1952a, 19526, | 100 pocal O28 14 by 24° 50 to —90° Uy 
1952c) 
4 Brown and Hazard | 158 Speier 2apy = ae 70 to 40° 23 
(1953) 
5 Shain and Higgins 18 Bye ES Uh Venger 10 to —90° 37 
(1954) 
6 Present authors 100 Ds Ome 8 by 12° 50 to —50° 104 


lack of agreement are not difficult to understand. With the interference method 
of observation, the recorded output of the receiver represents the sum of the 
effects of all the sources within the primary beam of the aerial. The effects of 
one outstanding source can be interpreted with a considerable degree of certainty. 
Where confusion exists on the records, the observer naturally adopts the simplest 
possible explanation of the complex patterns and trusts that his interpretation 
ig correct. If incorrect, it can result in extreme cases in the assignations of 
positions and flux densities to sources that do not in fact exist at all. For such 
sources Minkowski has coined the word “blends”. In a particular region of 
the sky, observations with aerials of different beams will show confusion in a 
different manner and degree and the interpretation of the confused patterns 
may often be different. This situation emphasizes the value of having several. 
surveys with different types of aerials, for the sources common to the surveys 
may then be accepted as genuine and not products of individual enqipments. 
In survey work, the sea interferometer has one advantage over other types 
of interferometer in that the source suddenly appears over the sharp edge formed 
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by the Earth’s shadow. This feature is of great value in studying regions of 
high source density. The records obtained in the present survey have been care- 
fully examined for patterns due to sources reported by other observers. The 
negative results obtained in some cases must, however, be regarded with some 
caution as there are several possible explanations. The simplest is that the 
source is a blend and does not exist near the reported position. Another is 
that the source has a complex brightness distribution and perhaps extends over 
an angle greater than the fringe separation of the sea interferometer in the 
direction perpendicular to the axis of the interferometer. Further, in comparing 
the results of surveys at widely spaced frequencies, it is always possible that, 
due to an abnormal variation of flux density with frequency, a source which 
appears relatively bright at one frequency may be too faint to be detected at 
another. 

The 104 sources of this survey have been examined to determine possible 
trends in the spatial distribution, and 10 identifications between sources and 
visible objects are suggested. 


II. THE OBSERVATIONS 

The results of the survey are summarized in Table 2 which consists of five 
lists of sources. The list to which each source has been assigned depends on the 
circumstances of its observation, particularly the degree of confusion between the 
interference pattern of the source and others in its neighbourhood. 

List 1 includes a few well-known bright sources, for which accurate positions 
have been determined and in some cases identifications established with visible 
objects. 

List 2 contains sources for which no confusion exists in our observations 
and which agree in position with sources reported by other observers. 


List 3 contains sources for which no confusion exists in our observations 
but which have not been listed by other observers. Several of the sources in 
this list agree approximately in position with those in catalogues by other 
observers but the agreement is not sufficiently good to warrant their inclusion 
in list 2. 

List 4 contains sources for which some degree of confusion exists in our 
observations ; however, the results given are believed to be fairly accurate. 


List 5 contains sources for which a considerable degree of confusion exists 
in our observations and the particulars given are only reliable provided the 
observations have been correctly interpreted. 


Tn quite a number of cases the positions of sources in lists 4 and 5 agree 
well with those of sources reported by other observers. 


The first column in these lists contains the authors’ personal catalogue 
number, which places the sources in order of discovery (this system of numbering 
is continued from the survey by Stanley and Slee (1950)). The second column 
contains the standard three-letter abbreviation for the constellation in which the 
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source is situated, the third to sixth the position, and the seventh and eighth the 
limits of error in the position of the source. The ninth column contains the flux 
density of the source at 100 Mc/s; the errors in the flux densities relative to 
that of the source Virgo—A which was taken as the standard are probably not 
more than -+-20 per cent. Column 10 is the “ level ” or radio magnitude defined, 
following Mills, as L—log,S where S is the flux density in units of 
10-25 Wm-? (c/s). In column 11 are the catalogue numbers assigned to 
various sources by. other observers ; where there is some doubt about the 
identifications the catalogue numbers are in brackets. The following abbrevia- 
tions are used : M for Mills, R for Ryle, Smith, and Elsmore, H.B. for Brown and 
Hazard, and S for Shain and Higgins. Additional information on some sources 
is contained in the footnotes following Table 2 


The limits of error in position are not, as is customary, given in Right 
Ascension and declination since the factors determining the position are the 
sidereal time at which the source crosses the optical horizon and the azimuth 
bearing of the source at that time. For sources of declination greater than about 
25°, the rate at which the source passes through the fringe system of the inter- 
ferometer is used to supplement the latter. The accuracy in the determination 
of the rising time, A( RT), depends partly on the number of observations of the 
source, which helps to reduce the uncertainty introduced by the variable atmos- 
pheric refraction at low angles and by the degree of confusion. The accuracy in 
azimuth at rising, AA, depends on the number of observations of the source, the 
degree of confusion, and, in the case of sources near the galactic plane, on the 
change in the background noise during the observation of the source. (The 
change in sensitivity of the equipment due to the change in background level 
effectively alters the polar diagram of the aerial as far as the observation of the 
source is concerned and thus complicates the direction finding.) The area 
contained by the limits of error is a parallelepiped which changes shape with 
the declination (for examples see Stanley and Slee (1950)) ; its smallest side is 
generally that determined by the error in time of rising. These errors increase 
on the average for the sources in the higher list number and in the case of a 


source in list 4 or list 5 are subject to the interpretation of the observations being 
correct. 


‘. 


In general nothing certain is known about the angular widths of the sources 
of this survey. The sea interferometer used in the observations has a fringe 
separation of 1° and thus it can be assumed that in most cases the angular sizes 
of the sources are less than 1°. An exception is that of Puppis—A (source 21, 
list 1) which is known to have an angular width of about 1° overall ; honoree 
a sea interference pattern is produced by a bright local patch near one edge of 
the source (see Bolton ef al. 1954). It is thought unlikely that any of the sources 
away from the galactic plane have angular sizes of more than a few minutes of 
arc, but it is possible that the sea interference patterns of some of the sources 


near the galactic equator may be due to bright patches or central concentrations 
of much more extended objects. 
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III. A COMPARISON OF THE VARIOUS SURVEYS 
(a) Overall Comparison 
An examination of the sources of the present survey and those given in 
surveys by Ryle, Smith, and Elsmore (1950), Mills (1952a, 1952b, 1952c), and 
Brown and Hazard (1953) shows that 3 sources are common to all the surveys, 
7 common to three (5 with Mills and Ryle, 1 with Mills and Brown, and 1 with 
Brown and Ryle), and 35 to two (33 with Mills and 2 with Ryle). 


(b) Comparison with Mills’s Survey 

Mills’s list contains 69 sources (including the two circumpolar sources 28 
and 27) in the area common to his survey and our own. Of these, 42 or 60 per 
cent. agree in position to within 3°. For these sources the two determinations 
of the flux densities are compared in Figure 1 (a). The abscissa represents the 
source level of the present survey and the ordinate the difference in levels (i.e. 
the logarithm of the ratio of flux densities). The dots refer to the sources of 
our lists 1 and 2 and the open circles to the remaining sources. For the majority 
of the sources the level differences are less than 0-2 and a scatter of this order 
may be considered reasonable in view of the experimental accuracy claimed in 
each case. There is a slight tendency for the level difference to increase for the 
fainter sources which means that Mills’s estimates of the flux densities of the 
fainter sources are higher than ours. 

Nine sources lie well outside the 0-2 scatter in level differences. These. 
sources are: 21, MO8—4; 58, M17—2A; 68, M17—2B; 23, M19+0; 123, 
M10—3; 86, M09+4; 82, M10+4; 76, M05+4; and 40, M03+4. The 
first, source 21 (Puppis—A), is known to have an angular size of the order of 1° ; 
our measurements refer to the total flux density and Mills’s only to the effective 
flux density of that part of the central concentration which gives rise to the 
pattern on his interferometer. The discrepancy is thus resolved in this case. 
The next three sources are close to the galactic plane; the discrepancies in 
these cases may be due to the angular sizes being comparable with the fringe 
separations of the interferometers and the different axes of the interferometers, 
or may be due to errors in calibration (the sources are in regions of high back- 
ground radiation). No reason can be offered for the discrepancy in the case of 
the fifth source except that the error in one or both cases may be due to confusion 
with neighbouring sources. The four remaining sources have one feature in 
common—they are all north of Dec. +40°. Examination of the level differences 
for all the sources north of +40° shows that Mills’s estimate of flux density is 
higher than ours in all cases. This suggests a systematic error and Mills (personal 
communication) has informed the authors that he may have underestimated 
the effect of ground reinforcement on his results for the sources of high northerly 
declination. 


(c) Comparison with Ryle’s Survey 
In the area common to the two surveys there are 32 sources in our list and 
35 in Ryle’s list. Only 11 of these appear to be identical, which at first sight 
seems very poor agreement. However, of the 32 in our list, many are of low 
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declination where the sensitivity of Ryle’s interferometer is fairly low. Further, 
of the 35 in his list, many are below the limit of detection of our instrument. 


O-7 1-0 1S 2:0 2-5 3-0 
eSOURCES OF LISTS1&2 SOURCE LEVEL (PRESENT RESULTS) 
OSOURCES OF LISTS 3, 4,85 


(a) 


DIFFERENCE IN SOURCE LEVEL (PRESENT RESULTS =~ MILLS) 


O25 


ov 1:0 VS 2:0 2-5 3-0 
SOURCE LEVEL (PRESENT RESULTS) 


DIFFERENCE IN SOURCE LEVEL (PRESENT RESULTS ~- RYLE) 


(b) 


Fig. 1 (a).—Comparison between the “ levels” of sources common to 
the present survey and that of Mills. The abscissa is the level given 
by the present survey and the ordinate the difference between the 
present value and that due to Mills. The dots refer to sources in lists 1 
and 2 and the open circles to the remainder. 
Fig. 1 (6).—A similar comparison between the sources common to the 
present survey and that by Ryle, Smith, and Elsmore. 


Of the 17 sources within the limit of detection, 11 are identical with sources in 


our list and thus the agreement is of about the same standard as in the previous 
comparison with Mills’s results. 
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The level differences are compared, as before, in Figure 1 (b). There is 
less scatter in the level differences than in the previous comparison and no change 
with absolute levels. This comparison would indicate that there is no change in 
flux density with frequency. Observations by Stanley and Slee (1950) of the 
radio-frequency spectra of four bright sources and other comparisons of individual 
measurements by Shain (1954) and Brown and Hazard (1953) suggest spectra of 
the form S of-" where n is of the order of unity. The difference in levels should 
therefore be n log(f,/f,) which is —0-1 for m unity and f, and f,, 100 and 80 Me/s. 
The fact that this difference does not show up in Figure 1 (b) suggests a systematic 
error in the measurement of flux densities in one or both surveys. 


(d) Comparison with Brown’s Survey 
In the area common to the two surveys there are eight sources in our list and 
nine of flux density greater than 3 x10-?5 W m-? (c/s)! at 158 Me/s in Brown’s 
list. Of these nine, two are extended objects and one is on the northern limit 
of our survey. Of the remaining six, five agree well in position. There are so 
few identical sources that the levels are not worth comparing in detail. However, 
it appears that the flux density at 100 Mc/s is greater in all cases than that at 

158 Me/s but there is a considerable range of actual ratios. 


(e) Comparison with Shain and Higgins’s Survey 

There are 74 sources in our list and 31 in Shain and Higgins’s list (including 
the cireumpolar sources 27 and 28). Of these, 13 are common to the two—a 
somewhat poorer result than the previous comparisons. However, it should be 
remembered that the observing frequencies are much further apart in this case 
and that Shain and Higgins’s method of observation is very different from ours. 
They did not employ an interferometer but deduced the existence of the sources 
from local ‘“‘ peaks ’”’ on the contours of the background distribution at 18 Me/s, 
and they point out that some of these sources may therefore have large angular 
sizes, well in excess of the fringe separation of our interferometer. We have not 
considered the difference in levels for the sources common to the two surveys as 
Shain (1954) has already made a detailed comparison between his and Mills’s 
results. 


(f) Reliability of the Present Survey 

These comparisons enable us to make some estimate of the general reliability 
of the results of the present survey. The agreement between the individual 
sources of the various surveys has been found to be quite high after due allowance 
has been made for factors such as the different sensitivities of the instruments 
and conditions of the surveys. Sources which may be considered as definitely 
existing are those which can be identified with sources reported by other 
observers—the 8 sources of list 1, the 16 sources of list 2, 8 of the sources of 
list 4, 5 of the sources of list 5—a total of 37. To these we may confidently add 
the 36 sources of list 3 (8 of these are possible identifications with sources of other 
observers) giving a total of 73 or 70 per cent. of the total. It is also reasonable 
to assume that quite a number of the remainder in lists 4 and 5 are correctly 
reported so that the percentage is probably much higher. 
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IV. SUGGESTED IDENTIFICATIONS 

The ultimate purpose of any survey such as this is the ‘‘ identification ”’ of 
the sources. This can be done in two ways; the direct method of correlating 
the positions of radio sources with visible objects and the indirect method of 
studying the distribution of the sources. The latter may lead to identification 
through the finding of radio and visible emitters in a common spatial distribution. 

Ag far as the first approach is concerned, we may rely on the already estab- 
lished identifications between sources and visible objects to guide the search. 
The choice seems to lie between extragalactic nebulae with certain anomalies 
and galactic nebulae whose common characteristic is a large dispersion of gas 
velocities. The latter type is mostly objects of extremely low luminosity and 
present some difficulties to the astronomer with quite large telescopes. The 
radio astronomer, armed only with a collection of star atlases or catalogues, 
can hardly expect to suggest identifications of this type. With extragalactic 
nebulae the situation is rather different ; the difficulty of the low luminosities 
does not always exist but a difficulty of position accuracy is immediately 
apparent. The positions of the sources are only approximate, the average 
limit-of-error rectangle for the sources of the present survey covers about 5 deg? 
and there are about 100 sources, or one to every 300 deg? of the sky covered. 
In the same region, reference to the Shapley-Ames catalogue of extragalactic 
nebulae shows that the average density of galaxies down to the 13th magnitude 
is about 1/30 deg?. Thus there appears to be a one-in-six chance of finding a 
galaxy brighter than 13th magnitude within the limit-of-error rectangle of a 
source. For 14th magnitude galaxies the chances are nearly even. It is 
apparent that suggesting identifications on such an arbitrary basis without some 
supporting evidence would be quite unjustified. 

However, a suggested identification, if it can be made, is valuable for two 
reasons. Firstly, it draws to the attention of the astronomer the possibility 
of peculiarities in a galaxy about which practically nothing may be known 
except its position in the sky and a very rough description of its appearance. 
Secondly, it gives hope to the radio astronomer, intent on making accurate 
determinations of position, that a certain identification may result from his 
efforts—for there are cases where an extremely accurate position has not led 
to the identification of a source with any visible object. These cases represent a 
certain waste of effort. 

A more positive approach to the question can be made if, in addition to 
position measurements, we take account of the ratio of optical and radio emission 
of the already established extragalactic radio emitters. At one end of the scale 
Brown has shown that there is a fairly uniform relation between the optical and 
radio emission of certain (assumed) normal galaxies including our own Galaxy 
and several others of the local group of galaxies. Of these only the flux density 
of Andromeda (and the Magellan Clouds possibly) is sufficient to enable their 
detection with the present equipment. The angular sizes are, however, too 
great for detection with the interferometer of fringe separation of 1°. At the 
other end of the scale there is the second brightest radio source, that in Cygnus, 
which is identified with a pair of very faint galaxies in collision. With such 
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a high ratio of radio to optical emission, it would be hopeless to search for objects 
with a similar ratio whose radio flux density is 100 times smaller. In between, 
there are two and possibly three galaxies whose ratio of radio to optical emission 
is about 100 times that for the normal galaxies. These are the galaxies 
NGC 4486, 5128, and possibly 1316. To find the level difference, which is the 
logarithm of the ratio of optical to radio intensities in common units, we have to 
multiply the optical magnitude by 0-4 and add it to the radio level. This gives 
level differences in the three cases of 6-3, 5-1, and 5-4; these are fairly close 
and have a mean of 5-7. If there are other galaxies with the same ratio, for 
sources down to a level of 0-8, they should be brighter than 13th magnitude. 
On this basis we suggest the seven galaxies in Table 3 as possible abnormal radio 


TABLE 3 


SUGGESTED IDENTIFICATIONS OF SOURCES WITH EXTRAGALACTIC NEBULAE 


Galaxy Ratio of 
Radio to 
Source List | | Remarks on Position Optical 
| eNeGcE / | Agreement Level, 
| Number | Type | Mag. | L-+0-4m 
38 cee 227 / — | 13-1 | Observations and position 6-1 
| | agreement very good 
102 3 3125 | — | 13-0 Some scatter in obser- 6-0 
| vations. Positions with- 
(aia LS 
30 3 4303 | SBe 10-4 Observations and position 5-3 
| | agreement very good 
88 4 6482 | £E 12-2 | Some scatter in observa- 5:6 
tions but line of rising | 
passes through nebula 
ad A ALS Sb We dizi Within limits of error 5-7 
47 5 1209 | — | 12-5 Observations fair.| 5:8 
| | | Positions within 1° 
19 5 2967 8 | 12-4 A faint source. Agree- 5-6 
| ment good 


emitters. The radio and optical positions are in good agreement and the 
difference in levels of the order indicated. Moreover, the galaxies are all in 
regions of fairly low density (i.e. down to the magnitude limit taken) so that 
there are no alternative identifications possible from nearby galaxies. The 
density of galaxies in the regions is far less than the average of 1/30 deg’, con- 
sidered earlier, as most of the galaxies down to 13th magnitude are concentrated 
in the Virgo and Fornax clusters. If a fair proportion of the latter were abnormal, 
we would not expect to distinguish many of them owing to the resultant confusion 
in the radio observations. 

The average difference in levels for the three identifications and the seven 
suggested is about 5-7. This may be compared with Brown’s value of 3:6 (in 
equivalent units) for normal galaxies at 158 Mc/s. The correction for the 
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radio spectrum between 100 and 158 Me/s is probably not more than 0-4 
(assuming a variation of flux density inversely proportional to frequency). Thus 
the radio emission from the abnormal galaxy exceeds that of a normal galaxy 
of the same optical magnitude by a factor of about 100. It is suggested that the 
one exception to Brown’s almost uniform ratio for normal galaxies, NGC 891, 
may also be of this abnormal type. Brown has explained this ease by assuming 
that the dark band of the spiral, which is seen almost edge-on, obscures most of 
the visible light. However, it seems that the discrepancy is much too great to 
admit this explanation. 

In addition to the extragalactic nebulae, the following galactic objects are 
suggested as possible radio sources on the basis of the position measurements : 
source 11 with the expanding shell of Nova Aquila 1918 and sources 58 and 
119 with the planetary nebulae NGC 6445 and 2792. In the case of source 11, 
the radio position is 2° away from the nova shell on the line of rising passing 
through the nova position. Although 2° is fairly close to the limit of error, 
it is not large in view of the particular difficulties in this case.* The expanding 
shell does seem to be the type of object that could produce high radio emission, 
considering the other objects in which high gas velocities are associated with 
abnormal radio emission. 


V. THE DISTRIBUTION OF THE SOURCES 
(a) Instrumental Effects Affecting the Observed Distribution 

Before examining the distribution of the sources in detail, it is necessary to 
consider the consequences of instrumental selection on the results. Instrumental 
selection can be of two types, one due to a change of sensitivity in the equipment 
with position on the celestial sphere and the other due to a combination of the 
actual source distribution and the resolving power of the aerial. The first type 
may be again subdivided. 


Firstly, some variation in sensitivity might be expected with the declination 
of the source. A source of declination 0° passes through the fringe system at 
the rate of one fringe in 5 min, a source of 40° declination at one fringe in 10 min, 
and the rate decreases rapidly towards the limit of the survey. Variations in 
receiver gain, the presence of external interference, and other factors are more 
likely to affect the “ seeing ”’ of the slow interference patterns due to sources of 
high declination than the rapid ones of low declination. A test was therefore 
made of the observed distribution to see whether this effect was present in the 
results. No marked effect was found as can be seen from Figure 2 (a) which 
shows the distribution of sources amongst seven equal area zones bounded by 
parallels of declination. The result is compared with the data of Mills’s survey 
in Figure 2 (6). It appears that Mills’s survey tended to favour sources of high 
declination as his results show a relative excess in zone 7, but this may be in part 


* The line of rising can be determined with relative certainty but in this case it is difficult 
to secure an intersecting line and so establish the position of the source on the line of rising. As 
the declination is very low the method of finding it from the fringe period is inaccurate and, as 


the source is close to the galactic plane, the change in sensitivity during the period of observation 
renders direction finding on the source unreliable. 


GALACTIC RADIATION AT RADIO FREQUENCIES. VIII 125 


due to the higher sensitivity in high northern declinations already mentioned. 
Both results show a relative deficiency in zone 6 (declinations 334-414°), 


Secondly, the sensitivity of the equipment varies with the background 
noise from the Galaxy received by the aerial. The effect of the background 
noise is inherent in any observations of this type but the extent of the effect is 
determined by the aerial system and the receiver noise factor. The present 
aerial with its relatively low resolving power does not reflect the true background 
distribution, the variation in which is of the order of 20 or 30:1. It receives 
power from all directions within the beam and the variation in this over the 
celestial sphere is only of the order of 4 or 5:1. Moreover, the total output of 
the receiver is due to the sum of the power received by the aerial and the noise 
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Fig. 2.—Diagrams illustrating the uniformity of the material of 

the present survey and that by Mills. The number of sources 

observed in seven equal area zones bounded by parallels of 

declination north and south of the celestial equator are shown. 

Zones are +0-64°, 64-124°, 124-194°, 193-263°, 264-334°, 
334-41}°, and 4143—50°. 


generated in the receiver and associated cables. The sensitivity of the equipment 
is inversely proportional to the total receiver output, and in the present case 
varies by about 2 : 1 between the aerials directed towards the galactic poles and 
in the direction of the galactic centre. Undoubtedly the variation in sensitivity* 
due to this cause is present in the results of our observations but we consider 
that it is probably overshadowed by another effect in regions near the galactic 
plane—the shielding due to a concentration of bright sources. 


Shielding due to a bright source or a number of bright sources is probably 
the prominent instrumental effect in the observed distribution of the sources. 


* Taking these considerations to their limit of absurdity, the most uniform results from a 
survey would be obtained for no background variation. This would require either an aerial 
with no directivity, a receiver with an infinite noise factor, or a frequency of observation where 
the background noise is zero. All these factors are opposite to those desirable for obtaining 
large numbers of sources from a survey. 
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In the neighbourhood of a bright source, fainter sources cannot be detected 
owing to the overriding effect of the bright one. The shielding by a bright 
source of the area round it depends on the shape and size of the aerial beam so 
that different surveys suffer to different extents. In most cases the shielded area 
extends all round the bright source but with the sea interferometer the pattern 
due to a faint source can be distinguished until the bright one appears over the 
_ horizon. Thus, with a given aerial, observations over the sea contain only half 
the shielded area of any other type of observation with the same aerial. 


(b) Examination of the Observed Distribution on a Number Basis 
The observed distribution of the sources of this survey is shown in galactic 
coordinates on an equal-area chart in Figure 3. The brighter sources (with flux 
densities of greater than 10-24 W m~ (c/s)~1) are shown as black dots and the 


@ SOURCES BRIGHTER THAN MAG.1-0 
© SOURCES FAINTER THAN MAG.1-0 


Fig. 3.—The distribution of the sources shown on an equal-area chart in galactic coordinates. 

The areas enclosed by the dotted lines are north of Dec. 50° and south of Dec. —50°. 

The black dots are sources whose flux densities are greater than or equal to 10-24 W m-2 
(c/s)-+ at 100 Me/s (i.e. levels greater than or equal to 1-0). 


fainter ones as open circles. The dotted lines enclose the circumpolar regions ; 
the two sources within the south circumpolar area are numbers 27 and 28 which 
were detected from their high-order fringes (see footnotes to Table 2). Two 
features stand out in the distribution, the concentration of bright sources to the 
galactic plane and the concentration of faint sources in the southern polar cap. 
These concentrations are shown up in Figure 4 (a) which gives the number of 
sources in each of seven equal-area zones bounded by parallels of galactic latitude 
on each side of the galactic equator. The black rectangles represent the brighter 
sources. Some correction is necessary to this figure as some of the zones contain 
different amounts of the cireumpolar areas. Correction on an area basis results 
in Figure 4 (b) in which the features of Figure 4 (a) are still present in the same 
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marked manner. (This correction can only be done on a number basis and not 
magnitude and number.) Figure 4 (c) is the result for the sources of Mills’s 
survey treated in a similar manner. Our results confirm Mills’s finding of a 
concentration of bright sources to the galactic plane but give it as a concentration 
both in number and magnitude. The south polar concentration of faint sources 
is a new result but should be considered in the light of shielding effects. Figure 
4 (a) could be considered as showing a relative deficiency of faint sources in low 
southern latitudes and all northern latitudes. The former might be due to 
shielding by the effects of the line of bright sources along the galactic equator 
and the latter by the few bright sources scattered in the northern hemisphere. 
Shielding in the northern hemisphere could produce the effect observed, but we 
consider that the relative concentration near the south pole or the relative 
deficiency of sources in low southern latitudes is too great to be a purely instru- 
mental effect. 
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Fig. 4.—The observed distribution of the sources in 14 equal-area zones bounded by 

parallels of galactic latitude. (a) Showing the distribution of the bright and faint sources ; 

(b) as in (a) but corrected for the differences in those parts of the zones in circumpolar 
regions ; (c) as in (b) for the sources in Mills’s list. 


(c) Examination of the Observed Distribution in both Number and Level 

Both Ryle, Smith, and Elsmore (1950), and Mills (1952a) have investigated 
the uniformity in the distribution of the sources by considering the relation 
between the number of sources greater than a certain level and that level. The 
method is similar to that used in testing the spatial uniformity of extragalactic 
nebulae. It can easily be shown that for a homogeneous isotropic distribution 
of sources of the same absolute magnitude (and for a small dispersion in absolute 
magnitudes) the logarithm of the number of sources greater than a level L 
is proportional to —1-5D (i.e. NocS-*’), Ryle, examining the distribution of 
some 50 sources, mainly well away from the galactic plane, found just this factor. 
Mills for a more even sample of the celestial sphere found a factor closer to unity. 
However, when he divided the sources into those within a zone 24° wide about 
the galactic equator and those outside, he found a factor of —0-75 for the former 
and —1-5 for the latter. He suggested that for those near the galactic plane, 
the result pointed to a distribution in a flattened disk and for those outside an 
isotropic distribution. 
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We have followed Mills in analysing our results. Various ogives of the log 
(number of sources greater than level L) against L are shown in Figures 5 (a)-(e). 
Figure 5 (a) is for all the sources, (b) for those within 10° of the galactic plane, 
(c) for the sources outside this zone, and (d) and (e) for the individual hemispheres 
outside these zones. The last four are in terms of the number of sources per 
steradian. For all the sources together the slope of the line is somewhat irregular 
put has a mean of about unity, in agreement with Mills. For the sources within 
10° of the galactic plane the slope is about 0-6, again in agreement with Mills. 
In the other cases the slopes are much steeper than that required by the isotropic 
distribution. All the curves show some falling off above a level of 0-75 (near 
the limit of the survey) which is to be expected. The result for the individual 
hemispheres outside the equatorial zone means that there are more faint sources 
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Fig. 5.—Ogives showing the relation between the number of sources greater than a certain 

level and that level. (a) 104 sources of the survey ; (6) 21 sources within a zone 20° wide 

about the galactic equator ; (c) 83 sources outside the zone of (6); (d) 40 sources north 

of the equatorial zone ; (e) 43 sources south of the equatorial zone. In (b)-(e) the ordinates 
are in terms of the number of sources per steradian. 


than would fit in with the idea of the uniform distribution. Correction of the 


3-0 


results for the effects of shielding would enhance this trend in the distribution. 


rather than destroy it. Our survey and that of Mills have both approximately 
the same sensitivity limit ; it is clear that with the higher aerial resolving power 
the additional sources that have been discerned are mainly faint sources and this 
has made the difference in the results for the area outside the zone about the 
galactic equator. 


VI. DISCUSSION 


The results of this survey have (1) offered the possibility of some further 
identifications of sources with visible objects, principally extragalactic nebulae 
and (2) raised interesting points on the distribution of the sources. The janie 
would appear to warrant some further discussion. 
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Firstly, the distribution indicates, as Mills has suggested, a concentration 
of the bright sources to the galactic plane and, as Brown and Hazard have found, 
an oyerall concentration of the sources towards low galactic latitudes. The 
concentration of bright sources shown by either Figure 3 or Figure 4 (a) is 
relatively independent of the flux density limit arbitrarily chosen 
(10-** W m~? (e/s)-*) ;_ of the 30 brightest sources, 14 are within 5° of the galactic 
equator. If the limit is made 1-5 units, 11 out of the 18 are within 5° of the 
galactic equator ; if it is 2-0 units 8 out of the 15 sources are within this zone. 
The overall concentration shows up in Figure 4 (b) where the number of sources 
only is considered and, in addition, it must be remembered that correction for 
shielding due to the presence of a large proportion of relatively bright sources 
would have the effect of increasing the total number in the zone about the equator. 
Of the sources in this zone it is also noticeable that most of them are round the 
direction of the galactic centre; there are nine sources within --50° of longitude 
330° compared with only three within +50° of longitude 150°. The concentration 
of the sources may thus be twofold, towards the equator and more particularly 
towards the direction of the galactic centre. 


There is also an apparent concentration of sources near the south galactic 
pole, which does not appear to be due to instrumental effects. For both galactic 
hemispheres there seem to be too many faint sources compared with an isotropic 
distribution of objects of all about the same absolute brightness ; this again is 
not believed due to instrumental selection for correction for this would increase 
the trend of the results. A plausible explanation is that the Sun (if these sources 
are galactic) or the Galaxy (if the sources are extragalactic) is in a local region 
of low source density and that somewhere towards the limit of the survey we 
reach a region of much higher density. Such deviations from uniformity are 
frequently observed in the statistics of the distribution of extragalactic nebulae— 
where objects in a large cluster influence the results at a certain stage. However, 
there is not much point in speculating too far on this result as it could also be 
produced by a large dispersion in absolute magnitudes amongst the sources of 


the survey. 
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OBSERVATIONS OF THE GENERAL BACKGROUND AND DISCRETE 
SOURCES OF 18-3 Mc/s COSMIC NOISE 


By ©. A. SHatn* and C. 8. Hiaarns* 
[Manuscript received September 14, 1953] 


Summary 

A survey of a broad strip of the sky, centred on Dec. —32°, has been made at a 
frequency of 18-3 Mc/s using an aerial with an overall beam width to half-power of 
17°. Previous results concerning the background distribution of brightness have been 
confirmed and 37 discrete sources have been detected. The distribution of these 
sources shows some galactic concentration ; it becomes homogeneous if sources within 
18° of the galactic plane are excluded. From observations of source scintillations, 
it is concluded that some of the discrete sources have angular sizes of the order of 1°. 
No correlation was found between the occurrence of scintillations and published iono- 
spheric data, but the observations are consistent with an origin of the scintillations in 
irregularities, of dimensions about 4 km, at a height of about 500 km. 


I. INTRODUCTION 

A previous paper (Shain 1951) described observations of 18-3 Mc/s cosmic 
noise which were made using an aerial with the direction of maximum sensitivity 
fixed vertically upwards in latitude 34°S.. The aerial thus received cosmic 
noise averaged over a rather wide strip of the sky centred on Dec. —34°. It 
was shown, by comparison with the results of Bolton and Westfold (1950), 
that the observed variations in intensity as the aerial scanned this strip (which 
included the centre and the south pole of the Galaxy) could be explained if 
contours of equal intensity at 18-3 Mc/s were of the same shape as at 100 Me/s, 
the absolute intensity being much higher, and if, also, the ratio of the intensity 
at 18-3 Me/s to the intensity at 100 Mc/s near the galactic centre were somewhat 
lower than the corresponding ratio away from the centre. 


Although these observations gave some indication of the way in which the 
intensity of cosmic noise at 18-3 Mc/s would vary over the sky, it was apparent 
that a detailed survey should be made with an aerial of smaller beam width; 
at least over the important regions near the galactic centre and at some distance 
from the centre. Accordingly, an aerial was constructed, to operate at 18-3 Me/s, 
with a beam width of 17° between half-power points, and for which the main 
lobe could be swung at least 20° north and south of the zenith. 


The present paper describes the observations of cosmic noise made with this 
aerial, these observations being mainly concentrated in the range of declination 
from —12 to —52°. The intensities observed were of the same order as those 
previously reported. With the former aerial system it was thought that the 
effects of one or two discrete sources of radiation could be detected ; with the 
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greater aerial gain and better angular resolution of the equipment described 
in the present paper, 37 objects have been detected whose angular size is 
apparently considerably less than the aerial beam width. A number of ‘these 
coincide in position, within the experimental uncertainty, with discrete sources 
listed by Mills (1952a). Some of the discrete sources fluctuate in intensity 
although others do not, and an attempt has been made to correlate the intensity 
of these fluctuations with the angular sizes of the sources and with various 
conditions of the ionosphere. 

A second paper will describe comparisons between the observational results 
of this paper and those obtained by other authors at frequencies near 100 Mc/s. 
The earlier observations showed that useful information concerning ionospheric 
absorption could be obtained by studying the variations in the received intensity 
of cosmic noise from a region of the sky under different ionospheric conditions. 
In the course of the present work a more detailed investigation of the effects of 
the ionosphere on the intensity of cosmic noise has been made, but discussion 
of these effects will be reported elsewhere. 


Il. EQUIPMENT 
The equipment was situated at Hornsby, near Sydney, N.S.W. (lat. 34 °S., 
long. 151 °H.). The aerial site was flat but sloped downwards to the north at 
an angle of 2°. It was surrounded by hills at a distance of about 1 km which 
subtended angles of less than 10° at the aerial. 


(a) Aerial 

The aerial consisted of an array of 30 horizontal half-wave dipoles 0-2 
wavelengths above ground and arranged in plan as shown in Figure 1. It should 
be noted that the “ north-south ”’ rows of dipoles were actually in lines directed 
4-7° west of north. (This ‘‘ azimuth error ’”’ has been allowed for in all the 
observations.) The unequal spacing between rows in the east-west direction 
was adopted to reduce side lobes in this direction. It was expected that, since 
the array was fixed and of large physical size, it would be impracticable to make 
a complete measurement of the aerial sensitivity pattern and that this pattern 
would have to be obtained by calculation, assuming the currents in the dipoles 
to be known. Precautions were therefore taken to ensure that the currents 
in each dipole were of equal amplitude and of known phase. 

For each dipole a separate coaxial feeder, with a Pawsey stub as balance- 
unbalance transformer, ran to a hut in the centre of the array. As the lengths of 
feeder were large, about 100 ft, the attenuations in the cables feeding each 
dipole were equalized as far as possible by making all the feeders from the 
north-south rows 2, 3, 4, and 5 (see Fig. 1) of the array the same length (five half 
wavelengths) and these from rows 1 and 6 one wavelength longer. 

At the centre hut the feeders were first connected in threes, e.g. Al, A2, A3 ; 
Bl, B2, B3; ete., and the impedance of each combination was matched, using a 
T-network, to the characteristic impedance of the cable used for the feeders. 
The outputs from the five matching networks in the western half of the aerial 
were then combined and the impedance of the combination again matched to 


II 
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the feeder characteristic impedance (see Fig. 2 (a)). Similarly, the feeders 
from the eastern half of the array were combined and two cables, one from the 
eastern half and one from the western half of the array, were taken to a hut 
outside the array which contained the receivers and recording equipment. 

In order to direct the aerial beam to different declinations appropriate 
extra lengths of cable were inserted at the points indicated by small circles in 
Figure 2 (a). 


NORTH 


Fae eae years far 0-56 | 


Fig. 1—Plan of aerial array. The rows of dipoles are 
numbered and lettered for reference to individual dipoles. 


In the recording hut the two feeders were connected to a “‘ feeder bridge ”’ 
(Westcott 1948) as shown in Figure 2 (b), and two receivers were connected to 
the other corners of the bridge. The feature of this bridge is that the two 
receivers are quite independent of each other in operation, and one receiver 
(receiver 1 in Fig. 2 (b)) uses the aerial with the eastern and the western halves in 
phase while the other (receiver 2) has the two halves out of phase. The use of 
the two receivers simultaneously was helpful in recognizing some interfering 
signals and also permitted accurate direction-finding observations in some 
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circumstances. The latter facility was used particularly in observations of solar 
noise to be described in another paper. 


In setting up, each dipole was matched to its feeder with all other dipoles 
open-circuited. All feeders were then joined together and the whole array 
excited in phase. The impedance of each dipole was measured by observation 
of the standing waves in the appropriate feeder. This was done by inserting a 
special length of cable one wavelength long and comparing the relative amplitudes 
of the voltage in the line at three points spaced one-eighth of a wavelength apart. 
(A similar system has been described recently by Sutcliffe (1953).) It was 
found that mutual impedances had changed the dipole impedances slightly, 


FEEDERS FROM DIPOLES RERIAL ASIAN. 
A B c D E WEST SIDE EAST SIDE 


RECEIVER 
1 


123 ees. 123 123 12 3 


2 
TO FEEDER BRIDGE 
(a) (b) 


Fig. 2 (a).—Matching arrangements for feeders from the western half of the 

array. The large circles indicate the matching networks and the small circles 

the points where the extra lengths of cable were inserted for beam-swinging. 

Fig. 2 (b).—Arrangement of feeder bridge. All the feeders were of the same 

type of coaxial line, having a nominal impedance of 70 Q, except the two 

quarter-wave sections at the receiver inputs which had a nominal impedance: 
of 50 Q. 


but that all dipole impedances were very nearly the same. Finally, the feeders: 
were connected in working order and the junction matching networks adjusted 
in turn. The aerial impedance measurements were repeated a number of 
times during the period of the observations. 

An overall check of the equality of the feeders in the eastern and westerm 
halves of the array was obtained using a small oscillator attached to a balloon. 
Owing to the difficulty of controlling the balloon, this system could not be used 
to determine the detailed aerial polar diagram, but it was shown that the 
characteristics of the aerial which could be checked were as expected. A rough 
check of the positions of some side lobes and of the minima of the aerial diagram 
was also obtained during recordings of several intense solar disturbances. 


‘Typical calculated aerial diagrams in the north-south plane are shown in 
Figure 3 (a) and the two diagrams for the east-west plane in Figure 3 (b). It 
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should be noted that, because of the slope of the aerial site in the north-south 
plane, the aerial beam was directed to Dec. —32° rather than —34°, when no 
extra lengths of cable were inserted in the feeder system for beam swinging. 

It was calculated that with the aerial beam in its normal position the 
proportion of power in the main lobe was 89 per cent., this proportion decreasing 
to 84 per cent. when the beam was swung through 20°. 


NORTH — SOUTH EAST — WEST 


RELATIVE POWER 


90°88 160° 830% 02 30S Gol SO 60° 30° 02 30° 60° 90° 
ZENITH ANGLE 


(a) (b) 


Fig. 3.—Aerial sensitivity. (a) North-south direction. Patterns 

are shown for the aerial directed to declinations —32° (full line) 

and —12° (dashed line). (6) East-west direction. The pattern used 

by receiver 1 (see Fig. 2 (b)) is indicated by the full line and that for 
receiver 2 by the dashed line. 


(b) Receivers and Calibration 
The two receivers were standard communication-type receivers with band- 
widths of the order of 1 ke/s. As the intensity of the cosmic noise was always 
very high compared with the intensity of the noise generated in the receivers, 
no great care was taken to improve the receiver noise factors. Recording 
microammeters measured the detector current in each receiver. 


Calibration of the received noise intensity was provided by a noise generator 
using a CV172 noise diode, the output impedance of the noise generator being 


adjusted to be equal to the impedance presented to the receiver by the aerial 
feeders. 


(c) Losses in the Aerial System 
The measured values of the noise power at the receivers were corrected 
for the power lost in the ground and in the aerial feeder system. 
The power loss in the ground was calculated using appropriate values of 
conductivity and dielectric constant. The calculated loss, which does not 
depend critically on the values assumed for these constants, was 1-6 db. 


The power loss in the feeder system was measured by observing the standing 
wave pattern in the feeder near the receivers when the dipole ends of the feeders 
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were short-circuited. Also a direct measurement was made of the losses between 
the first matching networks and the receivers, using the noise generator. Allowing 
for the loss in the extra cable between the matching networks and the dipoles, 
this gave another estimate of the feeder losses which confirmed the first. The 
value adopted was 2-6 db. 

Thus the total losses in the aerial system were estimated to be 4-2 db 
with an uncertainty of about +0-3 db (that is, about +7 per cent.). 


IIT. OBSERVATIONS 
(a) Observational Procedure 

The equipment was run, almost continuously, during the period June 1950 
to June 1951. The observations described in the present paper are largely 
based on a number of accurate records for which the receivers were run at a 
comparatively high gain, with part of the detector current backed off. While 
these records were being taken the receivers were monitored continuously and - 
calibration signals were put on the records at intervals of less than 1 hr. These 
records were taken in several series at intervals of a few months and, during 
each series, records were taken on at least two nights with the aerial directed to 
each of the declinations —12, —22, —32, —42, and —52°. After each of these 
series of observations, readings of noise power were taken from the records at 
intervals of about 6 min and plotted as equivalent aerial temperatures against 
sidereal time. 

At other times the receivers were left running with somewhat lower gain. 
At infrequent intervals the receivers were manually disconnected in turn from 
the feeder bridge and connected to the noise generator while a series of known 
noise intensities was put on the record. Between calibrations the receivers 
were usually unattended. Some interference was experienced from distant 
radio stations transmitting on the frequency to which the receiver was tuned 
(this was always within 25 ke/s of 18-3 Mc/s), and sometimes the record was 
lost during thunderstorms occurring within a radius of several hundred miles of 
the receiving site. However, these interfering signals could be recognized on 
the record and the recording time lost from these causes was small, so that 
records were obtained for practically every day during the year’s observations. 
Having the two receivers tuned to slightly different frequencies often helped 
in deciding whether a peculiarity in the record was due to natural causes, for 
example solar noise, or to station interference. 


(b) Ionospheric Attenuation 

From experience in the earlier observations, it was expected that 
ionospheric absorption would be serious when the critical frequency of the F, 
region of the ionosphere was higher than 9 Mc/s, and with the improved recording 
technique it was thought that the highest critical frequency that could be 
tolerated would be somewhat less than 9 Mc/s. Absorption in the D region 

could be neglected since only records taken at night were used. 
- When records taken on different nights were compared, it was found that: 
the equivalent aerial temperatures recorded for the same sidereal time were the 
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Same within the experimental uncertainty so long as the critical frequency of 
the F, region was less than 5 Mc/s. Accordingly, only records taken under 
this condition were used in the main analysis and most of the zone of the sky 
observed could be covered with the more accurate records. The gaps in these 
records, during which the F, region critical frequency was greater than 5 Me/s, 
were filled in using all the lower gain records for which the ionospheric conditions 
were suitable. 


(c) Results 
The results of these observations, as equivalent aerial temperatures plotted 
against Right Ascension for the five declinations, are shown in Figure 4. The 
estimated probable error in relative values of equivalent aerial temperature is 
about +2 per cent. and the probable error in the absolute values about +10 
per cent. The results have been replotted in Figure 5 as contours of equal 
equivalent aerial temperature, using galactic coordinates.* 
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Fig. 5.—Contours of equivalent aerial temperature (in units of 1000 °K), plotted in galactic 
coordinates, 


IV. ANALYSIS 
(a) Brightness Distribution 

Comparison of Figures 4 and 5 with corresponding figures in the earlier 
paper (Shain 1951) shows that the observed equivalent temperatures are of the 
game order but somewhat higher. The ratio of maximum to minimum for the 
present observations is greater than the ratio observed previously, owing to the 
narrower aerial beam used, but also the absolute intensities have been raised 
slightly, owing mainly to a better estimate of the aerial system losses. 


* The values of Right Ascension and declination in Figure 4 are for the period of the observa- 
tions. For the conversion to galactic coordinates (Fig. 5) the adopted position of the north 
galactic pole was R.A. 12 hr 40 min, Dec. +28° (1900). 
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A detailed comparison between the present observational results and those 
of Bolton and Westfold (1950) will be made in another paper. However, a rough 
comparison of Figure 5 with the contours of observed equivalent temperatures 
at 100 Me/s given by Bolton and Westfold shows that at both frequencies there 
is the same general trend towards high intensities near the galactic centre and 
that the minimum intensities are in approximately the same position. Local 
differences in the shapes of the contours, for example in the regions near 1=280°, 
b= +20° and 1=305°, b=-+5°, are probably due to the effects of discrete sources. 


Stanley and Slee (1950) have shown that the flux density from a number of 
discrete sources varies approximately in proportion to the wavelength, while the 
background brightness temperature varies approximately as the wavelength to 
the power 2-5, that is, the background brightness (flux per unit solid angle) 
varies as the wavelength to the power 0-5. Therefore, provided aerials of the 
same beam width are used, and this is approximately true when comparing the 
present observations with those of Bolton and Westfold, the relative increase 
in the received power due to discrete sources compared with the background 
power should vary approximately as the square root of the wavelength. Although 
it will be shown in the subsequent paper that, in the range of frequencies between 
18-3 Mc/s and 100 Me/s, the variation of source flux density with wavelength is 
somewhat different from that deduced by Stanley and Slee, it is in fact more 
rapid than the variation of background brightness with wavelength. This 
would result in a distortion of the contour lines as observed. 


(b) The Discrete Sources—Detection 

The irregularity in the contours of Figure 5 in the region near 1=280°, 
b=-+20° corresponds to the increase shown near R.A. 13 hr 30 min on the 
curve of Figure 4 for Dec. —42° and this agrees with the position of the discrete 
source Centaurus—A (Stanley and Slee 1950). A number of other similar 
increases could be detected easily. Since the objects giving rise to the localized 
increases in intensity must subtend an angle somewhat less than the beam width 
of the aerial and some at least correspond in position with discrete sources 
observed at higher frequencies, they have been called discrete sources ; it 
should be remembered that they could have an angular size of several degrees. 
However, associated with some of these increases were short duration (order 
of 1 min) fluctuations in the received intensity and, as discussed later, thiss. 


observation suggested that some at least of the discrete sources would subtend 
angles of the order of 1° or less.* 


A careful check of the observational results was made for effects of discrete 
sources. The procedure, in the case of three of the weaker Sources, is illustrated 


* Evidence that the increase corresponding to the source Centaurus—A is due to a source of 
radiation having an angular size of the order of 1° was obtained during a short series of observa- 
tions using the “sea interferometer ” technique. Under suitable ionospheric conditions an 
interference pattern was obtained using an array of 12 half-wave dipoles erected near the top of a 
hill about 600 ft high and close to the sea. However, owing to the uncertain amount of iono- 
spheric refraction and attenuation, these observations could not be used to improve the estimates 
of the position and intensity of the source obtained by other methods. 
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in Figure 6. In this figure the curves on which part of Figure 4 is based have 
been redrawn on a larger scale and with the curves for three declinations displaced 
vertically for clarity. The dotted sections of the curves correspond to the 
periods of the records during which fluctuations were observed. For each 
. declination, records from observations on at least two separate days were 
averaged ; the daily records were so similar that they could not be separated 
in the figure. Certain small ‘‘ bumps.”’ on the curves repeated themselves each 


-—32° 


EQUIVALENT AERIAL TEMPERATURE 


SIDEREAL TIME (HR) 


Fig. 6.—The detection of discrete sources. In the upper part of 
the figure are shown experimental curves (full and dotted lines) of 
equivalent aerial temperature versus sidereal time for declinations 
—32, —42, and —52°. The curves are displaced vertically for 
clarity (cf. Fig. 4). The dotted part of the curve indicates the 
periods during which fluctuations were observed and the dashed 
lines indicate the estimated variation of the general background 
temperature with sidereal time. The lower part of the figure shows 
the estimated discrete source contributions for Dec. —42°. The 
passage of three sources through the aerial beam is indicated (sources 
S03-4, S05-4, and S06-5 in Table 1). 


day and there is apparently a progressive change with declination in the character 
of the records. These bumps, and the appearance of fluctuations, indicate the 
presence of several discrete sources and a rough indication of their position and 
intensity can be obtained directly from the figure. To obtain a better estimate 
of the positions and intensities, the estimated trend of the general background 
radiation was drawn for each declination (dashed lines in Fig. 6) and the 
differences between the observed temperatures and the estimated background 
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TABLE 1 


LIST OF DISCRETE SOURCES OBSERVED AT 18-3 Mc/s 


R.A. Dee. l b ait 2 Level 
Number | (hr min) (deg) (deg) (deg) rosea (L=25+1log,)S)| Notes 
S é 
00—1 00 mess e192 65 =81 1500 3-2 
o1—2 01 34 —20 150 15 1100 3-0 
03—4 0394 2241 211 —54 350 2+5 
04—2 045 295 = 21 185 —39 700 2-8 
05—4 05 125 mess 217 ai 350 2-5 
06—1 06, 058 ) 18 192 = 16 1000 3-0 
06—3 06 22 —33 209 = 18 300 2+5 
06—5 06°21 "2e1 227 7" 850 2-9 
O71 07 10" Y= Ts 199 39 1200 3-1 
08—4 08 20 —43 228 3 700 2-8 
09—1 6923 ume =12 214 +28 400 2-6 
09—3 09 20° =34 230 fe 700 2-8 
09—5 09 55 —53 246 + 2 800 2-9 
10+1 10 45 +16 199 +61 1300 3-1 
10—1 1020 —10 | 294 +39 800 2-9 
12cet ONS tL 262 73 1100 3-0 
120 1253) aT 277 +61 4100 3-6 (1) 
12—1 12724" = 14 5 eeces +47 1500 3-2 
13—2 13 20 —22 284 +40 2000 3-3 
13—3 139844 39 285 +427 650 2-8 
13—4 13) 25 943 279 i118 5300 3:7 (2) 
13—5 13,00. 2258 273 +> § 3300 3°5 (3) 
144 14 45 —42 294 +15 5300 3:7 
15==1 15 021) e161 S17 +31 1000 3-0 
15—6 15) 2508 61 290 5 6300 3-8 (3) 
16—3 16702) 930) 2308 4-8 3800 3-6 
18—2 18°20, =28 332 = 9 5700 3-8 
19+0 19 SO ete? 8 —10 1100 3-0 
19—2 19 40 —20 349 93 650 2-8 
20+x 20°02) + x (66000) (4:8) (4) 
20—4 20 06 —47 320 —34 350 2+5 
o1=t 2102) gee 15 5 —42 1400 3-1 
Dia? 21) 60 25 354 =52 500 2-7 
21-3 2109 05= = 30 elaa344 —44 800 2-9 
215 21 56 —52 311 —5l 250 2-4 
23-2 239720 9 =-95 5 =72 1550 3-2 
23—5 ORY TI Sahl 295 —64 250 2-4 


(1) Intensity uncertain owing to confusion with S12—1. 
(2) Centaurus—A. Probable error in position +2 min in Right Ascension, +1° in declination. 
(3) Uncertainty in declination. Intensity depends on adopted position. 


(4) A small increase observed with the aerial beam in furthest north position. No means 
of obtaining declination with any accuracy but consistent with suggestion that the increase is 
due to the source Cygnus-A. Intensity estimated assuming Dec. + 40°. 
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were plotted against sidereal time as in the lower part of Figure 6. This curve 
represents the variations in equivalent aerial temperature at Dec. —42° due to 
the passage through the aerial beam of the sources only. Knowing the relative 
aerial sensitivities, the relative amplitudes of the estimated source contributions 
at the different declinations provided a check on the consistency of the estimates 
of the background trend. In some cases, as on the right side of Figure 6, the 
source bump was of much longer duration than expected from the aerial beam 
width and is clearly due to the effect of two neighbouring sources. 


A similar procedure was followed for all the records. Sometimes, when the 
rate of change of the background temperatures with Right Ascension was high, 
clearer indications of sources were obtained by plotting equivalent aerial temper- 
atures against declination or against galactic latitude. In all, 31 sources could 
be detected in the zone bounded by declinations —4 and —60° (corresponding 
to the lines swept out by the half-power points of the aerial beam during the 
main survey). In addition, records were available for two other positions of 
the aerial beam and, although the aerial gain was lower in these positions, a 
further six sources could be detected. 


In general, for all the sources, positions could be assigned only roughly, 
with an estimated probable error of up to 5° for the weaker sources, although 
the uncertainty was somewhat lower for the stronger sources.* Similarly, the 
estimated probable errors in the intensities vary from about +20 per cent. for 
the strongest to a factor of 2 for a few of the weakest sources. 


A list of the sources detected is given in Table 1. The sources have been 
numbered according to the system used by Mills (1952a). In this system the 
hour of Right Ascension is followed by the sign and tens of degrees of the declina- 
tion, so that the designation of a source gives some indication of its position. 
To avoid confusion with the sources in Mills’s list, the numbers of the sources in 
Table 1 will be prefixed by “‘S”’ (e.g. S054). 

Also in accordance with the suggestion of Mills, the ‘level’, L, of a source 
is defined by L=log,)(S X1025), where S is the flux density of the source (total 
for two planes of polarization) in units (W m—*'(¢/s)-*): 

A map of the sources, using galactic coordinates, is given in Figure 7. Hach 
source is represented by a symbol which gives an indication of its level. Also 
shown in Figure 7 are open circles showing the positions of all the sources detected 
by Mills within the regions of the sky of interest. It is seen that a number of 
the sources listed in Table 1 have positions close to sources listed by Mills and, 
taking into account the uncertainties in the positions of the sources, dashed 
lines have been drawn round the symbols which it is thought probably represent 
observations of the same object at the two frequencies. 


* The position of the source Centaurus—A was obtained more accurately, with a probable 
error of about -+1 min in Right Ascension and +1° in declination, by comparing the amplitudes 
of fluctuations in intensity as observed simultaneously with the two receivers, using different 
aerial diagrams as shown in Figure 3 (6). 
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(c) Distribution of the Discrete Sources 

The distribution of the sources detected in the range of declinations from 
—4 to —60° has been analysed by a method similar to that used by Mills. The 
logarithm of the number of sources with level LZ or greater is considered as a 
function of L. If there is a random distribution of a large number of sources, 
this function should be a straight line having a slope —1-5. Figure 8 shows 
the ogive for the sources observed at 18-3 Mc/s. The points corresponding 
to levels 2-6 or less are probably not very reliable since the numbers of sources 
observed having these levels will be less than the true numbers owing to confusion 
with sources of greater intensity. It is seen that the points are fitted by a line 
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Fig. 7.—Map of the discrete sources observed at 18-3 Mc/s (galactic coordinates). Intensities 

are indicated by different symbols as shown. The full and dotted curves show the limits of the 

aerial maximum and half-power points in the main survey. Open circles give the positions of 

sources observed by Mills; dashed lines have been drawn round the symbols which probably 
indicate observations of the same source. 


having a slope of about —1-1 rather than —1-5. This result is similar to that ~. 
obtained by Mills. Mills then considered separate ogives for the sources within 
+12° of the galactic plane and for the remainder. He found that the sources 
near the galactic plane gave an ogive slope of —0-75 while the remaining sources 
gave a slope of nearly —1-5, a result consistent with the hypothesis that the 
latter sources comprised a homogeneous distribution. 


Although, when analyzed in the same manner, the 18-3 Me/s sources gave 
a similar result, it was thought that, with the smaller number of sources available 
for discussion, a different method of presentation, involving the largest possible 
number of sources at each step, should be adopted. First, the least squares 
solution for the slope of the number-level ogive was calculated, omitting sources 
with level 2-6 or less. Then the three sources in the band around the equator 
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from latitudes —3 to +3° were removed and the slope of the ogive for the 
remaining sources was calculated. This procedure was repeated as the band 
around the equator containing the discarded sources was widened in small steps 
until the number of sources left became small. (For latitude limits 0, 18, and 
27° the numbers of sources used were respectively 24, 14, and 11.) The results 
of these calculations are shown in Figure 9 where the points represent the slope 
of the ogive neglecting the sources in a band around the equator extending to the 
appropriate latitude limit. It is seen that the magnitudes of the slopes are 
about 1-3 or less until the ogive is restricted to sources outside a range of 18° 
from the galactic plane and then increases sharply to at least 1-5. This suggests 
that the sources outside that range of latitude are distributed homogeneously 
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Fig. 8—Number-level ogive for all sources with declina- 
tions between —4 and —60°. WN is the number of sources 
with level Z or greater. 


whereas the sources within +18° of the galactic plane include some other class 
of source. This agrees with Mills’s conclusions. Similar calculations to the 
above were made for the sources in Mills’s list (omitting sources with levels less 
than 1-0) and these gave the slopes indicated by the crosses in Figure 9. The 
18-3 Mc/s and 101 Me/s results are in very good agreement. 

A check was made to see whether the density of sources was greater in the 
northern galactic hemisphere than in the southern hemisphere. It was found 
that there was no significant difference, but the comparatively small area of the 
northern hemisphere covered in the survey did not allow a very sensitive test 

to be made. 
: (d) Source Scintillations 

(i) Observations.—Soon after recording began it was noticed that there 
were often irregular fluctuations in intensity at times when it appeared that a 
discrete source was passing through the aerial beam, although there were some 
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sources which were rarely, if ever, seen to fluctuate in intensity. It was thought 
that the presence or absence of scintillations might be a property of a source. 
However, Ryle and Hewish (1950) have found a diurnal variation in the amplitude 
of these “ scintillations ’’ of sources observed at high angles while Bolton, Slee, 
and Stanley (1953) found both annual and diurnal variations for their low angle 
observations and it was therefore necessary to check whether the lack of scintilla- 
tions for some sources was not merely an effect of the times of observation. 
Unfortunately there are no sources for which observations extend over more 
than a few months (corresponding to a few hours’ variation in local time of 
observation), but a number of sources were chosen for study of their scintillations 
so that there were observations covering all hours of the day and a large part of 
the year. 


OGIVE SLOPE 


o° 10° 20° 302 
LATITUDE LIMIT 


Fig. 9.—Slope of the number-level ogive for sources 
outside a band around the galactic equator having the 
width specified by the appropriate latitude limit. 


¢ 18:3 Me/s: sources between —4 and —60° 
declination with levels 2-7 or greater. 


x 101 Me/s: all sources with level 1-0 or greater. 


; The average amplitude of the scintillations for a record of a particular 
source was estimated in terms of the amplitude of the inherent noise fluctuations 
of the trace. For all the observations the bandwidth of the receiver was kept 
constant and similar recorders were used. Then, although the records were 
made with various settings of the receiver gain, the width of the trace on the 
record corresponded to a constant fraction of the total noise intensity at the 
time of observation. The estimates of the amplitude of the scintillations could 
then be converted to the units in which the intensity of the source was expressed. 
A scintillation index for observations of a source during a particular month was 
calculated as one-half the monthly average of the estimated daily averages of the 
amplitude of the scintillations divided by the intensity of the source. This 
index should then be comparable with that used by Ryle and Hewish. Although 
the method of estimation is rather rough, it is sufficiently reliable for comparison 
between different sources and for correlations of scintillations with ionospheric 
phenomena. 


COSMIC NOISE AT 18-3 Mce/s 145 


(ii) Results. Scintillation indices were calculated, for all months for which 
observations were available, for 12 sources. In Figure 10 (a) these indices are 
plotted against the month of observation and in Figure 10 (b) against time of 
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Fig. 10.—Scintillation indices for 12 sources (each represented by a symbol as shown) plotted 
against (a) month of observation, (5) time of day. The dashed curve in (b) shows the diurnal 
variation of scintillation index observed by Ryle and Hewish (1950). 


day. The dashed curve in Figure 10 (b) represents the diurnal variation of 
scintillation index reported by Ryle and Hewish from their observations of 
four northern sources. Both figures show a considerable scatter in the values of 
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scintillation index. Although high values of scintillation index have not been 
observed during the winter nor during the midday and afternoon hours, this 
does not imply marked diurnal and seasonal variations since the sources with 
high scintillation indices have not been observed at these times. In fact no 
significant trends can be deduced from these data, but Figures 10 (a) and 10 (b) 
together bring out the fact that there are wide differences in the scintillation 
indices for different sources, even when observed at approximately the same 
time of day in the same season. This can be seen in the differences between the 
sources 809-1, S10-1, and S12-1, but the most striking illustration is the 
difference between the sources S12+1 and 812-0. 


These two sources appear on some records as one clear increase (bump) 
somewhat lengthened with respect to the aerial beam width (see Fig. 11). On 


SIDEREAL TIME (HR) 


Fig. 11.—A record showing the ‘“‘ bump ”’ as the sources $12+ 1 and §12—0 pass through 

the aerial beam. The source $12+1 which transits earlier shows marked scintillations, 

whereas there are few, if any, scin illations on the later portion of the bump, due to 

the source S12—0. The lines above the trace show the half-power points for the two 
sources ; the dashed line indicates the background radiation. 


this bump fluctuations in intensity were often observed for a time which would 
correspond to the passage of a single source through the aerial beam, but the 
maximum of the fluctuations was clearly displaced from the maximum of the 
smoothed bump. Thus, of the two sources observed under practically the same 
conditions, one shows considerable scintillations whereas the other shows none.* 


The suggested explanation of this difference is to be found in the different _ 
angular sizes of the sources. Previous work (e.g. Little and Maxwell 1951) hag 
suggested that the scintillations are due to diffraction by irregularities in the 
fF region of the ionosphere, the irregularities having such a size as to subtend an 
angle of about 0-5-1-0° at the Earth’s surface. Then, for constant observing 
conditions, a source will have a high or low scintillation index depending on 
whether its angular size is much less or greater than about 0-5°. The sources 
considered in Figure 10 may be roughly divided, according to scintillation 
indices, into the classes shown in Table 2, corresponding to scintillation indices 


* The source 812+1, together with S09—1, is also distinguished by the more rapid rate of 
scintillation (up to several peaks per minute) in comparison with the other sources (one peak 
every few minutes). 
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0:01 or less, 0-02, 0-1, and greater than 0-2. Then, if the critical angular 
size for the sources to show marked scintillations is 0-5°, the classes in Table 2 
would correspond to angular sizes of sources 1° or greater, 0-5-1-0°, about 
0-5°, and less than 0-5° respectively. Although there may be some doubt 
as to the absolute scale of sizes, the table should give a good indication of relative 
angular sizes. 


The source $12+1 corresponds to the source observed by Mills (1952a) 
and designated 12+1 (Virgo—A). This source has been shown (Mills 1952b) 
to have an equivalent angular size of about 0-1° at 101 Mc/s, and in recent 
observations Mills (personal communication), using a new technique, has detected 
a source close to the position of S12—0 which has an angular size greater than 
1°. Assuming the source sizes at 101 Mc/s are comparable to those at 18-3 Me/s, 
Mills’s observations agree with the values deduced from Table 2 and confirm the 
suggested explanation for the differences in scintillation indices. 


TABLE 2 


OBSERVED SCINTILLATION INDEX (A ROUGH INDICATION OF ANGULAR SIZE) 


<0-01 0-02 0-1 >0-2 
S12—0 $10—1 S03—4 so9—l1 
§12—1 $13—4 S05—4 §12+1 
S16—3 §21—1 S06—5 

S18—2 


(iii) Correlation between Scintillation Amplitude and Ionospheric Data.— 
The daily amplitude of the scintillations of the sources S09 —1 and S13 —4 were 
compared with fH, (the highest frequency on which ‘ sporadic #”’ echoes are 
observed) and with the occurrence of “ spread F'’’ echoes, from the records of 
the Canberra station of the Ionospheric Prediction Service of the Commonwealth 
Department of the Interior. 

For correlation with fH,, the scintillation amplitudes were divided into 
several ranges and the average was found of the values of fH, recorded during 
the observations of scintillations in a certain range. No correlation was obtained 
between fH, and amplitude of scintillations. Also, using a similar method, no 
correlation was found with magnetic K-index. 

During the period of interest, there were very few occasions on which 
spread F' echoes were reported and on these occasions the amplitude of the 
scintillations was neither unusually high nor low. Nevertheless it is possible 
that the occurrence of scintillations is connected with the occurrence of spread F 
echoes as the amount of “spread” -in critical frequency of the irregularities 
required to produce scintillations at 18-3 Mc/s is probably so small (see, e.g. 
Little 1951) that it would not be noted in routine ionospheric recording. 

(iv) The Height of the Irregularities causing the Scintillations.—Provided 
the lateral dimensions of the irregularities causing the scintillations are greater 
than the dimensions of the first Fresnel zone at the height concerned, for radiation 
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of the lowest frequency considered, the scintillation index would be expected 
to vary as the square of the wavelength. Such a variation was found by Hewish 
(1952) and also by Bolton, Slee, and Stanley (1953) for frequencies near 100 Me/s. 
However, it will be seen from Figure 10 (b) that the scintillation index for the 
smallest (angular size) sources observed at 18-3 Me/s is not much more than 
the index for sources observed at 81 Mc/s by Ryle and Hewish (1950), indicatmg 
a very slow variation with wavelength. The possible explanation of this is 
that when the frequency is reduced to 18-3 Me/s, the size of the irregularities, 
assumed the same at all frequencies, is of the order of magnitude of the first 
Fresnel zone. 

Several authors (e.g. Little and Maxwell 1951) have shown that the lateral 
dimensions of the irregularities are about 4km. ‘This would be the diameter 
of the first Fresnel zone for 18:3 Mc/s at a height of about 500 km, which is 
consistent with the height of the irregularities deduced by Hewish (1952). On 
the basis of the arguments of this Section, such a height would be an upper limit. 
A lower limit cannot be set definitely. For example, if the irregularities causing 
scintillations were in the H# region (at a height of about 120 km), a size of 4 km 
would be only about twice the diameter of the first Fresnel zone, so that this 
height could not be excluded. 


Of course these arguments break down if the irregularities causing the 
scintillations at higher frequencies are different from those affecting the 18-3 Mc/s 
radiation. 


V. CONCLUSION 


Although, for different frequencies there are important differences both in 
absolute intensities and in the distributions of brightness over the sky, these 
observations have confirmed earlier conclusions that the variation with frequency 
of the characteristics of cosmic noise is smooth, so that useful comparisons can 
be made between observations at comparatively widely-spaced frequencies. 
The observations described in the present paper should be useful for such detailed 
comparisons. In particular, the aerial diagram of the array used for this work 
bears a close similarity to that of the aerial used by Bolton and Westfold (1950) 
and, with some minor corrections, these two surveys can be compared directly. 
Such a comparison will be considered in a subsequent paper. That paper wilk. 
also discuss the information that can be obtained from a comparison of the flux 


densities of the discrete sources given in this paper and as measured by Mills 
(1952a). 


These observations were made using the pencil-beam technique, even 
though the resolution was not very high. They have confirmed the suggestion 
that a fairly large number of the discrete sources subtends considerable angles, 
certainly much greater than the angles subtended by visual stars, and they 
have also confirmed the conclusions of Mills concerning the distribution of the 
discrete sources over the sky. The observations of scintillation phenomena 
have been shown to be consistent with the deductions of previous workers from 
observations of the scintillations at higher frequencies. 
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A COMPARISON OF THE INTENSITIES OF COSMIC NOISE OBSERVED 
AT 18-3Mc/s AND AT 100 Mo/s 


By C. A. SHAIN* 
[Manuscript received November 11, 1953] 


Summary 


A comparison is made of the intensities of the radiation, from the general background 
and from the discrete sources, which have been measured at 18-3 Mc/s and at 100 Me/s. 


It is shown that the ratio of brightness temperatures at 18-3 Mc/s and 100 Me/s 
is roughly constant (about 120) for different directions of observation except near the 
galactic equator where low values are generally observed, the ratio being a minimum 
near the galactic centre. Also, for the discrete sources observed at the two frequencies 
there is a wide scatter in the ratio of the flux densities at the two frequencies, with a 
possible grouping of the sources around flux density ratios of 6 and 60. 


From these results the following conclusions are drawn : absorption in interstellar 
gas can account for the variations in the ratio of background brightness temperatures ; 
extragalactic sources comprise a subclass of Mills’s class II and may account for the 
polar component of the background radiation ; the background radiation is not due 
to radiation from sources of the type so far observed. 


I. INTRODUCTION 

A previous paper (Shain and Higgins 1954), subsequently referred to as 
Paper 1, described observations of the intensity of cosmic noise at 18-3 Me/s. 
During these observations a broad strip of the sky, centred on Dec. —32°, 
was scanned with an aerial having an overall beam width to half-power of 17°. 
A number of discrete sources standing out from a comparatively high intensity 
background was observed. A very similar but more extensive survey was 
made at 100 Mc/s by Bolton and Westfold (1950); with their equipment the 
discrete sources made no appreciable contribution to the total received power. 
A survey of the sky at 101 Mc/s, using the interferometer technique, to detect 
discrete sources has been described by Mills (1952). 


It was remarked in Paper 1 that the results of the 18-3 Mc/s observations 
are generally similar to the results of the observations at 100 Mc/s. Nevertheless 
there are important differences, and the object of the present paper is to examine 
the similarities and differences in an attempt to throw some further light on the 
origin of the radiation. Comparisons of the intensities of cosmic noise as 
measured at different frequencies have been carried out by a number of authors, 
particularly Piddington (1951) and Brown and Hazard (1953). Each of these 
authors considered all the radiation due to discrete sources and interstellar gas, 
although their conclusions as to the distribution and properties of the con- 
stituents of the model galaxies differed considerably. However, all stressed 
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the importance of low frequency observations and the present comparison is 
desirable since Paper 1 added considerably to the observational data at 18-3 Me/s. 
Section II considers the general background radiation and Section III the 
. discrete sources, while in Section IV the connexion between the discrete sources 
and the general background is discussed. 


II. THE BACKGROUND RADIATION 

In presenting the results of their 100 Mc/s survey, Bolton and Westfold 
(1950) gave a map of the equivalent aerial temperatures observed as their aerial 
scanned the sky, and they then attempted to allow for the smoothing effect 
of the aerial beam to obtain a closer approximation to the actual brightness 
distribution. In Paper 1 a map is given of the equivalent aerial temperatures 
observed at 18-3 Mc/s; no correction for aerial smoothing was attempted. 

Since the main lobe of the aerial used for the observations of Paper 1 had. 
nearly the same shape and size as that used by Bolton and Westfold, the 
smoothing of the actual brightness distribution by the aerial beams should 
be nearly the same in the two cases. A comparison of the observed distributions 
should then give results similar to those which would be obtained if the actual - 
brightness distributions were compared, although fine details in the comparison 
would be obscured. However, the details of the side lobes were different for 
the two sets of observations and it was therefore necessary to correct the observed 
distributions, at both frequencies, for the different smoothing effects of side: 
lobes. 

The correction was carried out by the methods described by Bolton and. 
Westfold, and the results, contours of equal observed brightness temperature: 
corrected for the effects of side lobes, are given in Figure 1.* 


(a) Ratio of Observed Brightness Temperatures at 18-3 Me/s and at 100 Me/s 
As expected, the form of the contours in Figure 1 is generally similar at the 
two frequencies, apart from some irregularities on the 18-3 Me/s contours which 
can be attributed to the discrete sources. However, the ratio of maximum to 
minimum temperature at 18-3 Me/s is only 5-2, whereas the corresponding 
ratio at 100 Mc/sis 6-7. The difference, 25 per cent. of the mean, is well outside 
the experimental uncertainty, which in each case is not more than about +2 per 
cent. for relative intensities. 

The ratio of the observed brightness temperature at 18-3 Mc/s, Ts, to the 
observed brightness temperature at 100 Mc/s, Tyo, has been calculated over the 
region of the sky covered in Figure 1, and contours of equal ratio are plotted 
in Figure 2. Examination of Figure 2 shows that, again with some irregularities. 
in the contours caused by the presence of discrete sources, the ratio 7’; 4/T 199 is 
approximately constant (within about 15 per cent.) over about 85 per cent. of 
the observed strip of the sky, but this ratio is generally low near the galactic 


* In the original observations, different systems of galactic coordinates were used (see Paper | 
and also Bolton and Westfold (1951)). The coordinates of Figure 1 are based on the galactic 
pole at R.A. 12 hr 40 min, Dec. +28° (1900), and appropriate precession corrections were applied. 
to the 100 Me/s data. 


152 C. A. SHAIN 


equator from longitude 240° to at least the limit of the observed strip near 
longitude 350°. There is a marked dip to a ratio of 76 near the galactic centre 
(in the region of longitude 325°, latitude —1°). It appears that the difference 
in ratio of maximum to minimum brightness temperature at the two frequencies 
is associated with this low ratio 7',,/T') near the galactic centre. 
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Fig. 1.—Contours of observed brightness temperatures (unit 1000°K). (a) 18-3 Me/s 
(6) 100 Mc/s. These contours have been derived from published contours as explained io 
the text and in each case they correspond to the brightness temperatures which would be 
observed with similar idealized aerials having a single main lobe of beam width 17°. 


It will be shown in Section IV that the spectra of the discrete sources differ 
from the spectrum of the background so that the presence of a discrete source 
will distort the contours in the sense of increasing the ratio 7, ,/T 49. To avoid 
complications due to this cause, two representative cross sections of Figure 2 
have been drawn for restricted ranges of galactic longitude, avoiding as far as 
possible the known discrete sources. These sections are shown in Figure 3. 
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It is seen that for longitudes between 205 and 215° the ratio is approximately 
constant around a mean value of about 124, while for longitudes 305-330° the 
maximum value occurs at the pole and there is a sharp dip for latitudes less 
than about 20°. There are subsidiary minimum and maximum values near 
latitudes —50 and —25° respectively. 


140 
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B80 1=205-215° 
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Fig. 3.—Representative sections of Figure 2, avoiding as far as 

possible the known discrete sources. All the points were obtained 

in either of two restricted ranges of galactic longitude. 

(a) Longitudes 205-215°, (b) 305-330°. The dashed line in (db) 

is a theoretical curve showing the variation to be expected due = 
to absorption in interstellar gas. 


The sharp dip in the ratio T1,/T 49 near the galactic centre extends over 
only a fairly small range of latitudes. This suggests that it is due to some feature 
of the Galaxy which is confined to regions near the galactic plane. Interstellar 
gas is thought to extend over such a comparatively thin region near the galactic 
plane‘and, since absorption in the gas would be relatively greater at 18-3 Mc/s 
than at 100 Mc/s, its effect would be in the direction observed. At the frequencies 
concerned emission from the gas can be neglected (Westerhout and Oort 1951) ; 
therefore, as a possible explanation of the dip in 7,,/T'49 towards the galactic 
centre, the effect of interstellar absorption on the ratio T,,/Tyo) will now be 
considered. 
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(b) The Effect of Interstellar Gas 
(i) Expected Ratio of Brightness Temperatures for Two Frequencies.—Consider 
the case in which interstellar gas is distributed roughly uniformly in a thin disk, 
symmetrical about the galactic plane. The radiation is assumed to come from 
some sources more widely distributed throughout the Galaxy than the gas. 
(The ‘ sources ”’ of the background radiation considered here should not be 
identified with the discrete sources which have been observed. It will be shown 
later, by consideration of the spectra of the discrete sources, that it is unlikely 
that these sources could account for more than a small part of the background 
radiation.) Let 7’ be the brightness temperature that would be observed, for a 
particular direction, in the absence of the absorbing gas. Then in directions for 
which the path length in the emitting region is much greater than the path length 
in the gas (that is, for directions more than, say, 6° from the galactic plane) it 
may readily be shown that the actual observed brightness temperature T' is 
given closely by 
T—T'e-—axh cosec | b I, 
where « is the absorption coefficient per parsec, 
h is the semi-thickness of the gas disk, 
b is the galactic latitude in which the observations are made. 


The absorption coefficient will vary inversely as the square of the frequency 

f Mc/s. Hence we may put 
a=af, 
where a will be the absorption coefficient per parsec for a frequency of 1 Me/s. 
Therefore 
T =T' exp (—af~h cosec | b |). 

Let 7, and T, be the brightness temperatures observed at frequencies f; 

and f, Mc/s respectively. Then 


T,/T,=(T,'/T,’) exp {—ah(f,? —f2) cosec | 5 |}, 
and, taking logarithms, 
In (7, /T)=In (T,'/T'2')—ah(f,? —fe*) cosec | |. 


To the present no restrictions have been put on the spectra of the sources 
of the radiation, that is, on 7,'/T.’.. We will now make the tentative assumption 
that all the sources have the same spectra so that the ratio 7','/T',’ does not 
depend on galactic latitude. In this case a graph of In (7',/T',) against cosec | b | 
should be a straight line, from which 7','/T,’ and ah, the optical depth in the 
direction of the pole, may be found. 

For a given direction, 7, and 7’, are strictly the temperatures that would 
be observed with infinitely narrow beamed aerials whereas the observed 
temperatures are the averages over a fairly wide cone of angles with the axis in 
the direction considered. However, if only directions not too close to the 
galactic plane are considered, and this restriction has already been introduced, 
the ratio of the observed temperatures for a particular direction of the aerial 
maximum should be very nearly equal to 7/7, for that direction. 
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(ii) Comparison with Experimental Results.—The values of the ratio 7, ./T 10 
for galactic latitudes between 6 and 40° were taken from Figure 3 (b) and for 
each latitude the values of the ratio for the northern and southern hemispheres 
were averaged. Figure 4 shows In (21/7) plotted against cosee |b| and 
it is seen that the points lie reasonably close to a straight line. This result 
supports the assumptions that there is an absorbing layer in the form of a thin 
disk about the galactic plane and that the spectrum of the sources of the radiation 
is independent of galactic latitude. The dotted curve in Figure 3 (b) shows the 
variation of 7',,/T19 with latitude corresponding to the line in Figure 4. 
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Fig. 4.—Ln (15/7499) a8 a function of cosec | 6 | for 
the points of Figure 3 (6). 


The intercept on the In (7,/T19) axis (Fig. 4) is 4-79, corresponding to a 
ratio T,,'/T'y9 equal to 120, and the slope of the line is —0-04, giving ah=14. 

Westerhout and Oort (1951), considering the 100 Mc/s emission from 
interstellar gas, took the semi-thickness of the gas disk to be 100 parsecs. Also 
taking the characteristics of the gas suggested by Stromgren (1948), they rota 
an optical depth of 0-017 per kiloparsec at 100 Mc/s. This corresponds to a 
value for a of 0-170 per parsec, giving ah =17, in good agreement with the value 


found above, although there is considerable uncertainty in the value deduced 
from optical data. . 
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From the value of ah derived above, and taking h equal to 100 parsecs, it 
is found that 100 Me/s radiation in the galactic plane would be very little absorbed 
between the Sun and the centre of the Galaxy, whereas 18-3 Mc/s radiation would 
reach optical depth unity within 3 kiloparsecs. Any source of radiation near 
the galactic centre would be “ visible ’’ at 100 Mc/s but obscured at 18-3 Me/s. 
It will be seen from Figure 1 that the maximum observed temperature at 100 Mc/s 
is close to the galactic plane, whilst the maximum at 18-3 Mc/s is several degrees 
to the south and at a different longitude. It is probable that there exists a 
region of high brightness near the galactic centre, perhaps the source ‘“‘ K”’ 
observed by Bolton et al. (1954), of which the brightest portion is obscured by 
gas absorption at 18-3 Mc/s so that at this frequency the position of the apparent 
maximum is displaced from the position of the 100 Mc/s maximum. 

The above discussion applies to latitudes greater than about 6°. If the 
gas disk is only of the order of 100 parsecs thick, the radiation never travels 
more than a few kiloparsecs through the gas to the earth. Therefore no con- 
clusions may be drawn as to whether the gas is in the form of a complete disk 
extending from the centre of the Galaxy to the Sun or in the form of an annulus 
with little gas in the central regions of the Galaxy. However, if the thin layer of 
gas extended uniformly round the Sun even for only a few kiloparsecs, there 
should be little change with longitude for a given latitude and in particular 
there should be the sharp dip near the equator for all longitudes. Examination 
of Figure 3 (a) shows that this is not so. It follows that there must be 
irregularities in the distribution of the gas with longitude. 

In this connexion, the observations of Morgan, Sharpless, and Osterbrock 
(1952) are of interest. These workers found that Ha emission regions in the 
northern Milky Way are confined to two lines, believed to represent two spiral 
arms of the Galaxy. The nearer arm extends from galactic longitude 40 to 190° 
and passes at its nearest point about 300 parsecs distance from the Sun in a 
direction opposite to that of the galactic centre. Similar observations for the 
southern Milky Way have been commenced by Bok, Bester, and Wade (1953), 
but the results for longitudes 180-250° have not yet been published. Christiansen 
and Hindman (1952), from their study of 1420 Mc/s hydrogen line radiation, 
also found evidence for the concentration of hydrogen to two spiral arms which 
would fit the results of Morgan, Sharpless, and Osterbrock. 

The optical and 1420 Me/s results confirm the generally held hypothesis 
that interstellar gas is mainly confined to the spiral arms of galaxies, and it is 
possible that in observing cosmic noise in longitude 210° we may be looking 
between two spiral arms, in which case there would be little interstellar gas for 
a considerable distance from the Sun. The absorption of 18-3 Me/s radiation 
near the galactic plane for this longitude would then be small. It is probable 
that a similar situation occurs in visual astronomy. Bok (1937, p. 85) states 
that there is a notable absence of obscuring clouds of interstellar dust (generally 
associated with the gas) from longitudes 190 to 230°. It is also of interest that 
the low values of 7, 9/7199 in the region around 1=330°, b= +20° cover about the 
same region of the sky as the large, dark nebula in Ophiuchus. This obscuring 
cloud of dust extends over most of the region between longitudes 320-0° and 
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latitudes 0 to +30° (Bok 1937, p. 83, 1944, p. 91). Recently Sharpless and 
Osterbrock (1952) have detected in this region a large Ha emission region, about 
10° in diameter, near 1=330°, b=+23° surrounding ¢ Ophiuchi. Similarly, 
although there is at present no optical evidence for heavy obscuration or Ha 
emission in this high latitude region, the comparatively low values of 7',3/T 10 
around 1=330°, b= —50° may possibly be due to the effect of a large gas cloud 
somewhat below the galactic plane. 


If the high values of 7,/T'j9) near longitude 210° are associated with a lack 
of absorbing gas in this direction, in a gap between spiral arms, it follows that 
the actual sources of the background radiation cannot be confined to spiral arms. 
These sources must then be either extragalactic sources or galactic sources 
distributed more like Population II than Population I. 


The analysis of the effects of absorption assumed that in the absence of 
absorption the ratio 7',,/T'j99 would be the same in all directions. An alternative 
explanation of the variations in the observed values of 7, s/7'so is that the actual 
sources of radiation in regions near the galactic centre have spectra intrinsically 
different from the sources of radiation in other regions of the Galaxy. However, 
although source spectral variations are not excluded, it appears that at present 
the variations of 715/79) can be best accounted for in terms of absorption in 
interstellar gas, the radio observations being consistent with optical evidence 
concerning the characteristics of the gas. 


Ill. THE DISCRETE SOURCES 

Of 37 discrete sources detected at 18-3 Mc/s and listed in Paper 1, 22 
coincide in position,* within the limits of error (up to about 5°) with sources 
observed at 101 Mc/s by Mills (1952). These sources are listed in Table 1, with 
Mills’s values for the galactic coordinates of each source, these being more 
accurate than the 18-3 Mc/s values. The sources are identified using Mills’s 
nomenclature which gives the hour of the Right Ascension followed by the sign 
and tens of degrees of the declination. Sources listed in Paper 1 and by Mills are 
prefixed by S and M respectively. In the few cases where the designations do 
not correspond exactly (e.g. S03 —4, M03 —3), the source is close to one of the 
grid lines which define the designation. 


In Table 1 the intensities of the sources are specified logarithmically by their 
“levels ”’. The level, L,, at a frequency f, of a source having a flux density at 
the earth S,;x10-?°W m- (c/s)! is defined by L,—log,)S;. The table gives 
the level of each source at 18-3 Mc/s, Z,,, and at 101 Mc/s, Z,5,, together with 
the “level difference ’”’ L,,—Z4), which corresponds to the ratio of the flux 
densities at the two frequencies. For two of the sources (M08 —4 and M13 —4) 
which have appreciable angular size, Mills gave values of flux density for two 
spacings of the interferometer aerials. In Table 1 the greater values have been 
given. Bolton et al. (1954) have shown that the sources M13 —4, M03 —3, and 


*The source called $20+x, which may probably be identified with the source M19+4, 
Cygnus—A, has been omitted owing to the great uncertainty in its position and intensity (see 
Paper 1). é 
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M05 —4, or perhaps sources associated with them, have considerable angular 
size. The total intensities measured by Bolton are such that the values of Lo, 
for these sources should be increased by about 0-3, 0-4, and 0-8 respectively. 
The corresponding values of Lo, and of L,,—L49, are shown in brackets in Table 1. 
The uncertainties in the levels vary from source to source. They are generally 
less than 0-1 in ZL, (corresponding to an uncertainty in Sj, of +25 per cent.) 
and less than 0-2 in Z,, (+50 per cent. in Sj). 


TABLE 1 


SOURCES OBSERVED AT BOTH 18-3 Mc/s AND 101 Me/s 


Position (Mills) 
f i Level 

Designation 7 i Lys Ives Difference 

b (LysLy01) 
S01—2 M01—2 163 —73 3:0 0:9 2°1 

S03—4 M03—3 | 206 —55 2°5 1-4 (1-8) 1-1 (0:7) 
S04—2 M04—1 189 —36 2-8 1-2 1-6 

S05—4 M05—4 219 —3l 2°5 1-4 (2-2) 1-1 (0:3) 
Ss06—1 M06—1 191 —17 3-0 0:8 2:2 
S06—3 M06—3 206 —15 2°5 1-0 1:5 
S06—5 M05—5 231 —29 Pots) P2 1:7 
S0o7—1 M07—2 200 —4 3-1 1-0 2-1 
S08—4 M08—4 229 0 2-8 yy 1-1 
so9—1 MO09—1A 212 +28 2-6 1-4 1-2 
s09—3 M09—3 227 +15 2°8 0:9 1-9 
S10—1 M10—O 217 +41 2-9 0-7 2-2 
$12+1 M12+1 260 +74 3°0 a | 0-9 
$13—2 M13—2 282 +39 3°3 1-0 2°3 

S13—4 M13—4 278 +18 3:7 2-4 (2-7) 1-3 (1-0) 
$13—5 M13—6 276 0 (3:5) 1-9 (1-6) 
S15—6 M16—6 293 — 9 (3-8) 1-9 (1-9) 
$19+0 M19+0 "a — 2 3:0 1-5 1:5 
$20—4 M19—5 316 —30 2°5 0-7 1-8 
$21—2 M21—2 356 —53 2°7 0-9 1-8 
$21—3 M21—3 341 —43 74S) 0-9 2-0 
S21—5 M22—5 308 —5l1 2-4 0-7 1-7 


A comparison of the intensities observed at the two frequencies is made in 
Figure 5 where, for each source listed in Table 1, L,, is plotted against Ly. 
For each of the sources M13—4, M03—3, and M05 —4 two circles are shown 
corresponding to the pair of values of Ly;. There is a considerable scatter of 
the points, but there is a general tendency for the intensities measured at the 
two frequencies to increase together. 

Mills has proposed that the discrete sources be divided into two classes on 
the basis of spatial distribution. The class I sources would comprise intense 
sources distributed thinly throughout the Galaxy and hence generally close to 
the galactic plane ; the class TI sources, more or less randomly distributed, may 
be either weak galactic objects near the Sun or extragalactic sources. In case 
the spectra of these classes may be different, the sources will be divided into 
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two groups, one having latitudes less than 12° (‘ equatorial ”” sroup) and the 
other having latitudes greater than 12° (‘‘non-equatorial” group). This is 
the division used by Mills in his analysis. In general the class I sources would 
be expected to fall in the equatorial group while most of the class II sources would 
be non-equatorial, although the separation would not be clear-cut. 


a 


Ly04 


Fig. 5.—L,, v. Ly, for all the sources listed in 

Table 1. For each of three sources two circles are 

given, instead of points, corresponding to values of 

Ly, observed under different experimental 
conditions. 


The values of level difference range from 0-3 to 2-3, corresponding to ratios 
of flux density of between 2 and 200. The variations in the spectra of the sources 
are shown in more detail in Figures 6 and 7. Figure 6 is a histogram of the 
frequency of occurrence of values of level difference. For those sources for 
which two values of level difference are given in Table 1, the smaller has been 


5 


NUMBER 


O° Os 1:0 1°5 2:0 2:5 
LEVEL DIFFERENCE 


Fig. 6.—Histogram of the frequency of occurrence of level 

differences. The shaded portion of the histogram corresponds to 

the non-equatorial sources, the unshaded portion to the equatorial 
sources. 


used. That part of the histogram which corresponds to the equatorial sources 
has been left unshaded, the shaded portion corresponding to the non-equatorial 
sources. Figure 7 shows plots of level difference against (a) L,, and (b) Ly). 
Circles and points correspond to the equatorial and non-equatorial sources 
respectively. Level difference shows no significant correlation with Lys, but 
the inverse correlation with Ly), is Statistically significant. 


The histogram in Figure 6 is markedly skew. With a scatter of level 
differences from 0-3 to 2-3 the mode is at 1 -75, the mean being at 1-6 and the 
standard deviation 0-5. Since the observational uncertainty in level difference 
would be expected to be, at most, not more than 0-3, corresponding to an 
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uncertainty in the ratio of flux densities of a factor of 2, it would appear that 
some factors other than the random errors of measuring L,, and LZ, , from the 
records must be affecting the shape of the histogram. 

Two effects which must be considered as possibly affecting the shape of the 
histogram are angular sizes of the sources and absorption along the paths between 
the sources and the Earth. Besides the sources mentioned earlier, it is probable 
that others have angular sizes sufficiently great to give a low value of intensity 
with Mills’s interferometer. For example, from a study of the scintillations of 
some sources, it was suggested in Paper 1 that the source S10 —1 (M10 —0) might 
have an angular size of between 0-5 and 1:0°. However, source size effects, 
which would tend to increase the values of level differences, could cause the 
observed skewness of the histogram only if the intensities of a moderately large 


3 


i) 


LEVEL DIFFERENCE 


LEVEL DIFFERENCE 


Lis 
(a) (b) 


Fig. 7.—Level difference v. (a) Ly, (6) Lyo;- Points and circles relate to the non-equatorial 
and equatorial sources respectively. 

number of sources had been affected. At present there is little evidence on 

which to decide whether such a possibility is reasonable, but Bolton (personal 

communication) considers that the percentage of sources with large angular sizes 

is fairly small (say 10 per cent.). 

Absorption would be expected to be greatest (and hence the level differences 
lowest) for the sources in lowest latitudes. However, Figure 6 shows that the 
level differences for the sources within 12° of the galactic plane are no smaller 
than those for the sources outside that range of latitudes. A plot of level 
difference against galactic latitude (not reproduced) showed no significant 
correlation. Also, if absorption were markedly affecting the observed intensities 
of the sources, any correlation between level difference and L,), would be expected 
to be direct rather than inverse (Fig. 7 (b)). The conclusion that interstellar 
absorption is inappreciable for the relatively inaccurate observations of the 
intensities of the discrete sources is consistent with the results of the previous 
section. 

The proposed explanation of the skewness of the histogram and of the 
apparent dependence of level difference on L,), but not on L,, is that these are 
due to differing spectral characteristics of the sources themselves. It is suggested 
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that the sources may be divided into two groups on the basis of their spectra, 
the first having level differences clustered about 0-8 and the second about 1°8, 
the division coming at about level difference 1-2. Five of the six sources having 
level differences 1-2 or less are in the noh-equatorial group and this may imply a 
subdivision of Mills’s class II into two subclasses. Two of these five sources, 
M12-+1 and M13—4, have been identified with peculiar extragalactic nebulae, 
and, since none of the other sources has been so identified, the subclass having 
low level differences, and comprising the five strongest non-equatorial sources, 
may be tentatively assumed to be extragalactic objects. On this assumption 
it will be shown in the next section that a class of such sources could account 
for the general background radiation observed near the poles. The second 
group of non-equatorial sources have spectra not significantly different from 
those of the equatorial sources (level differences about 1-8). It is possible 
that a large group of class II sources and the class I sources are the same type of 
galactic objects, the more powerful emitters being concentrated towards the 
galactic plane. 

Since the number of sources for which level differences are available is 
comparatively small, these suggestions must be considered as provisional until 
more data are available. 


TV. Tue DiscRETE SOURCES IN RELATION TO THE GENERAL BACKGROUND 

If the general background radiation is made up of the radiation of a large 
number of similar discrete sources, the variation with frequency of the flux density 
at the Earth from an individual source should be the same as that of the brightness 
of the background radiation. This relation would be modified by severe inter- 
stellar absorption, but it has been shown in Section II that absorption is 
important only over a comparatively small area of the sky. The background 
brightness at a wavelength 4 is proportional to TA-? where T is the brightness 
temperature. 

It has been shown that over most of the sky the ratio of brightness 
temperatures of the background at 18-3 Mc/s and at 100 Me/s is about 120, 
although somewhat lower values are observed near the galactic centre. The 
corresponding ratio of brightness is 4. It has been shown also that the average 
values of the level difference for the discrete sources, taken all together, is 1-6, 
while if the group of sources with low level differences are omitted this would be. 
raised to about 1-8. These level differences correspond to ratios of flux densities 
of 40 or 60 respectively. Although the values for some sources may be reduced 
as the effects of source size are overcome in further observations, it is hardly 
likely that these average values should be in error by a factor as great as 10; 
the probable errors of the averages for the sources studied correspond to a factor 
of 2. The variation with frequency of the source flux densities is therefore quite 
different from that of the background brightness and it appears that the back- 
ground radiation cannot be made up of the radiation from discrete sources 
similar to the bulk of those so far observed. 


However, the level differences for the possible extragalactic subclass of the 
class II sources are about 0-8, corresponding to a flux density ratio of 6. This is 
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close to the brightness ratio for the general background and it is possible that 
these sources could be responsible for at léast some part of that radiation. Since 
the class II sources, and especially any extragalactic sources, are distributed 
homogeneously whereas the general background shows a marked galactic 
concentration, the contribution from these sources must be small. They could 
be responsible for the ‘“ residual’ background of Bolton and Westfold (1951) 
and Westerhout and Oort (1951) which is the apparent reason for the high 
brightness temperatures observed near the galactic poles. 


Mills (1952) suggested that all the class II sources might be extragalactic 
objects, and in some rough calculations he showed that the total radiation from 
all such sources would be of the right order of magnitude to account for the 
‘residual ’’ radiation. The restriction of Mills’s calculation to the sources 
of the suggested subclass does not invalidate the result, since for his estimate 
of the density of the sources he took as the typical source M12+1, which has 
been included in this subclass. 


V. CONCLUSION 

The most important conclusion to be drawn from the comparisons of the 
intensities at 18-3 Mc/s and 100 Me/s of the background and of the discrete 
source radiation is that the background radiation cannot be made up of the 
radiation from sources of the type so far observed, although a small polar com- 
ponent may be due to the extragalactic sources. This conclusion makes the 
possible identification of the sources of the background radiation even more 
difficult than has been thought up to the present. 


It has been shown that absorption in interstellar gas must have a considerable 
effect on the intensity variations with direction of the background radiation 
observed at 18-3 Mc/s. This effect will presumably be even more pronounced 
in any observations made at lower frequencies. It has been also shown that the 
considerable scatter in the ratio of flux densities of the discrete sources at 
18-3 Me/s and at 101 Mc/s suggests a grouping of the sources in terms of their 
spectra, certain sources probably comprising a class of extragalactic objects. 
The remaining sources, including probably sources of both of Mills’s classes, 
all have higher flux density ratios which do not differ significantly amongst 
themselves. 

Further observations at comparatively low and high frequencies should 
make possible a more detailed study of the structure of the “radio Galaxy ” 
and of the absorbing effects of interstellar gas. It is apparent that future work 
on the discrete sources requires the accumulation of data on flux densities and 
angular sizes at several frequencies for many sources so that firm statistical 
conclusions may be drawn concerning possible methods of classification. 
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HIGH MULTIPLE RADIO REFLECTIONS FROM THE F, LAYER 
OF THE IONOSPHERE AT BRISBANE 


By K. Barrp* 
[Manuscript received October 16, 1953] 


Summary 


Continuous night-time records of multiple #, reflections at normal incidence have 
been made at a fixed frequency. The echo patterns have been classified, and quali- 
tative explanations given in terms of humped ionization contours, extending the work 
of Pierce and Mimno (1940). These patterns have been studied also by a variable 
gain technique. It is concluded that accurate measurements of reflection coefficients 
cannot be made by this means. Statistical analyses of occurrences of up to the 10th 
multiple showed that: (a) if no account is taken of presence or absence of H,, the 
frequency of occurrence increases towards dawn ; (6) there is no correlation between 
the number of reflections observed and the virtual height of the region ; (c) there is no 
correlation with “‘ range duplications” ; (d) inverse correlation between high multiple 
F reflections and presence of £, occurs only when the lower region is blanketing ; 
(e) there is no correlation between high multiples and the travelling disturbances 
described by Munro. 


A study of the presence of very high multiples revealed maxima at the equinoxes. 
Oblique incidence recording gave no reflections beyond the fifth multiple. 


I. INTRODUCTION 

Part of this investigation is an extension of the work done by Pierce and 
Mimno (1940) on the reception of radio waves from distant ionospheric 
irregularities. Their work was carried out at a frequency of 3-5 Me/s, and they 
proposed a plausible mechanism by which high multiple echo patterns could be 
formed. 

The present work also includes a statistical study of the occurrences of high 
multiples, and of their correlation with other ionospheric phenomena, such as 
sporadic # region, range duplications,+ and cellular waves. 


II. EQUIPMENT 
The equipment operated at a frequency of 2-28 Mc/s, using a pulse trans- 
mitter of peak output about 1 kW. Its pulse repetition frequency was 50 per 
second, and pulse width, 70 usec. The receiver was a modified Loran A/APN4 
type, of sensitivity requiring about 50 uV at the receiver input for recording 
of an echo. Since the aerial used was a half-wave dipole, this is equivalent to a 
field strength of about 2 uV/m. 


* Physics Department, University of Queensland ; present address : Physics and Engineering 
Unit, Wool Textile Research Laboratory, C.S.I.R.O., Sydney. 
{ A satellite echo above F,, giving on p’f records a trace approximately duplicating fF, 
except in equivalent range (see Section X below). 
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The time base of the display system used for slightly more than half the 
investigation was adjusted to allow echoes of equivalent path up to 5600 km to be 
observed ; for the remainder of the time, a path length up to 8000 km was 
recorded. Thus 16 reflections from a layer of virtual height 250 km could just 
be recorded in the latter case. All recording employed a camera using 35-mm 
film moving past the image of the 6-in. cathode-ray oscillograph screen at a 
rate of 5 in/hr. 

Ag there is no F, reflection during the day at this frequency, the records are 
for night-time only, the equipment being run for up to 10 hr each night. 


III. EcHo PATTERNS OBTAINED 

Examples of the various echo patterns obtained using vertical propagation, 
and simplified sketches of them, are shown in columns Aand B of Plate1. Time 
and height scales on the drawings are approximate only, as these are variable. 

On examination of 200 nights’ recording, the following numbers of the 
various patterns were observed : 

(a) or (b) 155; (c) 2; (a) 1; (e) 2; (f) 55 (g) 35 (A) 2. 

On a few occasions, somewhat similar patterns of multiple F, reflections 
have been noticed, but the records have not been fully examined for such 
occurrences. 

IV. Discussion oF EcHO PATTERNS 

The assumption of one simple ionospheric irregularity, with minor variations, 
is sufficient to give a qualitative explanation of all the echo patterns of 
Plate 1 (a)-(f). 

Following Pierce and Mimno (1940) suppose that a hump, such as shown in 
Figure 1 (a), moves over the transmitter-receiver site, where the angle « is 
about 1°, and the overall extent may be 200 km. This is an over-simplification, 
but at such small curvatures, straight-line sections are a reasonable approxi- 
mation. Assuming geometrical optics to be applicable, a ray can retrace its 
path and be returned to the receiver only if it somewhere strikes a surface 
normally. Therefore only those rays leaving the transmitter at an angle n« 
(where is an integer) to the normal can be returned. For in AB each reflection 
at the ionosphere or ground increases the angle between ray and normal by «, 
and in BO a corresponding decrease of angle « occurs at each reflection. 

The limited extent of 4B and BO imposes further conditions, so that for any 
particular starting point, reflection occurs only for certain values of n. The 
echo pattern shown in Figure 1 (b) was derived by calculating all the paths of 
the rays for a series of positions of the irregularity, displaced horizontally with 
respect to each other. / 

If we regard the two sections AB and BC of Figure 1 (a) as separate entities, 
and combine them in the manner indicated in column C of Plate 1, we obtain 
by similar means exactly the patterns shown in column B. Now, changes in 
the irregularity while passing overhead, asymmetry in the irregularity, changes 
in angle, height, extent, or speed of the movement will all cause modifications 
to the patterns considered ; all the echo patterns shown in column A of 
Plate 1 (a)-(f) can thus be accounted for. 
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It was noted that on many nights, especially in midsummer, an echo pattern 
of type (a) of Plate 1 occurred just before dawn. (This occurrence causes a 
maximum at this time in the histograms of diurnal variation (Fig. 2).) The 
pattern obtained did not quite agree with those described by Pierce and Mimno, 
but was more often of the type here shown. This is exactly the type of formation 
which would be expected from a region of large extent having about 1° inclination 
to the horizontal, and moving towards the recording site. This is precisely the 
state of affairs at this time of day ; shortly afterwards, the F, reflection disappears. 
altogether. 


(a) 


DISTANCE (KM) 


(b) 

Fig. 1.—Echo pattern formed by ionospheric hump. 
(a) Assumed irregularity in the /’, region. 
(b) Echo -pattern calculated from (a). 


It is worth noting that the very simple irregularity assumed in Figure ¥ 
gives rise to a somewhat complex echo pattern—there are some orders missing,. 
some are intermittent, while others appear very strongly. Thus it is to be 
expected that recorded echo patterns would often be very complex, considering 
the complicated horizontal distribution of electron density which certainly occurs 
in the F, region. 

The pattern type (g) will be dealt with in Section IX. 

The pattern (h) is quite different in appearance from (a)-(f). It can be 
explained along the following lines. 

Tf the angle « (Fig. 1) is increased to about 3°, and the overall extent of the: 
hump decreased to about 100 km, the geometry changes, and patterns such as: 
those of Plate 1 (a)-(f) cannot be formed. However, with a configuration 
differing from this only by having smoothed corners, the number of multiples. 
increases markedly as the centre of the irregularity approaches a position 
vertically above the transmitter-receiver site. An echo pattern of the type (h) 
can thus be produced. This hypothesis finds confirmation in the slight height 
rise shown in the records towards the centre of this pattern ; other high multiple- 
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patterns are not accompanied by observable height rises, probably because these 
are below the resolution of the equipment. 


Type (k) occurs for some 2 or 3 hr at a time and, on a night when such a 
reflection is seen, the other reflection patterns mentioned above are absent. 
The simplest explanation of such an occurrence is in terms of a very ‘‘ quiet ”’ 
F, region, which remains parallel to the Earth’s surface and highly reflecting for 
long periods. 


Thus it appears that simple kinks in the F, region, of various angles and 
widths, are adequate for satisfactory explanations of all observed high multiple 
patterns. 


V. MEASUREMENT OF ABSORPTION 

Some observations were made using a variable gain technique,* in which 
the receiver gain was varied from a maximum to a minimum once every minute. 
The total attenuation from one limit to the other was about 100 db. As before, 
the records are on 35-mm film which moved continuously past the image of 
the cathode-ray oscillograph screen at about 5in/hr. The gaps between short 
sections of the trace are caused by the receiver running at minimum gain for a 
few seconds before returning to the maximum value. An example of the records 
is shown in Plate 2, Figure 1. 


The lengths of the traces in any small segment indicate directly the relative 
intensity of an echo in decibels above the limit of recording. Owing to fading 
and the limitations of the recording technique, an accuracy in determination 
of the attenuation per reflection better than --5 per cent. for small attenuation, 
and +10 per cent. for large attenuation, cannot be achieved. 


Table 1 (a) shows some readings obtained by this method, at random times 
during ‘‘ steady ’’? conditions when none of the echo patterns (a)—(g) of Plate 1 
was occurring. This set of results illustrates the errors incurred in measuring 
absorption losses by taking the relative strengths of consecutive echoes without 
careful selection of data; for in several cases an echo of high order is stronger 


than those immediately below it. This would lead to a reflection coefficient 
greater than unity. 


However, this difficulty seldom occurs in the lower orders, and a good 
indication of the reflection losses can be obtained by taking account of the 
relative strengths of the first three or four echoes. Allowing for the attenuation 
suffered because of increase in path length, it is found that, when high multiples 
are occurring, the loss per reflection is about 1-2 db. 


Table 1 (6b) shows a continuous set of results during an echo pattern of 
type (a) of Plate 1, readings being taken at 3-min intervals, as shown. The 


variations in intensity are fully consistent with the explanation outlined in 
Section IV. 


* Suggested by Webster, and developed by McNicol, for another purpose. 
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VI. DruRNAL VARIATION 
The diurnal variation of high multiple occurrence has been studied in 
two ways. 
(a) Each night was divided into 10-min periods. When a multiple above 
the eighth (as an arbitrary standard) appeared, a single occurrence was recorded. 


For multiples between fourth and eighth, only a half was noted. Figure 2 
shows the resulting histogram. 


TABLE | 


VALUES OF ATTENUATION OF RECEIVED ECHOES, MEASURED 
FROM HIGH MULTIPLE RECORDS OF VARIABLE GAIN TYPE 


(a) Values at random times 


Multiple 
No. * Attenuation (db) 
1l — —- — — a -— — 
10 —_ —_ 56 4] 63 7h 63 
9 — — 50 50 68 61 63 
8 —_— 70 42 57 70 59 51 
7 _— 88 52 69 72 63 51 
6 69 76 48 66 70 73 51 
5 67 70 44 48 63 ail 49 
4 59 52 42 50 59 60 44 
3 49 61 38 41 53 54 4] 
2 44 55 30 4] 53 44 34 
1 34 36 33 4] 31 35 39 


(b) Consecutive values during a period of 54 min 


Multiple Attenuation (db) 

No. 

16 60 | 50 | 40 | 60 | 60 | 70 | 70 | 70 | 70 | 75 — 

15 70 | 50 | 50 | 50 | 60 j 60 | 60 | 60 | 60 | 70 | 70 — — —- 

14 — | 50 | 50 | 50 | 60 | 50 | 60 | 60 | 50 | 60 | 60 — — = 

13 — |—]| 50 | 60 | 50 | 50 | 50 | 40 | 40 | 50 | 50 | 70 — — 

12 — | — | 60 | 60 } 60 | 40 | 40 | 40 | 40 | 30 | 40 | 60 —|— 
11 eee eae OcleAO 40) 4 Sp: || BON ea: | 40) BON 7B he Bey) a a ae ah ae 
10 ee een Neh i OO On SOM) 0m) 20 40 70! 70) Nee Onle Gb) Nims 
9 ee ee ee eee eer 60) BO tet eOs | 20 tO 70 MeO 20) Mt) 


—|—]|75|75 | 75 | 75 | 70 | 60 | 40] 40 | 40 | 40 | 70 | 60 | 50 | 60 | 70 | 70 | 7% 
—|—J/70| 75 | 75 | 75 | 60 | 50 | 40 | 40 | 40 | 40 | 60 | 30 | 40 | 50 | 60 | 60 | 70 
70 | 60 | 60 | 60 | 60 | 60 | 60 | 40 | 40 | 30 | 30 | 30 | 40 | 40 | 40 | 40 | 40 | 50 | 50 
50 | 40 | 50 | 50 | 50 | 50 | 50 | 35 | 40 | 30 | 30 | 30 | 30 | 30 | 30 | 40 | 30 | 40 | 40 
35 | 40 | 40 | 40 | 40 | 40 | 40 | 25 | 35 | 25 | 25 | 80 | 40 | 25 | 25 | 30 | 15 | 30 | 30: 
35 | 25 | 25 | 30 | 30 | 35 | 25 | 25 | 25 | 15 | 15 | 15 | 25 | 25 | 15 | 25 | 25 | 25 | 25 
25 | 20 | 15 | 25 | 25 | 25 | 15 | 25 | 15 | 10 | 10] 10} 15 | 15 | 15 | 15 | 10 | 15 | 15 
10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10 | 10) 10 | 10 


SPnNowrR OD I © 


Time _|0507|0510|0513/0516|0519|0522|0525|0528/0531|0534|0537|0540)0543|0546)0549 0552/0555|0558)0601 


There is a tendency for the number of occurrences to be fewer earlier in the 
night. This may be due to more frequent blanketing by H, between 1900 and 
2400 hr, often preventing any F’, reflection at all. 
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(b) For each hour of the night, the highest multiple showing on the records* 
was noted. The numbers were averaged for each hour of the night over a period 
of 30 days. The results are given in Table 2; they show no consistent trend. 


VII. OccURRENCE OF VERY HIGH MULTIPLES FROM p'f RECORDS 


Very high multiple reflections occasionally produce records on the third 
time base sweep of the standard variable frequency recordst made at 10 min. 
intervals. The equivalent range is therefore somewhere over 6000 km. The 
order of reflection is about 20, depending on the virtual height of the region. 


S ee NO RECORDS 
4 AVAILABLE 
2 


fe) aS 
2000 2100 2200 2300 0000 0100 0200 0300 0400 0500 


NUMBER OF OCCURRENCES 


2000 2100 2200 2300 0000 0100 0200 0300 0400 o500 
(C) TIME (HR) 


Fig. 2.—Diurnal variation of high multiple occurrences: one for 


multiples over the eighth, one-half for multiples between fourth and 
eighth. 


(a) For 30 days; October 1951. 
(6) For 60 days ; November, December 1951 and January 1952. 
(c) For 38 days; March 1952 and some of April 1952. 


The actual order for a particular record was calculated in two ways: 


(a) by comparing the tangents of the angles which the first reflection trace 
and the nth reflection trace make with the horizontal ; 


* Since the display system eliminated echoes above about the 15th, these numbers were in 
some instances under-estimates. 


{ For a description of the recorder see Higgs (1945). 
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Echo patterns and their interpretations. 


Aust: Je Phys. Vol.-1, Nov tl 


ponding ionospheric irregularities assumed for calculation of B. 
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Fig. 2.—The fixed frequency 


records during a range 
(b) 0-4000 km high multiple film. 


duplication. (a) 0-500 km film, 
(The periodic marks near the bottom of film (a) and near 
the top of film (6) occur at 10-min intervals, and are caused by the standard variable-frequency 


recorder.) 
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Fig. 3—High multiple and 0-500 km records during HE, movement. (As in Figure 


2, the pf 


marks occur at 10-min intervals.) 
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(6) by dividing (6000+the height of the nth reflection as shown on the 
record) by the height of the first reflection at that frequency. 

These two methods should agree. 

Records were examined for every night during 1951 and 1952, this period 
containing some 40,000 individual records. Extra-high multiples showed on 


TABLE 2 
THE MAXIMUM NUMBER OF MULTIPLES OCCURRING IN EACH HOUR OF THE NIGHT, AVERAGED FOR 
30 DAYS AT A TIME 


Time 


1900 2000 2100 2200 2300 0000 0100 0200 0300 0400 0500 


Period 

October 1951 .. | | 7 7-5 | 7-5 | 6-5 | 7-5 
January 1952 5 4:5 St) 6 6-5 6 6 5-5 | 6:5 | 6-5 
March 1952 .. 9 8 9 9 9 10 10 10 9 9 


only 35 occasions. (For comparison, it should be pointed out that high multiples 
of approximately the 10th order were recorded, on an average, several times each 
night. This agrees with the frequency of occurrence of such multiples on the 
fixed frequency records.) The number of occurrences is plotted as a function of 


3 ee ° 
2 . . ° ee ° e 
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(b) SEASON 


Fig. 3.—Distribution of very high multiple occurrences for 2 years, 1951 


and 1952. 
(a) Diurnal, (b) seasonal. 


local time in Figure 3 (a). Considering the small number involved, it can be 
said only that extra-high multiples are more likely to occur before 0100 hr than 
between then and sunrise. 

Their seasonal distribution, irrespective of the hour of occurrence, is shown 
in Figure 3 (b). The small number again precludes any definite conclusion, 
but the grouping suggests marked maxima at the equinoxes. 
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VIII. CoRRELATION BETWEEN VIRTUAL HEIGHT OF THE LAYER AND 
NUMBER OF MULTIPLES 


The results of seven nights’ observations were examined in two ways: 


(a) plotting the layer height and multiple number individually as functions 
of time throughout the night, and comparing the graphs ; 


(b) plotting the number of multiples as a function of layer height, irrespective 
of time. 

Both methods indicated that the number of multiple reflections is quite 
independent of layer height. 


IX. CoRRELATION BETWEEN RANGE DUPLICATIONS AND H1GH MULTIPLES 

The term “range duplication ” has been introduced by McNicol (personal 
communication 1952) to describe the phenomenon in which the F, echo is 
accompanied by a satellite,* this satellite persisting and changing in range in the 
same way as the main F, echo, as the transmitter frequency is changed. The 
critical frequency of the satellite trace on the p’f record is normally (but not 
always) the same as for the principal trace. Echoes such as F' +E, and 2F—E, 
are, of course, excluded. 


On fixed frequency records, the trace of lower range is always the continuous 
one; the higher range trace may persist for periods up to 2hr. Three general 
types of satellite are recognized : 


(a) “Outgoing.” The satellite starts at the same virtual range as the 
principal echo and gradually increases in separation. See Figure 4 (a). 


(b) “Incoming.” The satellite starts above the main trace and decreases 
in virtual range until it joins (or nearly joins) the principal trace, as in Figure 4 (0). 


(c) “ Bilateral.” The satellite exhibits both (6) and (a) characteristics. 
See Figure 4 (c). 


In connexion with the extensive work being carried out at Brisbane on 


this phenomenon, the records for 22 definite range duplications were investigated 
in two ways: 


(a) the maximum number of high multiple reflections in a 10-min interval 
was plotted as a function of the time for 2 hr before and after the bifurcation. 
point of the range duplication ; 


(b) the hourly average numbers of multiples for 2 hr before and after the 
bifurcation were tabulated. 


Neither method revealed any consistent feature. It therefore appears 
that the ionospheric configuration causing range duplications does not normally 
give rise to high multiple reflections, probably because range duplications are 
produced by an irregularity having a small extent (a few kilometres only) and 
a large inclination to the horizontal, while the patterns previously discussed 
require smaller inclinations. 


* See also Gipps, Gipps, and Venton (1948). 


REFLECTIONS FROM THE F, LAYER OF THE IONOSPHERE 173 


Calculations by the methods outlined in Section IV indicate, however, that 
such a small kink in the F, region, while it would not lead to any high multiples 
when close to the recording site, would, as it approaches from a large distance, 
pass through one short section in which it could return an isolated high 
multiple echo, as pictured in Plate 1 (g). 


A search for such isolated high multiples at appropriate times before and 
after the bifurcation of a range duplication was successful in one instance. 
This is pictured in Plate 2, Figure 2. In this case the eighth multiple appears 


(a) ae ae 3 


(c) ———— Se 
Fig. 4.—Idealized appearance of range duplications on 
fixed frequency records. 

(a) “‘ Outgoing ’’, (b) “‘ incoming ”’, (c) “‘ bilateral ”’. 


for a brief period about 2 hr prior to the junction of the satellite trace and the 
principal trace. In this instance, all the facts can be fitted by a kink having an 
inclination of 20° to the horizontal, and an extent of 3-4 km in the direction of 
travel. For such a kink, the vertical extent would be at most 1-5 km so that 
the height change would not be detectable in the records. Calculation of the 


Fig. 5.—Mechanism of formation of a high multiple from a kink 
producing a range duplication. 


velocity from the range duplication permits the placing of the kink 2 hr before 
the junction at 770 km horizontal displacement. At this distance (and with an 
angle of 20°) the eighth multiple reflection should appear, as in Figure 5. 

On this view, the failure of an isolated multiple to appear near other range 
duplications can be ascribed to the limited stability of the ionospheric con- 
figuration. However, it is surprising that records of type (g) appear so rarely. 
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X. Hicn MutreLte fF REFLECTION AND SPorADIC # 

The occurrence of high multiple reflections is affected by the presence of LE, 
only when it is blanketing the upper layer, either totally or partially. In this 
case the strength of all F reflections is reduced by attenuation in the lower 
layer. | 

At other times, reflections from the H, can appear in or disappear from the 
records without causing any noticeable change in the high multiples. An 
example of this is given in Plate 2, Figure 3, together with the 0-500 km record 
showing details of the LH, movement. 


XI. CoRRELATION BETWEEN HIGH MULTIPLES AND TRAVELLING 
DISTURBANCES 
Munro (1950) has described a type of disturbance in p‘f records which 
Martyn (1950) has explained in terms of cellular waves in the ionosphere. Each 
occurrence of a disturbance of this type is noted by the observer scaling the 
Brisbane p‘f records. 


The criterion taken for such a disturbance is the appearance of an upward 
kink in the height of the trace, appearing first at the higher frequency end. 
This then moves towards lower frequencies, causing a rise in minimum height. 
Also the 0 and # rays are separated to a much lower frequency than in the normal 
records preceding and following. The magnitude of the height rise is 50-60 km, 
and the duration, about 30 min. 


Seventeen occurred during the currency: of high multiple records. As for 
range duplications, plots were made of numbers of multiples for 2 hr before and 
after the passage of the disturbance, and the hourly averages for 2 hr before and 
after the disturbances were recorded. These show no consistent feature, 
indicating that the high multiples and Munro disturbances do not arise simul- 
taneously from a given irregularity. 


XII. OBLIQUE INCIDENCE 


For a short period, simultaneous records were made at Brisbane of echoes 
arising from two transmitters, one located at the same site, and the other at 
Toowoomba, 100 km away. In the latter case the calculated angle of incidence 
at the F, layer, for a single hop, was about 10°. i: 


In 25 nights’ useful recording at oblique incidence, the highest multiple 
recorded was the fifth, which persisted for a few minutes on three occasions. 
The fourth was observed on 10 nights, the third and second much more fre- 
quently. During this period the normal incidence recording frequently showed 
multiples above the 10th reflection. This absence of oblique incidence high 
multiple reflections agrees with the statement made by Pierce and Mimno 
(1940). 

There is a general correspondence between the normal and oblique records, 
however, the latter showing its higher multiple reflection at times when the 
former exhibited highest multiples and strongest echoes. 
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CONVECTION FROM A LARGE HORIZONTAL SURFACE 
By C. H. B. PRIESTLEY* 


[Manuscript received October 29, 1953] 


Summary 

A theory is put forward for convection from a large horizontal heated surface 
in a semi-infinite medium, by buoyant elements which are subject to continuous mixing 
with the environment by turbulence on a smaller scale. It is assumed, with support 
from similarity arguments, that the (potential) temperature 0 at sufficient height z 
above the surface obeys the form —(g/6)(80/8z) =C02-8, where 8 and C are positive 
constants. It is then shown: (i) that § must in practice be close to 4/3 and equal to it 
under steady conditions, except in layers where radiational heating is large, where 5 
will be smaller ; (ii) that the rate of heat loss varies as C3! ; and (iii) that the r.m.s. 
temperature fluctuations are proportional to Cz~1/3. Experimental results from the 
surface layers of atmosphere support these predictions quite well. 

The principal results are first suggested for free convection by dimensional and 
similarity arguments. They receive independent confirmation from the mechanistic 
theory, which extends into conditions when forced convection is present but not 
dominant. The theory also provides information about the multiplying constants 
in the above relationships, though it does not so far lead to a prediction of their exact 
values. The multiplying constants depend, inter alia, on the mass ratio between the 
ascending and descending air, and this remains constant through the layer of constant 
heat flux. The behaviour of the ascending elements and that of the descending air are 
shown to be quite differently governed. 


I. INTRODUCTION 

The problem of free convection is commonly approached on empirical lines 
working on a foundation of dimensional analysis. Accounts of the work appear 
in textbooks by Fishenden and Saunders (1932), Bosworth (1952), and others, 
and in the meteorological literature by Sutton (1953). The formulation is in 
terms of three dimensionless bulk parameters, the Nusselt, Grashof, and Prandtt 
numbers, and formulae for heat transfer by free convection are in general suitably 
expressed as a functional relation between these three numbers. Experiments 
on convection from heated wires and pipes and vertical planes have led to 
the common result that the heat loss is proportional to the 5/4 power of the 
temperature difference between the heated body and the surrounding medium, 
the index changing to 4/3 when the motion becomes sufficiently turbulent. 
Other experiments (Chandra 1938; de Graaf and van der Held 1953) relate 
to convection between parallel planes. In both these types of study, the 


formation of large buoyant elements is inhibited by the scale and geometry of 
the experiment. 


* Section of Meteorological Physics, C.S.I.R.O., Melbourne. 
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Special considerations must apply to convection from large (theoretically 
infinite) horizontal surfaces, in a medium of large vertical extent, which is the 
case to be considered here. The temperature difference AO between body and 
surroundings is no longer clearly defined since it will continue to increase, though 
at a continuously decreasing rate, as the height z above the surface increases. 
Secondly, the heated body ceases to have an identifiable linear dimension d, 
which is required for the specification of both the Nusselt and Grashof numbers. 
With bodies of finite size this length d enters largely as a factor determining the 
size and structure of the significant heat-carrying elements. For an unlimited 
heated body and medium, the size of these elements becomes a function of z 
and the problem becomes one-dimensional, the statistical properties of the flow 
and temperature fields being dependent on z but not on any horizontal coordinate, 
It is evident that in some respects z must replace d as one of the basic independent 
variables of the problem and that the Grashof number, which contains both 
d and AO as constituents, must lose its character as a uniquely defined bulk 
parameter. It is possible to employ a formally similar number with z replacing 
d and A@ recognized as being dependent on z, but a number so defined can only 
be of local significance ; similar considerations apply to the Nusselt number 
and with these changes of character it seems desirable to approach the problem 
afresh. 


When the heated surface is large enough, it may be supposed that the 
main buoyant elements at sufficient height are so large that ranges of smaller- 
scale motions are interposed between them and the molecular scale ; the mixing 
between these elements and their environment will itself be a turbulent type of 
process. This has been recognized in an earlier treatment by G. I. Taylor, 
described by Sutton (1953). Very close to the ground there is no scope for the 
full development of the sub-elemental turbulence, so that the assumption above 
can only be valid above a certain layer of thickness A; consideration will be 
restricted to z>A. In conformity, AO must relate to the temperature difference 
between the level under consideration and that at z=A rather than at the surface 
itself. 

The problem will be subjected to dimensional analysis in Section II in 
order to indicate the form of relations to be expected. Following the type of 
postulate commonly made in modern theories of turbulence, it will here be 
assumed that the mixing of the elements and the consequences of that mixing 
are not directly dependent on the molecular constants (thermal conductivity 
and viscosity) of the medium in which the convection takes place. In the 
remaining sections a more mechanistic theory will be formulated and checked 
against experimental data. The concern here is pre-eminently with the meteoro- 
logical problem of convection from the heated ground or water surface but the 
treatment should permit of considerably wider application. 


II. DIMENSIONAL ANALYSIS 
Given the geometry of a problem in free convection, it is known (e.g. 
Bosworth, loc. cit.) that six independent quantities are required to specify the 
physical condition, and the task is to express any dependent quantity, notably 
L 
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the rate of heat loss, in terms of these six. From purely dimensional arguments 
the solution is not determinate but admits of two degrees of freedom. 


In the present problem, the assumption concerning the scale of convective 
elements effectively eliminates two of the independent variables, and the form 
of the solution becomes determinate on dimensional grounds alone. It is taken 
that the heat flux F through the level 2 will in general depend on z and on the 
(potential) temperature difference A® between the levels z and A, on the specific 
heat per unit volume, c, and on gravity, which exerts its influence through the 
effect of thermal expansion and so for a perfect gas appears as g/T, where T is 
the absolute temperature. Putting then 


F cea(Q0)°(r) 08 


and equating dimensions the required relation is derived as 


1/2 3/2 

Peco) (AG) en eee (1)* 
ek 

This law contrasts with the experimental (A0)°/4 and (turbulent) (A@)*’? laws for 

small heated bodies. 


It has been implied that the assignment of a value AQ at a single specified 
height 2 is sufficient to specify the temperature state; were this not so, the 
result (1) should contain an additional factor 


2 00 020700 
J Ff a2’ | az? * ); 
where f is an arbitrary function of the non-dimensional characteristics of the 
temperature profile which appear within the bracket. Now it has been shown 
more generally by Batchelor (1953) that the condition for similarity of two 
flow patterns of the type considered here is that their Richardson numbers Ri 
shall be equal. The dimensionless profile characteristics are therefore functions 
solely of Ri. In the special case of free convection ki = — oo, the characteristics 
must be constants and the supposition that the profile is specified by a single 
value AQ at a stated height zis confirmed. As a corollary, since, for example, 


2(020/d2?)/(00/dz) is constant with height, the temperature profile will take the 
form 


— Co 
02 J 


where 6 is a constant, a form which has been anticipated in the literature (Sutton 
1953). 


* Using the Grashof and Nusselt numbers in the modified sense discussed above, (1) ma: 
be written i z 


(Nu)?(Gr)-1(Pr)-? =const. 


This represents the only relation between these three numbers which involves neither of the 
molecular coefficients. 
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Returning to equation (1), in the special case where the heat flux is constant 
with height and provided that, as in the meteorological problem, the absolute 
temperature varies only within narrow limits, it follows that 


AQ ace-!3, 
or 


Thus in the steady state the form of the temperature profile is determinate from 
dimensional considerations. 

From the similarity argument it is equally valid to carry through the 
dimensional analysis in terms of the local gradient 00/dz rather than AO, and 
the result corresponding to (1) is then 


1/2 a0\ 3/2 
Poce(h) *(—5,) pnts ei cotrralae Shsuatie  , Mteie (3) 


from which of course (2) again follows as the condition for constant flux. In 
meteorological work it is conventional further to define the eddy-conductivity 
K(z) by 


08 
F=—cK~, 
whence from (3) 
or 
Kost [S/F +), Tae eee (4) 


with [ denoting the adiabatic lapse rate. This relation is the same as that 
derived by Taylor and by Sutton (1948) with L, defined by these authors as the 
length over which the convection currents preserve their identity, replaced by 2 
outside the radix. It seems clear from dimensional considerations and the 
similarity result that Z must be proportional to z, since no other length can be 
constructed from the independent variables of the problem. In the remainder 
of the paper a detailed mechanistic theory will be put forward to confirm this 
proportionality, to provide a physical derivation of the results obtained in this 
section, and a basis for discussion of the considerations which govern the constants 
of proportionality therein. 


III. MECHANISTIC THEORY 
(a) Basis of the Theory 

An entirely independent line of approach may be taken by considering the 
detailed mechanics of the individual element of fluid which is the agent of the 
heat transfer. This element is to be regarded not as the finest-grained ‘ particle ”’ 
of the fluid medium, but as an aggregate of particles which have a measure of 
buoyancy and of vertical motion in common ; the latter properties of the element 
will accordingly be subject to a continuous mixing with those of the environment 
by turbulence on a scale which is smaller than that of the element itself. This 
sub-elemental turbulence may take its origin in part from horizontal wind shear 
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(a mean horizontal flow is allowed in the present treatment provided it is not so 
strong that forced convection becomes dominant) but mainly as degraded 
motions from the buoyant motions themselves. The strength of the turbulence, 
being controlled by the aggregate of larger motions, will be a field quantity rather 
than one which pertains to the individual element. 


On this basis it has been shown elsewhere (Priestley 1953) that the equations 
for the rate of change of temperature 7 and vertical velocity w of a buoyant 
element of constant size may be taken as 


w= PT’ —kyo, Beeches Wi See (5a) 


Pia pp Say |) See ee ee (5b) 


where 7’ denotes temperature excess of the element over the environmental 
temperature 7, and dots denote time derivatives following the mean motion of 
the particles composing the element at a given instant. k, and k, are the mixing 
rates for momentum and sensible heat respectively between the element and its 
surroundings, proportional to the corresponding sub-elemental turbulent inter- 
change coefficients divided by R?, where & characterizes the size of the element. 
k, and k, are to be regarded as decreasing with increasing size, but as independent 
of the other properties of the individual element, and as constants following a 
given element of constant size. These concepts have been discussed more fully 
in the earlier paper (loc. cit.). It will also be taken that k,=k,; this step is 
made purely for simplification, and the analysis does not depend on it in any 
fundamental way. A single mixing rate k is accordingly used to identify the 
size of the particular element under consideration. 


The equations (5) may then be differentiated following the element and 7’ 
eliminated therefrom, which leads (loc. cit.) to a single equation of motion 


Ps : ar 
woah +| | 3¢ +1) +44 |0=0, eee (6) 


provided that 7’/7, is small, which is always the case under natural conditions. 
The temperature of the element may then be obtained from (5a) in the form 


eS 
1p art TOW) eeu cA car. cee cre (5a) 


It is required to solve these equations for a form of environmental temper- 
ature profile which is typical of conditions above a heated surface, and thence 
to formulate the heat flux by recombining the different solutions for elements of 
different sizes moving through the reference level to which the heat flux relates. 


The profile of temperature or of potential temperature 0 will be taken to be of 
the form 
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where § and C are constants characterizing its shape and the general magnitude 
of the gradient respectively. Since the absolute @ in the denominator varies 
relatively slowly with height, this is in effect equivalent to the general form 
deduced in Section II, but to preserve independence of the two treatments (7) 
will here be regarded as an assumed form with sufficient flexibility to cover all 
practical cases to which the theory will be applied. C is clearly positive, but no 
theory has previously provided a value of 5. From the dimensional analysis 
a value of 4/3 is suggested as of special significance and this is confirmed in the 
following, but for the present 5 will be allowed to take any positive value. 


(b) Solution of the Equations 
Equation (6) may now be written 


Bete Dees es aan (8) 


We shall consider here only the ascending elements ; the principal results are 
modified only by a numerical multiplier when the descending air is allowed for 
(Section VI (a)). The effects of any externally produced irregularities will be 
disregarded. That is to say, an individual element will be treated as starting 
from rest at some level z, with a temperature equal to that of the environment 
at that level. The consequences of the removal of this last assumption are 


discussed in Section VI (b). From (5a) it follows that z=0 at 2, whence (8) 
ean be integrated to 


a s(et 8 ag! 8) — (2 —29) 1) ee (9) 


hil} ) peo 


This is now integrated with respect to z from the starting level 2 to the 
reference level z, at which the heat flux is required, and we obtain after some 
rearrangement 


4 (2 1-8 : (= =| 
Ly? =(z,2-8 : at) "_4gee2(1—*2 | oh “wae. 
eet 1s 28 es ae 


This is the equation* for w, regarded as a function of 2, and dependent also on 
C, 8, k, and 2, in a form which lends itself to numerical solution by successive 
approximation when the values of the independent quantities are specified. 

It is possible, without solving explicitly, to infer the form of dependence 
of w on certain of these independent variables. For this purpose we shall define 
a critical mixing rate k, by 

POF ise a duress a8 of sting poo (11) 


* The equation is not valid for }=1 or §=2, when logarithmic .terms would appear; the 
alternative forms are not set out here, but they have been used whenever applicable in all calcu- 
lations whose results are quoted hereafter. 
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This rate has local physical significance in that elements for which k <k,, that is, 
which are larger than the critical size to which k, refers, are absolutely buoyant 
or unstable at the level z, (Priestley, loc. cit.). The term containing k? in (10) 


may now be expressed as 
Ke Zo\" 
—72C2 ita (rage ; 


and k in the last term as (k/k,)C1/2z,-8/2, It may then be seen on close scrutiny 
that w will take the functional form 


2-8 
w=Ctz, 2 N14 cl eles euetelia) 8 eieile s) eua.lere a. to (12) 


where , is a dimensionless number which depends only on 6 and the values of 
z,/2, and k/k,, and can be calculated from assigned values of these ratios. The 
formal demonstration that there is a solution of this form is obtained by sub- 
stitution from (12) in (10) which then may be reduced to an equation for n, 
in the form 


il 
a Z\2 ok (#=% (2\2-8_/2 
inet = met ae 0!) peso =.\ Soe ie 
ST a= 2—8 i(;,) ( A | mz 3 a(Z); 


See Ce eee (13) 


which shows clearly the quantities on which n, must depend. The uniqueness 
of the solution may be established from (9), for, if w, and w, are two solutions, 


W,—W,= —2k(w,—Wg), 
or 

W,—Ww,=const. et, 
_ and, since both satisfy w=0 at t=0, w,=w,. 


Turning now to the temperature excess of the element, it is seen from (5a) 
and (9) that : 


(5) 
pees @ 
T'=—*| 02-3) 0 — Hy (1—2) —o, TY 


1 


which can be calculated after w has been obtained from (10). From similar 
reasoning to the above, 


whence 


where n, and mz, like n,, are numbers dependent only on § and on 2/2, and k/k,. 
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(ec) Formulation of the Heat Flux and other Field Statistics 

To formulate the heat flux F equation (16) must be averaged over all 
particles crossing the reference plane z, at a given instant. The elements to 
which the particles belong have a variety of sizes, characterized by k, and of 
starting levels 2), so that a double averaging process is involved. We introduce 
a probability function f(k, 2,, C, 5) to represent the probability that a particle 
at 2, will, for a given C and 4, belong to an element of size k; the probability 
distribution is in effect a frequency distribution for k weighted according to 
element size. The four arguments of f permit of only two dimensionless com- 
binations, 3 and kO-1/2z,5/2 or k/k,, so that the probability distribution can be 
represented by f(k/k,, 5), where 


fie }n) 


The averaging of (16), for a given value of 5, is now carried out first over all 
admissible values of the starting level 2, for a fixed value of k; this step will be 
indicated by a bar (a bar will also be used to denote averages taken over all 
particles, but there should be no confusion). The average is then taken over all 
values of k, and the result is seen to be 

4—36 
Le T 03122, aOON Ste ee (17) 
eC, g 


N, is another number, which is given in terms of n, by 


© ok bk %\a(k 
Y3;= eee lee One" d=): 
= [Hie 8) (ip 3) CF) 


To understand the meaning of the term ‘“ admissible value ”’ it is necessary 
to go more closely into the details of the motion and temperature behaviour. 
This involves numerical calculation in the equations set out above; some of 
the computations are presented in another context in Section V, but here it 
will be sufficient to state the main features and illustrate them by a diagram 
(Fig. 1). P 
Consider, first, elements all of a given size ; that is, fix the value of k, which 
will be the critical value (equation (11)) for some level P on the profile. For an 
element at rest at P the tendency to mix will just compensate for the instability 
of the lapse rate, and the element will just not move. Elements at rest above P 
are in a less unstable environment and will not move spontaneously. At Q, 
a short distance below P, the instability at first outweighs the mixing and an 
element here will move upwards, reaching the level of P with finite velocity and 
temperature excess ; from here onwards the coefficient of w in (6) has changed 
sign and becomes increasingly positive, the mixing will outweigh the decreasing 
environmental instability, and the element will be brought to rest at some higher 
level Q’. The final approach to rest is of the exponential type and w and hence 
T’ tend to zero simultaneously, the element being completely merged into its 
new surroundings. An element from a lower level R will reach the level of P 
with a larger w and Z” than that from Q and so will penetrate above Q’, to Hine 
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and go on, SS’, T'7’, etc., representing paths of elements starting from successively 
lower levels. 

Now consider all elements as they cross the reference level z,. If k<k,, 
P will lie above z,, and an element of this size reaching 2, may have started at 
any level below z,. For these values of k, therefore, the averaging of m, in the 
integral for N, must extend from z=z, down to 2=—A. If, however, k>k,, 
P will lie below z, as in the figure, and it is evident that elements reaching 2, 
must have started from some level considerably below z,. In Figure 1, an 


HEIGHT, z 


———-—----- - --- R- 
Hee RANGE 
| ge STARTING LEVELS 


U 


POTENTIAL TEMPERATURE, 9 u 


Fig. 1—Schematic representation of paths of elements. These 
are represented as thin lines against the thick line for the mean 
profile of the environment. 


element starting from between z, and S would fail to reach 2,. In this case the 
averaging of n, over 2 must extend only over the ‘“ admissible range ”’ from the 
level S down to z=A. The level § will depend on k, and the value of 2 
appropriate to it may be derived most readily from (9) or (14). It is given by 
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which shows that 2/2, at the top of the admissible range, is determined by 5 
and k/k, only. 

It has now been shown that the upper limit of the range of values of Zo 
over which n, must be averaged, is either equal to z, (for k<k,) or (for k>k ) 
to a given submultiple of 2, which depends only on k/k, and 8. The lower limit 
is 2,=A, and this is taken to be effectively equivalent to 2—0, assuming con- 
vergence of the integral as z,+>0 which will be established later in the paper 
(Section V). It now follows from the result established above that n, will be a 
function of k/k, and $ only ; that is, it will not otherwise contain 2,. It then 
follows further that N;, which is essentially a weighted average of n, with 
respect to k/k,, is independent of 2. 

It has thereby been proved that N;, though dependent on $ and the form 
of the unknown function f, is independent of z, and of C; and hence that the 
indices of z, and C appearing in (17) correctly represent the functional dependence 
of heat flux on height and on lapse rate. 

In a similar way, corresponding expressions may be derived for other 
statistical representations of the temperature and velocity distributions at the 
level z,. Those to which subsequent appeal will be made are 


2—8 
BOF AEN oy Pais fehl «co Easverat ee 8 ol anaes (18) 
(AES TEE ee ae ae eee (19) 
Pe aa 
o,=Vw? =C2z, ae Ad Meek Ee ee (20) 
eg Ne ee ee (21) 


where in general 


and the derivation of n, and ; from (10) and (14) is along similar lines to that 
Of 1, %,, and 5. 

N, to NV; have the common property that they depend on 5 and on the form 
of f, but not on z, and C. The foregoing analysis has thus separated into two 
parts the problem of describing the fields of temperature and motion. The first 
part relates to the shape of the temperature profile, that is, the value of 35, and 
to those relationships which depend on it alone, namely the form of F, oy, ete., 
as functions of height and of lapse rate. This part will be treated in Sections 
III (e) and IV, and the second, relating to the absolute values of the multiplying 
factors N, to NV; which depend on f as well as on 5, in Section V. 

In passing, it has been established from equations (10) and (14) that 2, 
is itself the length scale which characterizes all aspects of the temperature and 
velocity fields at the level z,; in particular that the admissible range of initial 
levels is proportional to z,. It follows that ZL, the convective length envisaged 
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by Taylor and Sutton, is proportional to z,, and that the form of the relation (4) 
proposed here can be reconciled with theirs. Up to this point there is no conflict 
between the two treatments, but a relation introduced by Sutton (1948) at a 
later stage, that Docz1:*5, is not in harmony with the theory offered here. 


(d) Forced Convection and Radiation 

The relations (17)-(21) are derived on the basis that the statistics of the 
temperature and vertical velocity distribution are determined from the operation 
of free convection alone. In nature, both radiation and forced convection 
exert complicating influences. Whereas the effects of the former lie clearly 
outside the bounds of the present treatment, this is not entirely so in the case of 
forced convection ; rather in the atmospheric problem is it idle to attempt too 
fine a distinction between free and forced convection, since they occur together 
and their effects are inseparable. The extent to which the vertical movement 
in an unstably stratified boundary layer exceeds that in a neutral layer at the 
same wind strength would appear to be a consequence solely of the processes 
which are here under consideration. For this reason it might be expected that 
the predictions of the theory would have approximate validity when a wind is 
blowing, provided it is not too strong or the lapse rate too weak. 

In short, the results should extend to finite values of the Richardson number, 
but at the present stage it is probable that experiment will be more successful 
than theory in indicating the limits of validity. The relations (18) and (20) 
will evidently cease to hold when the buoyant motions no longer outweigh those 
deriving from wind shear but it may well be that at this stage the temperature 
fluctuations, and hence the heat flux, will still be dominated by the former. 
Thus the range of applicability of the other predictions may extend considerably 
beyond that of (18) and (20). 


(e) Specification of the Index 8 


From (17) it follows immediately that F is constant with height when 
5=4/3, and that it decreases and increases with height when 6 is greater and 
less than 4/3 respectively. Thus, in the absence of radiation influences and strong 
forced convection, 5=4/3 will characterize the steady state, }>4/3 a condition 
in which the air is warming, and $<4/3 a condition in which it is cooling. 


In practice, in the meteorological case at any rate, an upwards flux of any 
considerable magnitude will only vary with height very slowly. For a modest F 
of about 10 mW/cm?, a 5 per cent. change in flux between 1 and 2m would 
represent heating or cooling at 15 °C/hr, a rate which is never approached ; 
yet such changes would be represented by 5=1-:29 and $=1-38. The conclusion 
is that 5 will in practice be constrained to a value quite close to 4/3. This value 
will accordingly be adopted as a definite prediction to be tested, together with 
the consequences which follow from it in equations (17)-(21), against actual 
measurements of the profile and of F, o7, and o,,. 


An exception to the value 4/3 may be expected from the bottom layer (below 
about: 1m), which normally under lapse conditions is strongly warmed by 
radiation (Robinson 1950). To maintain the quasi-steady state in this layer the 
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effects of radiation and convection must approximately compensate, and a 8 
lower than 4/3 is therefore to be expected. 


It is of interest to remark that an index of 4/3 and approximately constant 
flux imply that the eddy-conductivity K is proportional to 2,*/3, which resembles 
theoretical and empirical results in other problems of turbulent transfer over a 
very wide range of scales. 


IV. EXPERIMENTAL DATA 
(a) The Mean Temperature Profile 

The first prediction to be tested is the temperature profile law, 5=4/3. 
For a few clear days in summer at Leafield, England, Sutton (1948) finds 5=1-75 
but an analysis by Deacon (1948) of a far larger number of observations from the 
same site yields values ranging from 1-23 to 1-53 at different ranges of wind 
speed. Deacon (unpublished data) has analysed data from other sites with the 
results shown in Table 1. 


TABLE | 
ANALYSIS OF TEMPERATURE PROFILES BY DEACON 


Height Reference for 
Location Range Original Data Conditions Cy 
(m) 
Porton, England 1-2-17 Deacon (1953) 256 clear days (May, 1-35 
June, July) 1923-43, 
1100-1400 hr 
Ismailia 1-1-46 | Flower (1937) All days Apr.—Sept. 1932, 1:43 
1400-1500 hr 
Manor, Texas 2-25 Gerhardt et al. | Fair or fine days,* July- 1:25 
(1948), Gerhardt Oct. 1948, 1100-1300 hr 
(1949) 
Edithvale, Victoria 1-30 Unpublished Fine days, Nov. 1951- 1-25 
Mar. 1952, 1200-1600 hr 


* With wind at 12m less than 4-5 m/sec. 


There is some scatter, but much of this may result from attributing too fine 
an accuracy to the experimental measurements. Extraction of a value of 5 
from a set of measured temperatures involves essentially the evaluation of 
second differences between temperatures which are subject to errors of calibra- 
tion, retention of calibration, standardization of shielding and of aspiration ; 
such errors may be to a considerable extent systematic over the period of 
observation. The point may be illustrated by Table 2 in which are given two 
calculated profiles for 5=1-5 and 1-3. These two profiles, which represent a 
strong lapse rate, differ nowhere by more than 0-11 °F, a measure of accuracy 
which can hardly be claimed for much of the original data. 

A separate analysis has been made of some published data on strong lapse 
profiles in the layers mainly below 1 or 2m where radiational heating becomes 
large (Robinson, loc. cit.) and the present theory would predict a value of 3 
less than 4/3. The results are shown in Table 3. Save in the case of the Porton 
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data, the number of levels of observation were more than the three required to 
provide a value of 5, and the value given was obtained by least squares applied 
to the logarithms of the heights and measured temperatures. 


The data from Poona are of particular interest because they provide a 
simultaneous and detailed profile both above and below the level where radiation 
effects become important. Analysis of the profile in two overlapping regions 
indicates a considerable difference in 6. 


TABLE 2 


CALCULATED TEMPERATURE PROFILES FOR 6=1-5 anv 1:3 


| | { | 
Height (m) 2 | 41 Ro ghee e168 aes 
| | 
— | | aes oa 
Temperature (°F), 5=1-5 73-45 | 72-92 | 72-16 | 71-06 69-41 
A (CE), S153 73°55 | 72-89 | 72-05 | 70-96 69-51 
| 


The individual mean profiles summarized in Tables 1 and 3 are shown 
diagrammatically* in Figure 2. A striking feature is that all the gradients 
from the stations in the lower latitudes (Ismailia, Manor, Edithvale, and Poona) 
lie approximately on the same profile above 1 m, and a single dashed line of slope 
5=4/3 has been drawn by eye to illustrate the closeness of fit of the prediction. 


TABLE 3 


PROFILES AT LOW LEVELS 


Height 
Location Range Reference Conditions 3) 
(em) 

Porton, 2-5-120 Best (1935, Table VI) 58 clear occasions in June, 1-22 
England 1100-1300 G.M.T. 

Cambridge, 25-200 Pasquill (1949) 15 lapse profiles 1-05 
England 

Kew, 5-202 | Rider & Robinson (1951) 15 lapse profiles 1-40 
England 

Poona, India 1-180 | Ramdas (1953) April, hr of max. temp. 0-93 
e 3 90-750 » 3 ts a 1-29 


The full lines I, IJ, and III represent the calculated regression lines for the 
Poona, Cambridge, and Kew data respectively, the first being shown in two 
parts relating to the two overlapping ranges. 


On the whole the theoretical predictions, that 5 shall be 4/3 above about 1 m 
and less below, fit the facts within the expected tolerance. 


* Where the original data are given as temperatures at, or differences between, fixed levels, 
the slope of the chord has been plotted against the geometric mean height. This is strictly 
legitimate only for 5=1, but the error involved in other cases is very small. 
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(b) Heat Flux and Temperature and Velocity Fluctuations 
With substitution of the value }=4/3 in (17)-(21) the variations of the 
flow and temperature characteristics with height, as well as with lapse rate, 
become determinate. 


X POONA (RAMDAS), I & CAMBRIDGE (PASQUILL), II 
O MANOR (GERHARDT ET AL.) 1 Kew (RIDER AND ROBINSON), IIT 


+ EDITHVALE HB PORTON (BEST) 
A IsSMAILIA (FLOWER) 


1072 


10-4 


LAPSE RATE,— (at +1) (@c/em) 


10=* 


107° é 
1 10 102 102 10 


HEIGHT, z (CM) 


Fig. 2.—Lapse profiles from 1 cm to 100 m. 


The published literature does not contain the information on which a 
satisfactory test of these theoretical predictions can be made. However, a 
group of workers in the Section of Meteorological Physics, 0.S.I.R.O., has made 
measurements of the quantities involved at Edithvale, Vic., using the instruments 
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and techniques developed by Swinbank (1950). Although at the time of writing 
much of the data still awaits analysis, sufficient is available to allow preliminary 
tests of the predictions. 


In the experiments the apparatus designed by Swinbank for the measure- 
ment, among other things, of heat flux was exposed for 5-min periods usually, 
though not always, alternately at two different heights above ground level. 
From the records obtained, the values of F, o;, and o,, have been extracted. 
Auxiliary observations included the wind and temperature profile ; for purposes 
of the present tests these have been reduced by an objective method to 
temperature gradient and Richardson number at a standard level (1:5 m). 


In Table 4 are presented the results of a sequence of measurements made 
on a single day in which a large range of lapse rates was experienced, conditions 
otherwise remaining steady. 

To analyse these results, the logarithms of the measured quantities F, c,, 
and o,, have been taken and the regression line 


log A+ log C+ log z 


fitted to them, the values of » and v and of their standard errors being calculated 
by the method of least squares. The regressions are given in Table 5, standard 
errors being shown in brackets and the theoretical relations set alongside. 


TABLE 5 


TEST OF THEORETICAL PREDICTIONS 


Theoretical Relation Empirical Result 
F «<C%!?, independent of z FocQl'73( £0-32),0-00( +0-14) 
Op COUPZZ1S 5, 0 02( +0°06),0-24(+0-03) 


Only the o,, relation departs radically from its predicted form, and this was 
expected since a wind of 4-5 m/sec blew steadily throughout, while the theoretical 
oc, relates only to those motions attributed to buoyancy. The results lend 
support to the speculations of Section III (d) that in fair winds the buoyant 
motions may constitute only a minor part of the vertical motion, but that it is 
this minor part which is correlated with the temperature fluctuations and so 
dominates the heat flux. 


The agreement for F and co, justifies a more severe test by using less homo- 
geneous material. All the complete sets of measurements so far available from 
other occasions are set out in Table 6, the only criterion for acceptance being that 
| Ri | should be not less than 0-02. 


The regression relations, from the whole set of 30 runs, are 
Foc -68( +0: 20)z,—0-04( 0-08), 
6 7 CO0'92(£0-09)y, 0° 25( +0-04), 
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The agreement is on the whole a little better than in Table 5, and the uncertainty 
of the index of C in F is much reduced. It is desirable that more measurements 
be made, sufficient to be analysed in ranges of the Richardson number, before 
the goodness of fit be finally judged. 


Measurements of o; from 7 to 75m at Leafield by Johnson and Heywood 
(1938) have been analysed by Sutton (1948) who finds o,ocz~°-4, but this result 
must carry less weight owing to the much lower sensitivity of the instruments 
used in the early measurements. 


It is usual to regard F as determined by some suitable combination of the 
characteristics of the wind and temperature profiles, and to this end the data 
of Tables 4 and 6 may be analysed in another way, by calculating the partial 
correlations of / with each of the three characteristics C, Ri, and uw (wind speed). 
The results are 


FCO uRi — +0 -63( +0 aaa PLO), 
ru,cRi= +9°11(+0°18), 
YFRi,Cu— —0 -02( +0 *18). 


The total correlation between F and C was +0:77. For two quantities between 
which the true relation is non-linear, this is a very high coefficient. And the 
general thesis of this paper, that in the more unstable situations the heat flux is 
dominated by its dependence on lapse rate alone, appears to be established 
under the conditions of these experiments. 


VY. THE CONSTANTS OF PROPORTIONALITY 
(a) Upper Limits to the Constants 

It remains to examine in greater detail the constants of proportionality, 
N, to N;, which occur in equations (17)-(21). Although the exact values of 
these numbers have been shown to depend on the form of the function f, and 
therefore must remain unknown from theoretical considerations until this 
function is provided, useful inferences can be made about their relative magnitudes 
and it will be shown that their orders of magnitude also are determinable from 
the theory at its present stage. 

In continuing the theoretical treatment of Sections III (b) and III (¢) we 
shall retain the freedom there allowed to the value of 5, delaying the identification 
5=4/3 as late as possible. 

An element starting from 2 will have a velocity and temperature excess 
at z, smaller than if there were no mixing (k=0). We shall denote the values 
attained on the latter basis by w and T’, and refer to them as the free velocity 
and temperature excess. The free wiles, when substituted in the expressions 
for F, o7, etc. provide an upper limit to the values of these quantities. The 
device is equivalent to the supposition of a special form for the function f(k/k,, 5), 
assigning f the value 1 for k=0 and f=0 for all other k. We shall avaltnte 
this upper limit and, by comparing it with measured values, obtain a quantitative 
assessment of the importance of the mixing process. 

M 
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From (10) and (14), then 


ategz 1 —§ 
g 


and the substitution of these values leads to relations identical with (17)-(21) 
with the numbers NV, to NV; replaced by integrals I, to J; given by 


5(1=8 —§1— .1—0?- 8> 4 
x eS ae 5 a5 4 


—91-8 4~— 62-8 (ie-8 —1- 3] 
dé, 
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and I,, Z,, and J, in similar form. 6 has been written for 2/2, (2, fixed while 2 
varies) and A is defined in Section I. For z,>A, so long as the integrals converge 
as the lower limit tends to zero, we may in practice take it as zero and drop the 
factor z,/(2,—A) outside the integral sign. 

These integrals have been evaluated, the curve for J,(5) being shown in 
Figure 3 and values of J, to J; at discrete values of 3 in Table 7. 


TABLE 7 ~ 
UPPER LIMITS TO VALUES OF N, TO N, 
5 0:7 0:9 ho | 4/3 1-5 5/3 
I, 0-67 0-7 0:81 0:94 1:02 
1h 0:77 0:91 1-11 1-5 2-0 
He. 0:82 1-22 1-91 4-0 8-4 fee) 
I, 0-875 0:93 1:07 1-34 1:63 
we 0:98 1-23 1:67 3°0 fee) 


None of the integrals diverge for 5=4/3, the case of greatest physical interest. 

This establishes the required convergence property for Nis which was referred 

to in Section III (c), for k=0. For k>0, the convergence holds a fortiori. tes 
Reverting now and hereafter to the special case 5=4/3, it has been shown 


that upper limits to the statistical quantities are provided by the theory as 


a0 ACUte er (25) 
7 3 soe, fe Rt a AMY (26) 
P=4o0, orn, pe A Ae ee, (27) 
o,=1 84012 ts ee (28) 
bp 208,18 ee ae (29) 
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(b) Correction Factors to the Upper Limits 
Comparing (27) and (29) with the data in Tables 4 and 6, we find 


* 


: ieee iy 
Geometric mean ratio Flobserved) =4°7, 
Geometric mean ratio oe ==3} 001 
o (observed) 


That the upper limits of F and oc, are not divorced by an order of magnitude 
from the measured values is an achievement, considering that the estimate in 


93 


8 


Fig. 3.—Values of flux integral (J,) with no mixing. 


effect invokes the measured lapse rate only. Further examination of the “ free ”’ 
motion device is suggested, in order to see how much can be stated about the 


Ld . * * 
correction factors to F' etc., when mixing is allowed for. 


Following (12) we may write, for 5=4/3, 


w= Orta lm(F *) rhe ite Cee e (30) 
x eee § 
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and similarly 


* * v4 
i= ore n, (72), Per ere (31) 


1 


so that 
w/w=n,/N4, 


which will be referred to as the mixing factor for w; numbers No to Ns and 
corresponding mixing factors may be similarly defined. All the mixing factors 
may be calculated by substitution from (30) etc. in (10) and (14), and from 
(31) ete. in (23) and (24). 

The calculation has been carried out for 2/2, from 1/2 to 1/200, over the 
full significant range of k/k,, for w from equation (10) and for T’ from (14). 
The range of 2) chosen was such as to contribute three-quarters of the total value 
of the flux integral Z,, most of the remaining quarter coming from 2 <2,/200, 
to which the calculation may be extended as required. Figures 4 and 5 show 
isopleths of the factors n/N, and |My drawn on diagrams with 2/2, as abscissa 
and k/k, as ordinate. Table 8 gives in detail the contributions to F from various 
ranges of 2,/z, (or 0), indicating the potential relative importance of the different 
possible levels of origin. 


TABLE 8. 


* 
CONTRIBUTION TO F' oR J, FROM VARIOUS RANGES OF 9 =2)/2; 


29/2, from or, 0 0-002 | 0:005 | 0-01 0-05 0-1 0-2 0:5 
COS %e.s i 0-002 | 0-005} 0-01 0-05 Wed! 0-2 0-5 1 
Percentage of 14-5 7 7-5 29 15 12 12 3 
integral 


These calculations complete the information as far as the theory at present 
allows, enabling the multiplying constants in (17)-(21) to be immediately 
worked out once the single remaining unknown, the function f(k/k,), is assigned. 
An approximate simplification is possible by use of the features of Figures 4 and 
5 that the mixing factors are found to depend on k/k, much more strongly than 
on /%. That is to say, the variation of n, with 2/2, is largely already taken up 
in n; Which allows as a working approximation 


n{#,%0\ »(#, 4 
Nie ay (i353) 


Peay rape 
aley (35) 
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2 ° 
Fig. 4.—Mixing factor for velocity (w/w=n,/n,). 
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* * 
Fig. 5.—Mixing factor for temperature (L’/T’ =n,/N). 
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the value 1/25 being taken as it is roughly the median for the integral I,. This 
means that the numerical results (25)-(29) are approximately corrected for 
mixing by multiplication by the factor 


aya 
NZ,’ 25 
f k z a(} it Dee tees wets ae (32) 
| tae Ae k, 
0 "il 95 

It is seen from Figures 4 and 5 that the mixing factor for w sigh de pel 
the mixing factor for 7’. It follows that the mixing factors for o7, F, and of 
are in ascending order of magnitude. 

As predicted, the mixing factors for 7 and o; show no considerable variation 
with C and z, in the data of Tables 4 and 6, and their mean values of 1/4-7 and 
1/3-1 indicate, on reference to (32) and Figures 4 and 5, that the dominant part 
of the f(k/k,) distribution is at k/k, between about 1 and 2. The dominant 
mixing rate at 2, is derived accordingly from (11) and (7) as 


k=1 to 2V0z,-42=1 to we ee tas) 


This expression provides a yardstick for the time of response of sensing elements 
and recorders necessary for accurate measurement of heat flux and temperature 
variations. 


VI. EXTENSIONS OF THE THEORY 
(a) Allowance for Descending Air 
Throughout the development of the theory, consideration has been confined 
to ascending elements. It has been shown in Section ITT (c) that for an element, 
starting from rest, to penetrate a finite distance it must be absolutely buoyant 
(k<k,) at its level of origin ; and it will then continue upwards until, through 
mixing, it is finally brought to rest at some level above that at which it ceases to 
be absolutely buoyant. 


Descending elements, though subject to the same mixing equations as the 
ascending elements, encounter the differing environmental conditions in the 
reverse order, and this profoundly alters their behaviour. An element descending 
with a temperature deficit, if absolutely buoyant in the negative sense at one 
level, will be so at all lower levels. Under mixing and buoyancy alone, the 
velocity and temperature deficit would increase indefinitely. Near the heated 
boundary of a semi-infinite medium, therefore, the factors limiting the motion 
of the ascending and descending air are not the same ; practical evidence comes 
from the work of Ramdas and colleagues (Ramdas 1953) who have observed a 
striking difference in character between the motion of the ascending and the 
descending air. Whereas the ascending elements are restrained by mixing, the 
principal constraint on the descending air must be exercised by some other 
influence which is, almost certainly, the presence of the boundary itself. 
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In order to describe in detail the behaviour of the descending air it would 
be necessary to formulate the effects of this influence, but for present purposes 
this can be avoided provided that the influence may be assumed to be independent 
of the size of the element on which it operates. The descending air may then, 
as a reasonable working approximation, be treated as a single mass, of uniform 
velocity and temperature at any given level. Using suffixes a and d for ascending 
and descending air, the condition for continuity of mass is then 


—pwy=qw,, (p+q=1) 


where p, g denote the respective mass weighting fractions. Since 7” is defined as 
difference from the average temperature of the whole environment, there is also 
the condition - 

—pT =a, 


The overall average of wT’ is then 
os ae aot te 
qo), +pwl,=qwl), +> wl, 
T 4— 
as a 2 FP (avt£ Nia); 


while the overall average of 7’? is 


—— — 2 a 2 
qT} -+9T}=aT}+ © b ) 


dt 2 
= (70% ) (ae+5¥), 


Whereas the numbers NV; have been shown to depend on 6 only, it may 
appear a priori that p and q may depend also oo the other non-dimensional 
combination of the basic variables, that is, on Cz, ~ 5/g. But writing the expres- 
sion for the heat flux as 


and similarly for w’?. 


Pos, 2 a5 SN N+ s-2NN,)+p(NsN—¥,) 


it is seen that terms in p, 1, and 1/p occur in F so that no relation of the form 


can give F independent of 2,, other than «—0. The condition that the heat 
flux shall be constant with height therefore requires both that 5=4/3 and that 
p and q shall be independent of z,; the ratio of the ascending and descending 
masses remains constant through the layer of constant /. The relations (17), 
(20), and (21) giving F, o,, and o,, in terms of CU and 2 then remain unaffected 
apart from a modification of the numerical factors. 
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(b) The Effect of Superimposed Temperature Fluctuations 

In the development of the theory in Section III (0), all elements have been 
treated as starting from rest at the local temperature of the environment. The 
superimposition of temperature fluctuations at the level of origin will in general 
modify the heat flux and other statistics of the temperature field (Priestley 
and Swinbank 1947). The effect has been established within the framework of 
the classical mixing length theory and requires re-examination on the basis of 
the present theory in which, unlike the former, the influence of elemental 
buoyancy is taken into account. 


Let 7 denote the representative value for the temperature anomaly at the 
starting level. This gives rise to an additional term gTo/T, on the right of (9), 
and hence to 


rr 
i Digi 2): Seale sete (34) 


é 


on the right of (10). To proceed further it is necessary to know the manner in 
which 7’) depends on lapse rate C and on starting height 2). 


Progress can be made if, as seems reasonable on intuitive grounds, it be 
assumed that 7'p will be proportional to the temperature fluctuations otherwise 
present at the level 2, that is, from (21) 


lad ieee 
Ty oc 024 Me Poe hs coe (35) 


and the additional term (34) on the right of (10) then becomes proportional to 


Oph? (2d at ee (36) 


It may be seen from the modified form of (10) or (13) that the addition of (36) 
does not affect the previous conclusion that the solution of (10) is of the functional 
form 
2-8 
w=Cte, 2 m, 


although n, will not have the same numerical values as when the term (36) is 
omitted. It also follows that the modification to (14) consists simply of the 
addition of 7) to the right-hand side whence, invoking (35) again, (15) and 
hence (21) remain unaffected in functional form. It is thereby shown that the 
hypothesis (35) is internally consistent. 


On this basis, therefore, the main arguments of the paper extend immediately 
to embrace the effects of imposed temperature fluctuations, and the temperature 
profile law and relations derived therefrom would remain unaltered in functional 
form. If the imposed fluctuations are considerable and obey some form other 
than (35), the mathematics become intractable and no general solution has 
been found. Solutions have, however, been found for the special case when 
To and the lapse rate (either super- or sub-adiabatic) are constant with height ; 
these present features of novel interest which will be described in a separate perpen 


CONVECTION FROM A LARGE HORIZONTAL SURFACE 201 


VII. ACKNOWLEDGMENTS 


The author is grateful to his colleagues in the Section of Meteorological 
Physics for helpful discussion of a previous draft of the paper and for allowing 
presentation in Tables 4 and 6 of some of their experimental results, in advance 
of full publication ; particularly to Mr. E. L. Deacon for his knowledge of 
temperature profiles and the analysis summarized in Table 1. Valuable 
assistance was received from Mrs. J. P. Wilson with the computations of 
Section V (bd). 


VIII. REFERENCES 


BatcHetor, G. K. (1953).—Quart. J. R. Met. Soc. 79: 224-35. 

Best, A. C. (1935).—Geophys. Mem. Lond. No. 65. 

Boswortu, R. C. L. (1952).—“ Heat Transfer Phenomena.” (Assoc. Gen. Publ. : Sydney.) 

CHANDRA, K. (1938).—Proc. Roy. Soc. A164: 231-42. 

Deacon, E. L. (1948).—Quart. J. R. Met. Soc. 74: 410-11. 

Deacon, E. L. (1953).—Geophys. Mem. Lond. No. 91. 

FISHENDEN, M., and SaunperRs, O. A. (1932).—‘‘ The Calculation of Heat Transmission.” 
(H.M. Stationery Office: London.) 

FLoweER, W. D. (1937).—Geophys. Mem. Lond. No. 71. 

GERHARDT, J. R., JEHN, K. H., Guinp, W. R., and Statey, R. C. (1948).—Elec. Eng. Res. 
Lab. Univ. Texas Rep. No. 22. 

GERHARDT, J. R. (1949).—EHlec. Eng. Res. Lab. Univ. Texas Rep. No. 29. 

DE GrRaAaF, J. G. A., and VAN DER HE rp, E. F. M. (1953).—Appl. Sci. Res. Hague A3: 393-409. 

Jounson, N. K., and Heywoop, G. 8S. P. (1938).—Geophys. Mem. Lond. No. 77. 

Pasquinyu, F. (1949).—Proc. Roy. Soc. A198: 116-40. 

PrRiEsTLEY, C. H. B. (1953).—Aust. J. Phys. 6: 279-90. 

Prisstiey, C. H. B., and SwrnBank, W. C. (1947).—Proc. Roy. Soc. A189: 543-61. 

Rampas, L. A. (1953).—Proc. Ind. Acad. Sci. 37: 304-16. 

Riper, N. E., and Rostnson, G. D. (1951).—Quart. J. R. Met. Soc. 77: 375-401. 

Rosinson, G. D. (1950).—Cent. Proc. R. Met. Soc: 26-9. 

Surron, O. G. (1948).—Quart. J. R. Met. Soc. 74: 13-30. 

Surron, O. G. (1953).—‘‘ Micrometeorology.” (McGraw-Hill: New York.) 

SwiInBank, W. C. (1950).—J. Met. 8: 135-45. 


VERTICAL HEAT TRANSFER FROM IMPRESSED TEMPERATURE 
FLUCTUATIONS 


By C. H. B. PRIeSTLEY* 


(Manuscript received November 217, 1953] 


Summary 


The ability of buoyant elements to carry heat upwards through a stably stratified 
fluid depends on their rate of mixing and hence on their size. The largest and smallest 
elements are both relatively ineffective and there exists an optimum intermediate 
size yielding a maximum value of the buoyant heat flux for a given intensity of 
temperature disturbance. 


For a layer of uniform unstable stratification the heat flux increases progressively 
with size of element and there is no theoretical upper limit apart from that set by the 
depth of the unstable layer. 


The distribution, with respect to element size, of the intensity of temperature 
fluctuations impressed by external influences is modified by the effects of buoyancy 
and mixing, and relations are derived between the modified and unmodified distributions. 


I. INTRODUCTION 


It is proposed to examine theoretically the vertical flow of heat which 
results when a layer of fluid is subject to the continual creation of hot elements 
within it. Whenever turbulence occurs in a thermally stratified liquid, the 
action of pressure forces which are dissociated from the temperature fluctuations 
will bring about a state of affairs with elements at rest differing in temperature 
from their surroundings, but these differences have not normally been allowed for 
in constructing the equations of heat transfer. The problem therefore has quite 
general significance, but it becomes of special importance in meteorology where 
at least two further mechanisms for the creation of ‘‘ hot spots ’’ may be identified. 
The natural surface of the Earth is uneven in its physical properties, and so when 
heated or cooled is subject to local variations in surface temperature which are 
communicated to the overlying air; the second mechanism occurs when con> 
vective clouds, generated in an unstable layer, penetrate a stable or less unstable 
layer above in which the heat flow requires to be studied. 


The buoyant motions resulting from the creation of hot spots will account 
for a component of heat flux, ',,, whose sense will always be upwards but whose 
magnitude may depend on the thermal stratification of the fluid. The need is 
to express F,, in terms of the stratification, of the size of the heated elements, 
and of the intensity 7 of the impressed+ temperature fluctuations. This 


* Section of Meteorological Physics, C.S.I.R.O., Melbourne. 


+ The word is used to denote fluctuations arising from causes other than the motion or mixing 
of the elements themselves. 


HEAT TRANSFER FROM IMPRESSED FLUCTUATIONS 203 


problem will here be treated for a layer in which the temperature gradient and 
the intensity 7) and frequency of impressed fluctuations (ie. the number 
appearing per unit height per unit time) are constant with height and time. 


II. BASIS OF THE TREATMENT 

A formulation has been given earlier (Priestley and Swinbank 1947), but 
it is possible to treat in greater detail by invoking the model which may most 
suitably be described as the open parcel. This differs from the closed parcel, 
which has hitherto been used in studies of convection and turbulent transfer, 
in that as it moves it is subject to continuous mixing with its environment. 
The equations for the vertical motion w and excess temperature 7’ of an open. 
parcel moving through an environment at rest at temperature 7, are (Priestley 
1953) 


w= ar BG eee (1) 
ar 
T= —wo( a +8) LRU ee a ae (2) 


where g and I have their usual significance and k, and k, are the mixing rates. 
The latter are constant for an individual element but vary, in constant proportion 
to each other, from one element to another, taking relatively large values for 
the small and small for the large elements, and so are used in effect to identify 
the size of parcel under consideration. 

T’ may be eliminated from (1) and (2) and, assuming 7”/T, is small, the: 
equation of motion of the individual parcel is derived as 


3 : iT 
10-+(Ity+-Ieg)00 + Fab +he| Lae ee (3) 


an equation with constant coefficients whose solutions are readily obtained. 
We shall consider first a population of elements all of a given size (given k, 
and k,) but starting from rest at different levels with temperature excess 7), 
and derive expressions for the resulting heat flux #, and r.m.s. temperature 
fluctuations o, at a fixed level in terms of k,, k2, and T). The properties of 
these expressions will then be discussed, with particular reference to their 
dependence on k, and ky. This will amount in essence to a discussion of the: 
manner in which the size-distribution functions for /,, and o, are related to each: 
other and to the corresponding function for the impressed temperature fluctua 


tions La: 
Ill. SoLUTION OF THE PROBLEM 
When 
OL, 
Al - +0) ‘DUG ay MEPL ae (4) 


that is, when the lapse rate is sufficiently unstable and the element sufficiently” 
large, the motion is absolutely buoyant (Priestley 1953) and both the w and T” 
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of the individual element ultimately increase exponentially with time. This 
case will not be considered in this section, but. it will be referred to in 
Section IV (0). 

When 


mee) Uk 0 ee (5) 


the motion of the individual elements is always bounded, and there are two 
principal types of motion to consider. Writing 


g oT, (ky —k.)? | 
we nl ae +0) ae (6) 


then, when the expression inside the modulus is positive, the solution of (3) 
which satisfies the initial conditions w=0, T’=T) is of the oscillatory form 


w= Ae-Hi tht gin Uh, oo cece cece cee esc eeeeees (7) 
whence 
aia aa sin pt-+p cos ut). seen (8) 


where A=(g/p)(T,/T,). When the expression inside the modulus of (6) is 
negative, the solution satisfying the same initial conditions is 


w=AeKh ee ginh ub, «00d. bee eee eee eee ees (9) 
LOA k,—k 

a 0 i | Seay 

T, is ( 5 sinh pt-+u cosh ut) mene K 20) 


with A as before. This is of the asymptotic form. 


In deriving the statistical quantities F,, and o? at a fixed reference level 2,, 
it is recognized that elements of a given size will all be subject to the same motion 
but will reach z, at different stages thereof through having started from different 
levels z. The contribution to the heat flux is 


4 
e¢, Xaverage value of wI", 


the average being taken over all values of 2%, weighted according to their. 
probability. The a priori probability of ¢) is uniform since conditions, including 
the frequency of impressed temperature fluctuations, are supposed constant 
with height, but the recognition that the element has reached the level 2, affects 
the a posteriori probability of z; some values are excluded because of the 
bounded nature of the motion ; others, when solutions (7) and (8) apply, must 
be counted » times where wZ”’ is an n-valued function of z,—%. Since, given 
the lapse and mixing rates, w and J’ depend solely on the difference 2, —2p, 
it is mathematically equivalent to keep 2 fixed and vary 2,, so that the average 


wT’ may be written 
| wT'ds | [os 
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where the integrals are taken over the complete path of an individual element. 


In this way, and in a similar way for o2, is finally derived 


PP (ce) co 
—= ww | rae | [ee tea aah Aecens he opens (11) 
eC» 0 0 


p= | jo | rar] | Pri die ata es. (12) 
0 0 


where w and T’ are as in (7)-(10) and the integral is over the lifetime of the 
element. 


and 


The evaluation of the expressions (11) and (12) is straightforward though 
laborious, and the following results are obtained. In the case of asymptotic 
motion (solutions (9) and (10)), 


2k, 

Py 29 Ee 

ca SG ar, re eer ae epee (13) 
Tee +E) thks +20h Hh) 

eT) tee tet 

o2, a ieee é a Tee a ee (14) 

7A a) +hyk, +2(ky hy)? 
whence also 
Is ae 2k, 
eee Tq aT, uae She eae < tte (15) 
£( Oz = )+ 1 a+2 1 


In the case of oscillatory motion (solutions (7) and (8)), the expressions on the 
right of (13) and (14) must be multiplied by the factor 


coth “Ese feoth (ky -he)t 

4u 4 
and the relation (15) continues to hold. 

In discussing the results it will be convenient to define a function jf, in the 
relation between heat flux F',, and impressed temperature fluctuations by 


Py _ 

Pep 
where f, contains the dependence on lapse rate and, through k, and k,, on element 
size ; similarly the relation between heat flux and r.m.s. temperature fluctuations 
at the same level may be described by the function f, defined by 

Fy 


g 
eta 


riety 
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Of these two functions, the greater practical interest attaches to fo, Since it is 
possible to measure both o2 and the total heat flux, of which F',, is a component, 
whereas i is not easily measurable. There is, however, some interest in the 
quantity V f/f. which is equal to 7/7 and so represents the factor by which 
the impressed temperature fluctuations are reduced when records of temperature 
are taken at a fixed level. 

The discussion will deal separately with stable and unstable stratifications, 


Xr — | ‘al F) a. )? ¢0)a 1s. ew) eines Se 82 elle ( 6) 


there need be no confusion through use of the modulus. It will then be seen 
that both the criteria for the solutions and the values of Af, and Af, appertaining 
thereto depend only on the ratios k,/ko, k,/A, and k,/A. The results may therefore 
be presented in completeness by diagrams in which the dimensionless quantities 


Af. and Vf,/f, are displayed as functions of k,/k, (=®) and k,/A (=8). 


IV. SIGNIFICANCE OF THE RESULTS 
(a) Stably Stratified Medium 
Although either asymptotic or oscillatory motion can occur at stable 
lapse rates, the form of (15) and hence of f, is independent of the mode of motion 
occurring. With the notation adopted, (15) becomes 


266 
ieeosepey ccc 


Tsopleths of Af,, a8 a function of 8 and €, are shown in Figure 1. 
The most significant feature is marked by the broken line, whose equation is 


Mfo= 


along which Af, attains its maximum values. As stated in Section II, the 
ratio @ between the mixing rates for momentum and sensible heat is to be 
regarded as independent of the size of element, and as determined by factors not 
here under consideration. Special interest attaches to the case in which these 
mixing rates are equal, B=1, when from the above 


1g (aL 
B=w=> <4 ( =e +r) Caen (19) 


is derived as the condition for maximum heat flux. 


The interpretation of this result is that, at a given stable lapse rate, there 
exists an optimum size of element which is most efficient for the buoyant transport 
of heat, both very large and very small elements being relatively inefficient in 
this respect. The smallest elements are inefficient on account of their rapid rate 
of mixing and consequent short life; k, and k, are large and the term in 
exp {—4(k,-+k,)t} dominates the solutions (7)-(10), whichever pair is applicable. 
The reason for the inefficiency of very large elements, to which the oscillatory 
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solution applies, is that the damping becomes zero so that the motion approaches 
the simple harmonic with large amplitudes for both w and 7’, but the phase 
difference approaches z/2 and little heat flux results. 


It is of interest to remark that, for solutions of the type under discussion, 
the vanishing of the mean product wT’ while the motion remains finite requires 
both that the phase difference of the periodic part shall be x/2 and that the 
damping be negligible. For k,=k, the first condition is satisfied for elements 
of all sizes, the second only for the largest ones. 


o-O1 
0-01 oO 1 


Fig. 1.—Isopleths of Af, in stable lapse rates. 


For the optimum size of element, or mixing rate, given by (19), (15) takes 
the value 


which represents therefore an upper limit to the heat flux due to buoyancy, 
given o, and the temperature gradient. It may in practice prove a generous 
upper limit, since only a small fraction of elements may be close to the optimum 


size. 
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Reference to some actual magnitudes observed in the atmosphere is 
instructive. Fairly strong stable stratification at a height of 1m above ground 
-may be represented by @7',/d2+T =25 x10-4 °C/em, for which the optimum k 
from (19) is given as 1/20 sec. Representative values of o; observed under 
these conditions over a uniform site at Edithvale, Victoria, are 0-2 °C, whence 
the upper limit to the heat flux due to buoyancy is about 1 mW/cm?. This is 
of the order of magnitude of the total downwards heat flux under such conditions, 
with winds of 1-2 m/sec, as measured by Swinbank (1952). 

For a layer above convection cloud, into which that cloud might penetrate, 
we might take @7,/d2 +I =10-* °C/em, whence the optimum k would be 1/5 min-}. 
With oc, of about 0-5 °C (Byers and Braham 1949), the upper limit of F, would 
be about 100 times the above. There is therefore the possibility of a considerable 
upward flow of heat through statically stable layers in the free atmosphere. 


Fig. 2.—Isopleths of the reduction factor for temperature fluctuations 
o,/T,’. (a) Stable lapse rates, (b) unstable lapse rates. 


The values of the reduction factor Vf iif. are shown in Figure 2 (a) as a 
function of @ and €. When the mixing rates are equal (8=1) the factor is 
approximately 4 for elements of all sizes. For the larger elements the factor 
remains $ except when the mixing rate for momentum greatly exceeds that for 
temperature, while for smaller elements the variation of /f,/f, with k,/k, iss. 
more regular, the two ratios increasing or decreasing in sympathy. 


(b) Unstably Stratified Medium 


When (07,,/02+T) is negative, the reduction factor Vf,/f, takes the same 
value as before for the smaller elements, and there is little significant change 
in this value until the limit is reached at which (14) ceases to apply. This is 
given by k,k,=—(g/T,)(0T,/02+T). The function is shown in Figure 2 (b), 
the limit being indicated by the broken line.* 


* This and the preceding result indicate that, under conditions of practical importance, 
the simple relation o,;=47,’ will be widely valid. 
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The function f,, which represents the variation of F',/6%,, is now 


f et 2BE 

So yde Sa aiats (piel cy a 
As with stable lapse rates the smallest elements (& large) can transport little 
heat, but f, increases progressively with size of element until k,=A/4/ 8 at which 
the element becomes absolutely buoyant, when the relation ceases to apply. 
f. is still finite at this point. The elements will not, however, necessarily be 
confined to sizes below this critical value. Beyond it, the solutions for w and T’ 
ultimately increase exponentially with time, and the present considerations 
provide no upper limit to the heat flux which might develop. 


The heat flux will not in practice be unlimited since superadiabatic conditions 
occur only in layers of limited depth, with consequent restriction of a different 
type on the development of w and 7’. In the layer close to a heated surface 
further restrictions reside in the motion-inhibiting presence of the boundary and 
consequent curvature of the temperature profile ; the problem of heat transfer 
in this layer is discussed in a paper published concurrently with this (Priestley 
1954). 
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DEVIATIONS FROM MATTHIESSEN’S RULE FOR COLD-DRAWN 
WIRES 


By G. J. Ocrtvie* and W. K. CLoTHIERt 
[Manuscript received October 7, 1953] 


Summary 


An A.C. bridge method of high accuracy has been developed to measure deviations 
from Matthiessen’s rule. Deviations have been shown to exist in cold-drawn wires 
of copper, aluminium, bronze, and 80/20 brass. 


I. INTRODUCTION 

In a recent investigation (Boas and Nicholas 1953) it was found that the 
slope Ap/AT of the resistivity v. temperature curves of cold-drawn wires was 
smaller by a few per cent. than that of annealed wires in the cases of 75/25 
brass and an aluminium bronze. However, for six other metals and alloys the 
difference in slope was within the limits of experimental accuracy. The purpose 
of the present work was to check the previous results for brass and aluminium 
bronze and to find out whether pure metals observe Matthiessen’s rule strictly, 
or also show a change in Ap/AT on cold-drawing. 

Boas and Nicholas measured the resistances of their wires using a Kelvin 
double bridge, the wires being immersed one at a time and individually measured 
in melting ice and liquid oxygen. In the present experiments an A.C. bridge 
method was used which offers the advantage of high sensitivity and elimination 
of errors due to thermo-e.m.f.’s. The high sensitivity available enabled the 
use of small measuring currents, thus avoiding errors due to temperature rise 
in the wires being measured. Moreover, both wires were immersed together in 
the same bath ensuring that their temperature was almost the same and were 
measured almost simultaneously so that errors in the measurement of the 
temperature of the bath are not critical. 


Il. EXPERIMENTAL ~ 
(a) Preparation of Specimens 

The materials used (conductivity copper, 80/20 brass, and an aluminium 
bronze) and their compositions were the same as those used in the previous 
experiments. They were originally in the form of factory annealed wires of 
approximately 4 mm diameter and were given the following heat treatment prior 
to drawing. The copper wires were annealed in vacuo at 600 °C for 1 hr. The 
80/20 brass wire was sealed in coal gas at atmospheric pressure, the aluminium 
bronze specimens were sealed in coal gas at approximately 1mm Hg; they 
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were annealed at 600 °C for 1 hr. The wires were then drawn on a power draw 
bench at room temperature. The drawing speed was maintained as constant 
as possible at about 4} ft/min. A specimen was taken from each wire, one-half 
of which was left in the cold-drawn condition and placed in a refrigerator, while 
the other half was annealed under the same conditions as those given for the 
primary material. 


It was found that the diameter of a wire could increase from beginning to 
end by more than 1 per cent. if only short lengths (2 or 3 ft) were drawn. Since 
most of the change occurred in the first 8 ft of the wire no specimens were taken 
from the first 12 ft of wire to pass through the die. The cause of these diameter 
variations is not completely understood. It seems likely that heating of the 
die and the consequent changes in the properties of the lubricant used could 
account for most of the diameter variation. Along the specimen length (approxi- 
mately 60 cm) the diameter variation was less than 3 x10-$ in. 


Fig. 1.—A.C. bridge circuit for resistance measurements. 


(b) Apparatus 

The resistance measurements were made by an A.C. bridge method similar 
to that used by Broom and Clothier (1952). The circuit is shown in Figure 1. 
Current at 50 c/s is supplied from the variable auto-transformer 7, and isolating 
transformer 7’, to the specimens S, and S, and also to the primaries of the current 
transformer OT and variable mutual inductor M. The secondary current of CT 
flows through a low value four-terminal resistor 2, the potential terminals of 
which are connected to a Thomson-Varley potential divider P. The settings 
of P and M are adjusted until the detector indicates balance. The balance 
detector comprises a tuned step-up transformer T;, tuned amplifier A and - 
cathode-ray oscillograph CRO. 

The specimen resistance is given in terms of the ratio of CT, the value of R, 
and the setting of P at balance. The value of M is very small and it does not 
enter significantly into the determination of Rf. Relative values of specimen 
resistance are given directly by the relative settings of P. The measuring 
current in all cases was 0:4 A. Several different values for R were used in the 
course of the measurements, the value selected being one which ensured adequate 
reading accuracy on P for the particular specimen pair under test. 
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Since the resistance of a wire is altered when it is stressed, the comparison 
of resistivities to the required accuracy is only possible if the wire is not heavily 
loaded. Moreover, owing to the dimensional changes that occur in the specimen 
and its support between the upper and lower extremes of temperature used in 
the test, special precautions must be taken to avoid movement of the contacts 
relative to the specimen. ‘Therefore, the usual type of specimen holder, in 
which the wire is held straight in tension and then two knife-edges brought into 
contact with it, is not satisfactory. 

The specimen holder used consisted of a number of ‘‘ Perspex ’’ plates held 
parallel by a brass channel. Each plate was drilled with holes, the centres of 
which were collinear. These holes constrained the specimen wires to lie in a 
straight line. The knife-edges were supported by the specimen wires themselves ; 
they were formed from U-shaped loops of 20 gauge piano wire, one end being 
set in a small “ Perspex ”? block which was grooved to hold the specimen wire. 
The arrangement is shown in Figure 2. A small manipulator was used to place 


"PERSPEX "BLOCK @PECIMEN WIRE 


CF KNIFE-EDGE 


20 GAUGE PIANO WIRE 


Fig. 2.—Knife-edge assembly. 


the knife-edges on the wire so that the least possible bending and surface damage 
was caused. The separation between the knife-edges, which were about 15 em 
apart, was measured with a cathetometer which could be read to 0-001 cm. 
The wires were connected in series using a bridging piece at one end. Thex. 
specimen assembly was sufficiently small to fit comfortably into a medium size 
parallel-sided Dewar flask which served as a constant temperature bath for the 
measurements at low temperature. The measurements were carried out at 
room temperature and at liquid oxygen temperature. 


The temperature at which the measurements were made was not of prime 
importance, but it was necessary that the temperatures of the specimen wires 
be equal to high precision (better than 0-01 °C). To achieve this in the water- 
bath at room temperature efficient stirring was necessary. Preliminary 
measurements established that the conductivity of tap water was not high enough 
to interfere with the electrical measurements. As a precaution, however, 
distilled water was used. The experiments were performed in a constant 
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temperature room and, since the bath was large and at the same temperature 
as the surrounding air, temperature drifts were extremely slow. 


The low temperature bath was liquid oxygen. It was necessary to leave the 
specimen assembly in the bath for at least 10 min before measurements were 
started to ensure temperature equilibrium. In addition, all metal parts of the 
specimen assembly had to be completely covered by the liquid oxygen, otherwise 
irregular temperature changes caused variations in the resistance of the wires. 
Under these conditions the temperature difference between the wires was very 
small. This was shown by stirring the bath and finding that, with two identical 
wires in the holder, the ratio of the resistances remained constant. The observed 
change in resistance of each wire would have been accounted for by a fall in 
temperature of approximately 0-1 °C. 

As a check, the resistances were frequently remeasured at room temperature 
after the specimens had been in the liquid air bath, and then again in the low 
temperature bath. After correcting for temperature changes in the room 
temperature bath it was found that the resistance of the wires, after immersion 
in liquid oxygen, changed by less than 0-02 per cent. 

On removing the specimen assembly from the room temperature bath, 
prior to immersion into liquid oxygen, it was passed through two successive 
alcohol baths and then dried in an air stream. It was necessary to ensure that 
no water was left under the knife edges, since the presence of ice can cause 
trouble by lifting the knife-edges out of contact with the wire. For the same 
reason it was found necessary to avoid icing of the contacts in transferring the 
specimen assembly from the liquid oxygen bath to the water-bath. Failure to 
observe this precaution caused large changes in the measured resistance of the 
wires, due, it is believed, to displacement of the contacts. In order to avoid 
temperature changes in the room temperature bath, the specimen assembly 
was brought nearly to the correct temperature in an intermediate water-bath 
before placing it in the room temperature bath for measurement. 

After the completion of the electrical tests the portion of the specimen 
between the potential points was cut out and its ends were squared. It was 
weighed and its length was measured whilst held straight in a glass capillary 
tube. 


III. RESULTS 


The experimental results are summarized in Table 1, which also gives the 
results of Boas and Nicholas for comparison. The deviations from Matthiessen’s 
rule found in the present work lie within the rather large limits of error of the 
previous experiments. Further, such deviations have now been shown to exist 
in copper. The specimens investigated all showed ‘“ negative” deviations 
from Matthiessen’s rule, that is, (Ape/A7)p is less than (Ap/AT),. Absolute 
values of the resistivity can be calculated only if the cross sections of the wires 
are known. In uniform wires of small diameter the most accurate method of 
determining cross section is to measure the mass and length of the wires. This 
method requires a knowledge of the density. As this information is not available 
to the necessary precision, the products of the resistivity and the density are 
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tabulated. In the determination of relative resistivity it is assumed that the 
densities of the deformed and annealed wires forming a specimen pair are the 
same. 


TABLE 1 


SUMMARY OF RESULTS 


1 2 3 Lo 5 | 6* | 7 | 8 
| bs | 
| | beer oe -1| 100 
(exd)x10-5| — | (Ap/AT) 
Dia- | Logar- |(exd)x10-* at Liquid | 
Metal State meter | ithmic at Room | Oxygen | 
(in.) Strain Temp. | Temp. Present | Boas and 
Work Nicholas 
80/20 | Deformed | 0-0359 3°19 5-632 4-101 —0-02+0-04 
Brass | Annealed aS 5 4-721 3-190 | 
Deformed 3 5 5-631 4-100 —0-06+0-04'—0-06+0-66 
Annealed | PP PA 4-721 3:189 
Alu- | Deformed | 00-0159 4-97 11°275 9-806 —2-2 +0-04 
minium| Annealed ‘ $9 8-639 7-137 
bronze | Deformed | 0-0285 3°81 11-238 9-766 —1-7 +0-04 
Annealed 3 Ft 8-654 7-156 —1-98+1-69 
Deformed 3 = 11-238 9-755 —1-:9 +6-04 
Annealed A Bis 8-654 7-142 
Deformed | 0-0403 3°11 Isttos 9-677 —1-:7 +0-04 
Annealed A rr 8-607 7-104 
Copper | Deformed | 0-0179 3°93 1-5559 0-3096 —0-29+0-04 
Annealed 5 PS 1-5107 0: 2608 
Deformed | 0-0201 3°70 1-5543 0: 3076 —0-29+0:04 
Annealed 5 Ap 1-5112 0-2607 
Deformed | 0-0253 3°24 1-5472 0-3052 —0:19+0-04) 0:02+0-30 
Annealed op A 1-5046 0- 2602 
Deformed | 0-032 TT 1-5428 0-3033 —0-22+0-04 
Annealed a3 36 1-5019 0: 2595 
Deformed | 0: 0403 2°31 1-5436 0- 3009 —0-12+0-04 
Annealed 2 55 1-5038 0: 2597 


* The values for the product of the resistivity and the density, ep xd, given in columns 5 
and 6 have been rounded off after calculating column 7. 


In the table o is the mass resistivity. To convert to volume resistivity 
thermal expansion must be allowed for. Precise figures are not available, but 
it is clear that 

(Ap/AT)p 
ai =—1/ x 100 
(agit da | 
is not appreciably altered in the cases of copper and aluminium bronze. For 
80/20 brass, however, the deviation will be opposite in sign. 
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IV. HRRors 
- The known sources of error are as follows. 


(i) Uncertainty in the Length of Specimen between the Potential Knife-edges.— 
It was required that the wire be unstrained when resistance measurements were 
being made. On the other hand, to determine the specimen length accurately 
with a cathetometer, it was necessary that the wire be straight. In the specimen 
holder, the wire was held very nearly straight. However, for several of the 
wires the residual irregularities were sufficient to cause errors of about 2 in 104. 

(ii) Uncertainties in Temperature-—Preliminary measurements established 
that there could be a temperature difference of about 0-1 °C between the liquid 
oxygen bath and the specimen wires, whilst the difference in temperature between 
the wires was considerably less than 0-01 °C. Errors due to temperature 
measurement or to temperature inequality were, therefore, negligible. 

(iii) Errors in Resistance Measurements.—The absolute accuracy of resistance 
measurement was better than 2 in 104; the accuracy of intercomparison of any 
specimen pair was about 3 in 10° and the sensitivity of measurement was such 
that a variation of 1 in 10° could easily be detected. 

(iv) Inhomogeneity of Specimens.—Using a short distance between the 
potential contacts, resistance measurements were made at various positions 
along a few of the specimen wires. Variations of unknown origin were found. 
Although these variations would be important in determining absolute 
resistivities, their effect in this determination of the deviations from Matthiessen’s 
rule is very small. 

(v) The length of the wires was measured to an accuracy of -+-0-005 mm 
in a length of about 15cm. Their weights were determined to +0-00002 g; 
the minimum weight being greater than 0-2 g. 

The overall accuracy is sufficient to give 


(Ap/AT)p _ 
[eemeay 1 x 100, 


the deviation from Matthiessen’s rule, to an accuracy of +0-04. 


V. DISCUSSION . 

The higher accuracy of the present results is due to the improved technique 
of measurement and to the recognition of the serious variation in diameter 
occurring in the first few feet of a drawn wire. This fact sets an important 
limit on the reliability of all previous results and throws doubt on the conclusions 
drawn from them (Rutter and Reekie 1950). 

Two conclusions can be drawn from the present results. Firstly, deviations 
from Matthiessen’s rule have been found with the materials investigated. The 
lower accuracy of their method and not the absence of the effect prevented 
Boas and Nicholas finding significant deviations in copper. Secondly, all the 
deviations are of the same sign, that is, 


(Ap/AT)p _ 
[econ 1 100 
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is negative in all cases, and this difference increases with the extent of 
deformation. This is in agreement with the findings of Boas and Nicholas. .- 


In a recent paper Sondheimer (1950) has pointed out that deviations from 
Matthiessen’s rule can be expected at intermediate temperatures. As his 
calculation holds for monovalent metals only, no comparison of the measured 
values with his calculation has been made. 


Broom (1952) in some experiments on the effect of drawing temperature 
on the electrical resistance of drawn wires assumed the validity of Matthiessen’s 
rule in the calculation of values of Ag/p. The results of the present investigation 
indicate that this assumption was justified to the accuracy given in his results. 
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THE MULTIPLE SCATTERING OF ELECTRONS AND POSITRONS 
By C. B. O. Monur* and L. J. Tasstm* 
[Manuscript received February 9, 1954] 


Summary 

The angular distribution of the single scattering of 33, 121, and 1065 keV electrons 
at small angles in gold is calculated and compared with the distributions given by the 
Born approximation and by the WKB method as used by Moliére. The single scattering 
distribution for 1065 keV electrons is integrated numerically to give mean square 
angles of multiple scattering, and these are compared with the values given by the 
various multiple scattering theories. The results are discussed in conjunction with 
the experimental data for gold and other elements. The discrepancy between theory 
and the recent experiments with beryllium is shown not to be explained by the use of 
the Hartree instead of the Thomas-Fermi field. The difference of the root mean square 
angle for electrons and for positrons is estimated for gold and argon, and its value for 
argon—the only element for which this difference has been measured—is much less 
than the observed value. 


I. INTRODUCTION 
The angular distribution of the scattering of fast electrons and positrons 
at large angles is now fairly well understood (Bartlett and Watson 1940, Massey 
1942, McKinley and Feshbach 1948). The calculations just referred to were 
carried out for an unscreened Coulomb field, and this is justified, since for large 
angles of scattering the effect of screening is small for electrons with energy as 
low as 33 keV for even a heavy element like gold (Mohr and Tassie 1954). 


For small angles of scattering, however, screening of the nucleus by the 
atomic electrons is important. For heavy elements and relativistic energies the 
Born approximation is not likely to give very accurate results. The WKB 
method of determining phase shifts has been used together with a method of 
summing the series of partial waves which should give fairly good results (Moliére 
1947), but certain approximations have been made and it is of interest to assess 
the accuracy of the distributions obtained. This may be done by carrying out 
a detailed phase shift analysis, but particular care has to be taken with the 
summation of the series of partial waves, for it is extremely slowly convergent 
at small angles. 

Experiments on small angle scattering at high energies almost inevitably 
involve multiple scattering, any theory of which must be based to some extent 
on the form of the single scattering distribution. While the multiple scattering 
distribution does not depend critically on the form of the single scattering 
distribution, it involves a “ screening angle ” whose value depends on the form 
of the atomic field. Some of the multiple scattering theories employ an 
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exponentially screened field, others a Thomas-Fermi field, and neither field will 
lie as close to the true field as the Hartree field. The exact single scattering 
distribution for gold is therefore used to compute mean square angles, and 
these are compared with the values given by multiple scattering theories. For 
this reason only those multiple scattering theories are discussed which give 
as first approximation a Gaussian distribution whose mean square angle is given 
by simple analytic formulae. 

Finally the difference in the intensity of single scattering of electrons and 
positrons due to spin—though small at small angles—could give rise to a detect- 
able difference in the width of the respective multiple scattering distributions. 
There is experimental evidence for such a difference, and its magnitude is 
therefore investigated theoretically. 


II. ANALYTIC THEORIES OF MULTIPLE SCATTERING 
The differential cross section for single scattering may be written in the 
form 
1(G)==(27e* cosec* 40 /4-y*-e kh, . os eee eee (1) 


where Z is the atomic number of the scattering atom, v is the velocity of the 
electrons, 
y=(1—6%)-?_ with B=o/e, 


and & is the ratio of the scattering to the relativistic Rutherford scattering. 


The chance of occurrence of a single deviation through an angle between 6 
and 0+d0 is given by 


P(6)=27Ni1(8) sin 0d0 ................ (2) 
=(Rd0/0> for small 0, 


where 
OB NZ eel y at ee ee ee (3) 


N is the number of atoms per c¢.c. of scattering foil, and ¢ is the foil thickness. 


' For sufficiently large ¢ there will be a large number of collisions, resulting 
in an approximately Gaussian distribution with mean square angle given by 


a tee Omax. A 
0? ns. =0?= 62P(O\d0si Se eee eee: (4) 
0 


It is well known that this integral does not converge to a limit as Onax. is 
increased, but Omax, must be appreciably smaller than the root mean cht 
angle if the assumption of a Gaussian distribution is to be justified. An arbitrary 
‘cut-off ” to the integral is therefore adopted. 


In Williams’s (1938) theory of multiple Scattering Onax. is so chosen that 
the chance of a deviation through an angle greater than Omax. is unity, and 
therefore we have ia ; 
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It is also assumed that Coulomb scattering (R=1) holds down to an angle Onan 
below which screening is supposed suddenly to reduce the scattering to Zero, 
so that (4) gives 


Williams : Gem =¢ In (9max./Omin.)- DCO ONO OSD Oe Oe ORO TG (6) 


Onin, is chosen to make the mean square angle for Coulomb scattering with a 
lower cut-off Onin, the same as that for scattering by the PEED 2 field, 
that is, one takes 


“6 i) ee 
| maX-92(1 /63)d 0 — | ™X-2(R/63)40 
0 0 


min. 


where the value taken for & is that given by calculating the single scattering 
by the Thomas-Fermi field using Born’s approximation. This finally gives 


Git 1 66 SOx T12) o Pity Sore ees Ae (7) 


The somewhat more accurate theory of Goudsmit and Saunderson (1940a, 
1940b) gives, for scattering by the Thomas-Fermi field, an approximately 
Gaussian distribution with a width given by (Mott and Massey 1949) 


Goudsmit and Saunderson: 0? ms =@Q In (0-64 Oarrare | Oratnt) eo) Mar snnrtee (8) 


It may be noted that in both theories 6,,,., varies as ¢? In t+-const. for a given Z. 


The theory of Moliére (1948) is based on a value of the screening angle Onin. 
obtained through a calculation of the single scattering by the Thomas-Fermi 
field using the more accurate WKB method, the value being given by 


Ogi SIS ese BZ AST AB )F0 Re Aaavaleerceess ¢ (9) 
where 
=1/ak =1/(0-885a),Z2-1!%k) 
=1/(1218-Z-1'3), 
a being the Thomas-Fermi radius of the atom. The theory then gives 


Moliére : ae =QB/4, 2 6) 6 yp) 0S, 6] 6161. 6 8) 6) ©. © 6 (6) Al Le: 8. Cele im) (10) 
where 
be Ma 1579, 
=? In (Oia (2 -08 Gata ys 


with Omax. a8 previously defined in (5). The appearance of 6/4 instead of 
b/2 in (10) implies taking a value for the upper limit of the integral (4) which 
differs from 6,,x. and corresponds to the width of the multiple scattering peak 
(Bethe 1953). 

The theories all contain an addition to the Gaussian distribution which 
gives the transition to the “ single scattering tail” at large angles, and this 
will slightly alter the width of the multiple scattering peak. We shall for 
simplicity compare the values of 0;m,;, given by the above formulae and those 
obtained directly by numerical integration in (4), using single scattering distribu- 
tions calculated in different ways. Moliére’s theory gives a multiple scattering 
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distribution narrower than the Gaussian, which occurs as the first term in his 
distribution ; and the total distribution may be fitted—up to an angle where 
the intensity is 1/e of the maximum—by a slightly narrower Gaussian corres- 
ponding to a slightly reduced value of B (Hanson ef al. 1951). 


III. CALCULATION OF THE EXAcT SINGLE SCATTERING DISTRIBUTION 
FOR GOLD 
The differential cross section I(0) is given by 
T(O)==\ 7 |?+| g Ps 


with 
2ikf(8) =X{ (+1) (e217 —1) +-U(e2n-1-1 —1)}P,, (cos 9), .. (11) 


and g(8)—essentially a spin term—negligible at small angles compared with 
f(9); where k=2rxymv/h, and the 7 are phase shifts of the various order waves 
which have been calculated accurately for gold (Mohr and Tassie 1954). 

The series (11) is very slowly convergent at small angles, and therefore 
two methods were used for summing it in order to check the accuracy of the 
results. 


Method (a).—The series was summed to the first 30 or 40 terms, and the 
summation over higher values of / was replaced by an integral, the higher P, 
being calculated with high accuracy from the relation 


P, (cos 0)~(0/sin 0)#J,((U+4)0). .......... (12) 
The higher order phases are given with sufficient accuracy by the formula 


MN 1-1 (YF 1/ hed) (Ag (1 +3)/k) + (yZq/ kag) Kg(Ao(l+4)/k), 


where the Hartree field of the atom is fitted as closely as possible by the expression 
(Z,e-4"4+Z,e-")e2/r with Z,+Z,=Z. ..:..... (14) 


For gold the values adopted were Z,=20, Z,=59, 4, =1-3/a, 4 =6/a. It was 
found necessary to take into account values of 1 up to 500. 


The integrand being oscillatory, the values of the integral between successive 
zeros of the integrand were obtained by graphical integration. These values 
constitute a slowly convergent series with alternating signs, the last few terms 
of which were treated by the Euler transformation (Rosser 1951) in order to 
speed the convergence. 


Method (b).—As a check on the accuracy of the previous method, the 
following procedure was used in some cases, though it was found in general to 
be less accurate. 


For large | we may take for Ky in (13) the first term in the asymptotic 
formula, namely, 


Ky (a) ~(1/2a)8e-*, 
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Let us denote the resulting expression for y, by y+). One may fit sin 27, 
by the expression 

2y11(1 —a4l-*) +2 9(1 —al-4) 
and 1—cos 2y, by 


270 (1 spat *) 2i2(1 —Bol-*) +4y H2(1 —B5l-*), 


where «1, %, 81, 82, and 8, are arbitrarily adjusted constants, the fit being good 
down to relatively small values of J. The discrepancy at the lower values of / 
is allowed for in a separate numerical calculation. Substituting these expressions 
for sin 2y, and 1—cos 2y, in (11), replacing the series by an integral, and using 


(12) with 14 replaced by 1, we require to evaluate the integral | e—UJ,(10)al 
0 


for p=4, 0, and —}. The value of this integral is given by a hypergeometric 
series (Watson 1948) which is readily evaluated numerically. 


The results of this calculation are shown by the heavy curves marked H, 
and HE, in Figure 1. Curve #, was obtained using the two-term field (14), 
and H, using a one-term field (72,=79, Z,.=0, Aq —3/d)) which does not fit the 
Hartree field for gold so well but which was used as a check on the sensitivity 
of the results to the precise form of the field. Curve H,, for 1065 keV electrons, 
was obtained by using method (a) with the phases calculated accurately for the 
Hartree field of mercury by Gunnersen (1952). 

The undulations in the curves occur near those angles at which either the 
real or the imaginary part of f(9) passes through a zero, and appear to have a 
real existence. Recent calculations by Hoerni and Ibers (1953) for 40 keV 
electrons in uranium are found to give a curve of F& v. § which has undulations 
very similar to those in curves #, and E, for 33 keV electrons. 


TV. CoMPARISON OF SINGLE SCATTERING DISTRIBUTIONS FOR GOLD 
For comparison, Figure 1 shows curves obtained using the Born approxi- 
mation, according to which one has 


co 


40) —(8n%mjne) | V (sin Kr/Kr)r’dr, ..-...+-- (15) 


0 


where 
K =2k sin 40. 


We insert the form of the potential energy V for the one-term field 
V =(yZe2e-™ |r) + (Z2ete-24"/2me*r*), 


where the second term is a relativistic spin term which contributes appreciably 
to the scattering only at large angles and has little effect at the angles considered 
here. Spin terms which have an even smaller effect have been omitted from V. 
An elementary integration then leads to the result 


R={(K2/2+K2) +9(Z/137) artan (K/2A) sin $0}... . (16) 


The required modification to the formula for the two-term field is obvious. 
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The curves so obtained for the one- and two-term fields are labelled By 
and B, respectively in Figure 1. As the second term in brackets in (16) is 


Au 
33 KEV 
10 (ka, =50) 


e 
‘B 


oe) 
np 


121 KEV 
(ka, =100) 


0 0 
Bb o 


RATIO R TO RELATIVISTIC RUTHERFORD SCATTERING 
ie} 
nN 


1065 KEV 
(ka, = 400) 


° 4° 2° 3° ” 4° 
ANGLE OF SCATTERING 
Fig. 1.—Angular distribution of single scattering of electrons in gold. Curves 
B, and B, were calculated using the Born approximation with the one-term 
and two-term potential fields respectively, together with the spin correction 
term in Z?. Curve M was calculated from the formulae (9.1) and (9.3) given 
by Moliére for application to multiple scattering, and M’ obtained using 
Moliére’s more accurate formula (8.6). Curves Ey, E,, and Ey, were calculated 
using the exact theory in the present paper with the one-term and two-term 
fields and the Hartree field of mercury respectively. 


almost negligible compared with the first term at the angles with which we are 
concerned, the value of R is practically a function of k sin $0 only, and this 
Suggests that the sets of curves obtained on the different approximations be 
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plotted on a scale of 0 which is inversely proportional to the value of k. When 
this is done the Born curves at the different energies are almost identical. 


Moliére obtains a single scattering distribution, using the WKB method 
together with a three-term representation of the Thomas-Fermi field, for the 
limiting cases of Z7/1378—0 (Born approximation) and Z/1376—0o (classical 
approximation). Then, with the aid of an asymptotic formula he produces his 
empirical interpolation formula (8.6), which gives # for all values of 7/1378. 
This leads to the curves labelled M’ in Figure 1. For application to the theory 
of multiple scattering he characterizes the single scattering distribution by a 
single parameter, the “screening angle’? Onin—given by his equation (9.3) 
(our equation (9)), which implies a single scattering distribution given, somewhat 
less accurately than by his formula (8.6), by his formula (9.1), namely, 


FeO 10 ant) 02)24 Sa eet (17) 


From this formula are derived the curves marked M. This formula, while more 
accurate than the first term of (15), has the same form and significance, since 
K=—=k6 for small angles, and A~k0 nin, by a simple application of the uncertainty 
principle. Onin, is the minimum detectable deflection for a field of range 1/, 
and hence for a particle of angular momentum kh/27A. 

The Born approximation (15) is based on the assumption that the phase 
shifts are all small compared with unity, whereas in Moliére’s application of the 
WKB method this assumption is not made. For a heavy element like gold a 
large number of the phases are of the order of unity. One therefore finds that 
the Moliére curves M and M’ lie closer to the ‘“‘ exact” curves FH than do the 
Born curves B. The supposedly more accurate Moliere curve M’, however, 
falls further and further below the true values of R as the angle increases. This 
is not surprising, since Moliére’s value of R approaches 1 always from below, 
whereas the true value of R becomes greater than 1 for electrons as 0 increases 
(Bartlett and Watson 1940). Furthermore the Moliére theory gives the same 
angular distribution for positrons as for electrons, whereas the value of R for 
positrons is, at the larger angles where screening is less important, less than that 
for electrons (Massey 1942). The curve M is a better fit than the curve M’ 
except at the very lowest angles, but it is given by a less accurate formula, so 
that the closeness of fit is to some degree fortuitous. 

As the energy increases the various approximations should improve in 
accuracy, and one sees that the various theoretical curves for a given energy 
do approach each other more and more closely with increasing energy. 

Finally, the degree of sensitivity of the scattering to the form of the atomic 
field is shown by the difference between the curves E, and £,, and between 
B, and B,. 


V. MEAN SquaRE ANGLE OF MULTIPLE SCATTERING IN GOLD 
The values of 0,ms for 1065 keV electrons predicted by the multiple 
scattering theories discussed in Section II (formulae (6), (8), (10)) are compared in 
Figure 2 (curves W, G&S, M,,) with the values obtained by direct numerical 
integration of the exact single scattering distribution, using (4) (curve EF). Also 
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included in the figure are values obtained by numerical integration of the single 
scattering distributions given by the Born approximation with the two-term 
field (curve B), and by the Moliére theory (curve M,). In the latter case the 
curve M in Figure 1 (given by (17)) is used, as it is this—and not the curve M’— 
which is given by the use of the screening angle 0,jn, involved in the multiple 
scattering theory. 


Au 
1065 KEV 


° O-0O1 0-02 0-03 0°04 


1/2 (cm?) 


Fig. 2.—Multiple scattering of 1065 keV electrons in gold. Ourves W, G&S, and M 1 
were obtained directly from the formulae for Or.m.s, given by Williams, Goudsmit and 
Saunderson, and Moliére respectively (formulae (6), (8), and (10) of the present paper). ~ 
Curves #, B, and M, were obtained by numerical integration of the single scattering 
distribution given by exact calculation, by the Born approximation with two-term field, 
and by Moliére’s formula (9.1) respectively (formulae (11), (16), and (17) of the present 


paper). 


The Born and the Williams values of 0, lie above, and the Moliére values 
below, the exact values. This is to be expected since the Born and Moliére 
single scattering distributions lie respectively above and mostly below the exact 
distribution. Comparison of formulae (6) and (8) shows that the Goudsmit 
and Saunderson values of 0; lie below the Williams values by an absolute 
amount which increases with the thickness t, but by a fractional amount which 
decreases with increasing t. 
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The Moliére curve M, lies closest to the exact curve as is to be expected, 
since it is based on the direct use of the single scattering distribution which lies 
closest to the exact distribution. The curve M, is based virtually on the use of the 
same single scattering distribution, and therefore coincides with curve M, 
over a fair range. The increasing separation of the curves M, and M, at layer 
thicknesses arises partly from the fact that a different value of Oax. is involved 
in the two cases. Thus one finds that at t!=0-025, a change Of only. 10) Unac 
in the upper limit of the integral (4) alters 6-ms. by 10 per cent. The agreement 
is good, however, up to 0;ms.=20°, by which time the actual path length is 
appreciably greater than the thickness ¢, and energy loss is appreciable, so that 
the simple formulae no longer apply. The arbitrariness in the choice of 9max. 
cannot be avoided since some scatters will always occur at still larger angles, 
and in fact the distribution is not accurately Gaussian. The Moliére theory 
gives the form of the complete distribution, with which comparison should be 
made in any experimental investigation. 

For 121 keV electrons the various single scattering distributions in Figure 1 
lie further apart than for 1065 keV electrons, and—as one would therefore 
expect—the values of O;ms, 0M the various theories show larger percentage 
differences amongst themselves than at 1065 keV. Also the exact curve for 
6,m.s, is found to lie close to the Williams curve and well above the Moliére curve. 
No practical significance, however, can be attached to results calculated for 
energies as low as 121 keV, since the thicknesses of foil for which values OL Geena 
less than 30° occur are so small that too few collisions would occur for multiple 
scattering theory to be applicable. 

The experiments of Oleson, Chao, and Crane (1941) at 6 MeV, and those of 
Kulchitsky and Latyshev (1942) at 2 -25 MeV give, for heavy elements, values 
of 6,ms, less than the Williams values by 10-15 per cent. Using (6) and (10) 
one finds that at these energies and for the values of 0,m.s, concerned, the Moliere 
value of 0,;ms. is less than the Williams value by about the same percentage. 
This result indicates that, at these higher energies and for heavy elements, there 
is fairly good agreement with the Molitre theory. This conclusion is also 
supported by the more recent experiments of Hanson et al. (1951) on the scattering 
of 15-7 MeV electrons in gold. 


VI. MuLTIeLe SCATTERING IN LIGHT AND INTERMEDIATE ELEMENTS 

Let us now consider light and intermediate elements. Firstly there are the 
fairly recent experiments on beryllium, carried out by Hanson et al. (1951) with 
15-7 MeV electrons. The observed values of 0;ms, are less than Moliére’s by 
3-7 per cent., and the discrepancy is thought to be possibly due to the use of 
the Fermi field, which would not be very accurate for as light an atom as 
beryllium. 

The sensitivity of the scattering to the field was put to the test, not by the 
lengthy and tedious phase shift analysis, but by the approximate methods which 
should be fairly accurate for light elements at this high energy. In any case the 
methods should give accurately the difference in the scattering due to a small 
difference in the field. 
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As a first step the single scattering distribution was calculated in the 
following ways : 

(a) using the Born approximation result (16) modified for a two-term 
field fitted to the Hartree field for beryllium, 

(b>) using the Born approximation result (16) modified for a three-term 
field fitted to the Thomas-Fermi field, 

(c) using Moliere’s formula ((17) above), based on the WKB method and 
the Thomas-Fermi field. 


RATIO R TO RELATIVISTIC 
RUTHERFORD SCATTERING 


i 1 1 


fo) o-1° O-2° 
ANGLE OF SCATTERING 


Fig. 3.—Angular distribution of single scattering of 15-7 MeV electrons in 

beryllium. Curves B(F’) and B(H) were calculated using the Born approxima- 

tion with the Fermi and Hartree fields respectively, and curve M(F) using 
Moliére’s formula based on the WKB method and the Fermi field. 


The three curves so obtained are shown in Figure 3. The differences between 
them are much less than the difference between the curves marked B, and M 
in Figure 1 for 1065 keV electrons in gold. One therefore expects fairly small 
differences in the values of 6,.,., obtained from them; the more so since the 
effect of the Moliére curve lying below the Born curves at the smallest angles 
is largely offset by its lying above at the larger angles. 


These single scattering curves were then integrated numerically, using (4), 
to give values of 0, 5. for the two thicknesses of foil used in the experiment. 
The results are given in Table 1. ea 


Using in place of the Fermi field the more accurate Hartree field thus makes 
a difference in 0.1m, of only 4 per cent. with the Born approximation, and about 
the same difference should occur with the WKB method as used in the Moliére 
theory. The discrepancy of 3-7 per cent. between theory and experiment can 
therefore hardly be attributed to the use of the less accurate Fermi field. 


Experiments on carbon with 3-11 MeV electrons by Oleson, Chao, and 
Crane (1941) give values of 0,,,, less than the Williams values by 10-15 per cent. 
About the same percentage difference is found between the Williams and Moliére 
values, on substitution in (6) and (10). The results for carbon are therefore 
in fair agreement with the Moliére theory. 
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Values obtained for elements of intermediate Z by Oleson, Chao, and Crane 
(1941) and by Kulchitsky and Latyshev (1942) are in fair agreement with the 
Goudsmit and Saunderson values, and substitution in (8) and (10) shows these 
to be higher by several per cent. than the Moliére values. Taking into account 
the higher terms of the Moliére multiple scattering distribution narrows it and 
merely increases the discrepancy. Theory thus lacks agreement with experiment 
over the whole range of Z. 


TABLE, 1 


VALUES OF 0; ms. FOR 15:7 MeV ELECTRONS IN BERYLLIUM, OBTAINED BY 
NUMERICAL INTEGRATION OF THE SINGLE SCATTERING DISTRIBUTION 


Born Approxn. | Born Approxn. | WKB (Moliére) 
Thickness with with with 
(mg/cm?) Fermi Field Hartree Field | Fermi Field 
257 2-18° Paou lap 2-14° 
495 3-02° 3-01° 2-97" 


The Moliére theory is based on a more accurate treatment of the single 
scattering problem than the other theories, and might therefore be expected to 
give more nearly correct results for multiple scattering. Any discrepancies 
would be most likely for heavy elements, as suggested by the calculations in 
this paper; but the experiments indicate better agreement with Moliére for 
heavy than for intermediate elements. Further experiments thus seem desirable. 


VII. DIFFERENCE OF MEAN SQUARE ANGLE FOR ELECTRONS AND POSITRONS 

There is a difference—which increases with Z—in the single scattering of 
electrons and positrons at large angles, due to electron spin ; though the difference 
tends to zero as the angle tends to zero. One may therefore expect a difference 
in the value of 6,... for electrons and positrons, though it is not obvious how 
large it will be. None of the multiple scattering theories gives a difference, and 
it must therefore be obtained by numerically evaluating the integral (4) for 
6,ms, using separate single scattering distributions for electrons and positrons. 

(i) Gold.—Using the phase shifts given by Gunnersen (1952) for 1070 keV 
positrons in mercury, the single scattering distribution was calculated and found 
to diverge appreciably from the corresponding curve for electrons as the angle 
increased from 5 to 10°. Then, using (4), it was found that, for foil thicknesses 
giving values of 0,m.s. less than 2°, the difference between 6,ms. for electrons 
and positrons was less than 2 per cent. ; as 6,.ms, increased to 10° the difference 
increased to about 6 per cent., where it remained for further increase in 0,.m<.- 

Calculations were also carried out at 121 keV, making approximate estimates 
of the phases for positrons. It was found that for thicknesses giving 4 9,.m5. 
greater than 10°, the difference between 0, .. for electrons and positrons was 
from 2-3 per cent. 
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The experimental results of McDonell (1953) on the scattering of 1 MeV 
electrons and positrons are consistent with a difference in 6,5, but its magnitude 
cannot be obtained accurately, since multiple scattering was involved only as a 
correction to single scattering observations at large angles. 


(ii) Argon.—Estimates were made for argon, since Groetzinger, Humphrey, 
and Ribe (1951) report a difference of about 10 per cent. in the value of 0... 
for electrons and positrons over the range 0-3-2 MeV, the corresponding values 
of 0.ms. varying from 10° to 3°. 


For argon, «=Z/137 is sufficiently small to allow one to use for small angles 
the approximate single scattering formula (McKinley and Feshbach 1948) 


R=1—8? sin? 40+708 sin $6 (1—sin }6), ........ (18) 


with « positive for electrons and negative for positrons. 


For an energy of 1 MeV, which is near the middle of the experimental range, 
the observed value of 43° for 0;.m.s, is calculated from (5), (6), and (7) to correspond 
to Omax.=3°. From (18) the difference in R for electrons and positrons for an 
angle of 3° is 2 per cent. A similar calculation at the high and the low energy 
ends of the experimental range gives differences of 1 and 3 per cent. respectively 
in Rk. The value of the integrand in (4) at the upper limit of the integral differs 
for electrons and positrons by the percentages mentioned, and the differences 
will be less over the lower part of the range of integration, and hence less for the 
value of 0,m<5.- 


Furthermore the formula (18) is for scattering by a Coulomb field, and at 
the angles in question screening will reduce the difference in R, and hence in 
§;m.s. for electrons and positrons. The difference can hardly exceed 2 per cent. 
in any part of the experimental range of energies, but the observed difference is 
10 per cent. Further experiments with other elements are clearly desirable in 
order to clarify the situation. 
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RECENT STUDIES OF CHROMOSPHERIC SPICULES 
By J. H. Rusa* and W. O. ROBERTS* 
[Manuscript recewed January 15, 1954] 


Summary 

Five spicule film sequences taken on different dates in Ha were studied. Maximum 
heights of spicules ranged downward from 20,000km. Lifetimes ranged from the 
film limit of 0-3 min to about 30min. Distributions of maximum heights and lifetimes 
indicated the occurrence of numerous small, short-lived spicules that were not resolved 
in these films. The mean upward velocity of the larger spicules was 31 km/sec, with a 
broad distribution. The absence of evidence of gravitational deceleration, together 
with a correlation between individual velocities and maximum heights above the 
chromosphere, suggests a modified interpretation of the spicule process. The data 
yield a tentative upper limit to the number of spicules on the entire Sun of 2-2 x 104. 


I. INTRODUCTION 
During the past 10 years, chromospheric spicules have gained steadily in 
interest and significance. They are involved in theories of the structure and 
conditions in the chromosphere, and of the transport of material and kinetic 
energy into the corona; they are probably related to the granular turbulence 
structure of the photosphere ; and they even suggest a connexion with the 
origins of M-region storms. 


Observers of eclipses have noted the profusion of spikes and filaments that 
emanate from the upper chromosphere. On the basis of such observations, 
Menzel (1931) suggested that the chromosphere may be composed entirely of 
such structures. Roberts’s discovery in 1943 that the spicules could be observed 
with the Lyot-type coronagraph attracted renewed interest to the subject. 
Roberts’s earlier papers (Roberts 1945 ; Roberts et al. 1949) on spicules have 
reported the results of preliminary studies. 


Hedeman (1949) has reported a study of very small prominences within the 
size range of spicules. Mohler (1951) obtained heights and numbers of spicules 
from eclipse observations. Dizer (1952) has reported an investigation of 
equatorial spicules ; he finds systematic differences in the behaviour of spicules 
associated with quiet or agitated regions of the chromosphere. 

Thomas (1948) called attention to the significance of spicules to the 
theoretical interpretation of the chromosphere. His theory sought to explain 
the broadened line profiles and the high temperatures found for the chromo- 
sphere by Redman (1942), which agreed with the density gradients of Wildt 
(1947), in terms of mechanical transport of energy from the photosphere to the 


* High Altitude Observatory of Harvard University and University of Colorado, Boulder 
Colorado, U.S.A. 
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atmosphere of the Sun. He developed a theoretical mechanism of such transport 
in the form of supersonic jets, which he assumed correspond to the spicules. 
Recently doubts were raised by Woolley and Allen (1950) as to the existence of a 
high chromospheric temperature. Redman (1953), however, found from 1952 
eclipse data a new value of 17,000 °K. The evidence for a high temperature 
has been reinforced by the recent findings by Athay et al. (1953), Dimock et al. 
(1953), and others from High Altitude Observatory spectra of the 1952 eclipse. 
From studies of free-bound emission in the Balmer continuum, they have 
obtained a strong height gradient of temperature, leading to values of the order 
of 25,000 °K or more in the upper chromosphere. 

The identification of the photospheric granules with turbulent cells in the 
convection layer inevitably suggests the possibility that the spicules originate 
in this turbulence and may even be projections through the chromosphere of 
individual granule cells. We believe that the research reported here strengthens 
the hypothesis of such a direct relation between spicules and granules, though 
it by no means disposes of all the difficulties. The bases for this statement will 
be developed in detail in our conclusions. 

Allen (1944) suggested that the white-light Parone streamers, rotating with 
the Sun, are the agents of the periodic M-region storms. The authors and others 
(Roberts, Grenchik, and Billings 1953; Rush and Roberts 1953), following up 
this suggestion, have proposed the hypothesis that such coronal streamers are 
neutral beams of ionized material ejected in the spicules and focused by the 
interactions of the magnetic fields of sunspot groups with each other, or with a 
general solar field. 

We undertook the present research to develop as detailed as possible an 
understanding of the behaviour of spicules from available observations, and 
particularly to evaluate more accurately their numbers, dimensions, and 
velocities—the parameters that bear most significantly on the questions of 
material and energy transport. Our results generally confirm those already 
reported. Certain inconsistencies with other work are noted. 


II. OBSERVATIONAL MATERIAL 

Five 35-mm film sequences exhibiting spicule activity were studied. Table 1 
lists the pertinent data for these films. All were exposed on Eastman 103-H« 
film in the 5-in. coronagraph at Climax, through a birefringent filter having a 
half-width of approximately 4 A, centred on Hx. About 90° of the limb was 
included in the picture frame. Exposure times were approximately 2 sec. 

These five films are the best that were obtained before the end of the detailed 
reduction program. Preliminary studies of films Nos. 1 and 3 have been reported 
by Roberts et al. (1949). Nos. 4 and 5 are distinctly superior to the first three, 
because of their higher time-resolution and much richer spicule activity. Whether 
the latter effect is due to better seeing or actually greater spicule abundance is 
uncertain. 

Reductions of these films were carried out by a computations group at the 
Massachusetts Institute of Technology. The quantitative data were derived 


from measurements on a Mann comparator of spicule positions and displacements. 
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III. RESULTS 
(a) General Remarks 

Because of the richness, homogeneity, and superior time resolution of films 
Nos. 4 and 5, we have drawn our conclusions largely from them. Several factors 
tended to introduce spurious latitude dependences into the spicule distributions. 
We do not exclude the possibility of real correlations between spicule 
characteristics and latitude ; but the present data have not afforded means of 
distinguishing any such real dependence from the spurious effects that we know 
are present. We have therefore assumed that the fairly homogeneous 
characteristics of the spicules within the middle segment of about 50° of the 
limb in our pictures are an acceptable sample of phenomena which provisionally 
we assume to be uniformly distributed over the entire Sun—at least in regions 
free of sunspot activity. The results that follow are derived from this central 
segment of the pictures. 


TABLE | 
SUMMARY OF SPICULE FILMS 
Latitude | | Interval 
Film at Middle | Duration | between No. of 
No. | Date : of Picture | (min) | Exposures Spicules 
(+=North) | (sec) Observed 
il 12.xi1.43 +78° 235 60 361 
2 28.xii.43 G6" “sl 67 20 126 
3 21. ii.46 +842 | 122 20 | 207 
4 | 29. 1.49 —86° 50 10 458 
5 2.vii.49 | 88° 42 10 443 
| 


We wish to emphasize that the spicules observed for this study are faint 
objects, compared with the usual quiescent prominence. They completely 
surmount the chromosphere proper. With the exposures used in this work, 
the chromosphere itself appears as an overexposed luminous band with a rather 
irregular upper edge. Many of the photographs of spicules taken by others and 
compared with ours appear to have been taken at somewhat shorter exposures, 
and thus refer to levels probably lower in the chromosphere. 


~. 


(b) Time and Space Distribution of Spicules 

Analysis of the position angles and beginning times of the spicules of film 
No. 4 showed no significant tendency to occur in non-random groups either in 
time or in space, except the dubious latitude distribution already mentioned. 
A similar analysis of the distribution of the non-radial spicules only, in film 
No. 5, showed no non-random tendency. 

The density and uniformity of distribution of spicules over the Sun are 
of fundamental interest. The five films that have been reduced in detail cover 
only the polar zones ; but other films in our files show spicules at low latitudes. 
Hansen and other observers at Climax (unpublished data) have reported occasions 
when the entire limb in Ha was “ bristling ’’ with spicules. Mohler (1951) has 
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reported on the profusion of spicules appearing in white light from pole to equator 
in Marriott’s 1930 eclipse photographs. Dizer (1952) has reported a study of 
equatorial spicules in Lyot’s films. R.B. Dunn has communicated unpublished 
observations of spicules over wide ranges of latitude. Yet we have seen quiet 
regions of the limb in Ha photographs that were entirely free of spicules, even 
though the definition of the limb and adjacent prominence detail appeared 
adequate for the detection of spicules ; and Roberts is of the opinion, based on 
visual observation, that spicules tend to be most uniform in behaviour—simple, 
radial, and undisturbed-looking—in large regions centred roughly on the poles. 

On the basis of all available evidence, we believe it is reasonable to conclude 
that spicules occur at one time or another over the entire chromosphere ; but 
the available evidence does not seem sufficient to establish whether or not they 
are active continuously over the entire Sun. 

In examining some good copies of Swarthmore College and Lick Observatory 
eclipse plates,* we noted that in several instances spicules appeared superimposed 
on the white-light coronal arches. In each such case the spicules departed from 
the radial direction and were aligned tangent to the contours of the arches. 


If it be assumed that the distribution of spicules we observed in the vicinity 
of the pole is uniform over the entire Sun, then an upper limit to the number of 
spicules on the Sun at a given time can be determined, as Mohler (1951) has 
demonstrated. The method is to assign to each spicule an area of the chromosphere 
equal to the square of the mean distance observed between spicules at the limb. 
In each of our films Nos. 4 and 5, an average of 42 spicules per radian were on the 
limb in the region of interest at a given time. The result, on this basis, for the 
entire Sun is 2-2 x10* spicules. 

An independent check of spicule numbers was made on the flash spectrum 
of the 1952 eclipse. Spicules appeared clearly in Ha at a height of 6300 km 
above the photosphere, over an arc of the east limb centred at about latitude 65°. 
The spicule count over the middle 45° of this are was 46 per radian. 

This procedure assumes that all of the observed spicules are actually on the 
limb. Since they must be distributed in the line of sight, the actual number on 
the Sun is substantially less than the above result. A rough estimate of the actual 
distribution, based on the argument developed later (Section III (d)), suggests 
that 5000 is a reasonable number. In appraising this result, it must be kept in 
mind that the visibility of small spicules is very sensitive to seeing conditions 
and other factors. 


(c) Size and Brightness of Spicules 
The reduction programme included a qualitative estimate of the relative size 
and brightness of each spicule. The size so estimated was a composite of 
maximum height and breadth, an index of the apparent bulk of the spicule. No 
significant correlation was found between size and brightness. 


* Through the courtesy of Dr. Donald H. Menzel of Harvard College Observatory. 
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The actual diameters of spicules are quite uncertain because of their diffuse 
boundaries and the limited resolution in the photographs. For the great 
majority of spicules, a typical diameter at the chromosphere of the order of 
2000 km is indicated. 


(d) Heights of Spicules 
The maximum heights reached by spicules were difficult to determine, 
because of the faintness of the tip of the spicule, uncertainty in locating the 
level of the chromosphere, and inconsistencies caused by variations in seeing. 
Because of such difficulties, it was impracticable to determine the heights of 
the great majority of spicules, those less than two or three thousand km in 
height above the photosphere. 


20 


—o—_ OBSERVED DISTRIBUTION 
— —— — CORRECTED DISTRIBUTION 


N (% OF TOTAL) 


HEIGHT (103 KM) 


Fig. 1.—Distribution of heights above the chromosphere of 263 
spicules. 


The distribution of observed heights from films Nos. 4 and 5 is shown in 
Figure 1. Probably the distribution is influenced significantly by observational 
selection in the reduction process ; the heights of only one-fourth of the spicules 
were measured, and the decision whether to try to measure a spicule or omit 
it was necessarily somewhat arbitrary. It appears virtually certain that the 
decline of the curve below 5000 km is due to such selection, and that the distribu- 
tion actually continues upward somewhat as indicated in the figure. This 
distribution is similar to that of lifetimes (Section III (e)); but the data were 
insufficient to determine its form with comparable precision. 


The distribution of spicules in the line of sight obviously affects their 


apparent heights, since they suffer partial obscuration depending on their 
distances from the limb. If a spicule of actual height h is located at an angle « 
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from the limb, its apparent height h* is given with sufficient accuracy by the 
approximation 


lie 
hth, 


where FR is the radius of the limb. Thus the apparent heights h* of a set of 
spicules of a given actual height h are dispersed througout the range from 
0 to h. 

The actual height distribution N(h) may be approximated from the observed. 
distribution N(h*) by a simple geometrical analysis (Appendix I). The dashed. 
curve in Figure 1 is the corrected distribution we obtained in this way from the 
solid curve representing the observed distribution. The value 15,000 km was 
taken as the maximum height H, and computations were based on 1000-km 
ranges from 5000 to Hkm. Evidently the effect of distribution in the line of 
sight does not greatly alter the form of the distribution, which after correction 
still approximates a hyperbola or an exponential. 


N (% OF TOTAL) 


LIFETIME (MIN) 


Fig. 2.—Distribution of lifetimes of 400 spicules from films 
Nos. 4 and 5. Curve: N%=16-6/T—0-7. 


(e) Lifetimes of Spicules 

We define the lifetime 7 of a spicule as the time interval from its first 
appearance to its final disappearance. During this period a typical spicule 
rises vertically at roughly constant velocity from the chromosphere to its 
maximum height ; then it may remain stationary while fading from visibility, 
or it may appear to descend back into the chromosphere at a velocity comparable 
to the upward velocities. 

The frequency distribution of lifetimes for 400 spicules is given in Figure 2. 
The mean lifetime for the range covered in the figure is 3-3min. Similar 
distributions were obtained from films Nos. 1, 2, and 3, yielding an overall mean 
lifetime for all five films of about 3-5 min. These means agree well with Roberts’s 
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(1945) preliminary result of 4-5 min from film No. 1, which included no lifetimes 
less than 1 min. 

The hyperbola (NV %=16-6/7T—0-7) approximates the data much more 
closely than does an exponential. The continuing upward trend of the curve at 
the short-lifetime end indicates that the maximum is to be found below our 
present 0-3-min limit of time resolution, and that large numbers of short-lived 
Spicules must occur below this limit. This result lends some support to the 
view that the chromosphere is composed entirely of radial spikes or filaments. 

The evaluation of 7 is complicated by two important factors. First, the 
spicules seen in profile on the limb presumably are distributed randomly in the 
line of sight ; and no simple theoretical correction to the distribution for obscura- 
tion of spicules by the limb can be applied, because T is a composite of the interval 
during which the spicule is ascending (or descending) and the interval during 
which it is stationary. The former interval is affected by limb obscuration, but 
the latter is not, and the two do not appear to be systematically related. 

As we showed in Section III (d), however, the effect of obscuration by the 
limb is to elevate the height distribution curve by a factor that, qualitatively 
speaking, varies inversely as the height. Only a weak correlation exists between 
heights and total lifetimes of the spicules whose heights were measured ; but 
there is good reason to believe that the correlation would be stronger if the 
heights of all spicules could be measured. The heights of most spicules were 
too small for reliable measurement, and these were predominantly in the short- 
lifetime region. If we assume such a rough overall correlation between spicule 
heights and lifetimes, it is evident that obscuration by the limb of spicules 
distributed along the line of sight will tend to elevate the lifetime distribution 
curve in the same sense as the height curve, so that the short-lived spicules 
appear relatively too numerous. Although this effect cannot be accurately 
evaluated from our data, it is evident that its influence on the distribution of 
lifetimes must be less than on that of heights, and that the effect cannot alter 
the general form of the distribution. 

Second, intervals of bad seeing and possibly other factors prevent a spicule 
from being seen on every frame during its lifetime. Only continuity of position 
and development permits the identification of such an interrupted sequence as a 
Single spicule. Obviously, such interruptions must be particularly effective in 
cutting off observation of a spicule at the beginning and end of its lifetime,.. 
when it is least conspicuous. This loss of terminal frames results in a systematic 
reduction of the observed lifetimes below the true values. 

In this case, the effect on the distribution curve can be estimated from the 
number of frames in which a spicule was not seen, between its first and last 
appearance. The resulting corrections to the observed distribution are small, 
amounting to about 8 per cent. for the most numerous lifetime class. But this 
effect of lost terminal frames upon the actual lifetime distribution curve is in 
the opposite sense to that of obscuration in the line of sight, because it pre- 
ferentially lowers the short-lifetime end of the curve. Lacking a way to evaluate 
the line-of-sight effect, we can only note that these two effects tend to com- 
pensate. We believe that the empirical distribution curve of Figure 2 is a good 


CHROMOSPHERIC SPICULES 237 


approximation to the actual distribution of spicule lifetimes ; and, in particular, 
that the maximum of the distribution is to be found at shorter lifetimes than we 
have resolved. The relatively low value of the last point (7 =0-5 min) may 
mean that we are approaching the maximum ; but it may equally well be ascribed 
to failure to detect some of the very short-lived spicules. 


(f) Velocities of Spicules 
The velocities of some larger spicules were determined from plots of the 
heights measured on successive frames. The results are summarized in Table 2. 
In this summary, only those spicules have been included whose development 
was fairly regular and continuous. Such a spicule typically rose with approxi- 
mately constant velocity and stopped abruptly at its maximum height. In 


TABLE 2 
SUMMARY OF DATA ON ASCENDING VELOCITIES (v,) OF SPICULES 


v, (km/sec) 


Film No. of Mean \ Se as a : ties: x 
No. Typical Lifetime* | 
Spicules (min) Mean | Median | Mode 
1 Ve 11:3 33 30 — 
2 6 7-2 30 | = | a= 
3 15 15-0 | 29 | 32 | 34 
4 35 10°5 30 | 26 28 
5 28 10-8 33 24 | 25 


All 101 1 eal 31 —= — 


* Mean lifetime of those spicules whose entire lifetimes were observed. Note that these 
lifetimes for spicules with measured velocities are substantially longer than the mean lifetimes 
of all spicules on these films. 


view of the many uncertainties and irregularities involved, the agreement 
among the mean velocities derived from the five films is remarkably close. These 
values and the mean of all of the velocities, 31 km/sec, confirm the value of 
30 km/sec estimated by Roberts (1945) in a preliminary study of film No. 1. 
They agree also with the mean of Dizer’s (1952) values of 20 and 40 km/sec for 
equatorial spicules in “ quiet ”’ and “ agitated ”’ regions of the chromosphere. 

It should be noted, however, that the values listed in Table 2 are the means 
of a broad range of individual velocities. The distribution of velocities derived 
from films Nos. 4 and 5 is presented in Figure 3. 

Some spicules exhibited apparent variations in velocity, occasionally 
reaching 200 km/sec, and sometimes stationary phases, before attaining their 
maximum height. In a few cases spicules seemed to ascend in a succession of 
surges. We did not attempt to summarize the velocities with which some 
spicules appeared to descend. These descents sometimes were regular and 
measurable ; more often they were abrupt and irregular, suggesting that an 
apparent descent was actually a progressive loss of visibility. It might be 
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thought that variations in seeing from frame to frame would affect the apparent 
height of a spicule, thus introducing spurious irregularities into its progress ; 
but we found a systematic variation of only about 10 per cent. in height between 
the best and worst seeing. 


The generality of the results in Table 2 is limited also by the fact that 
satisfactory measurements of velocity could be made only on relatively large, 
long-lived spicules. Almost all of these exceeded 5000 km in height, and their 
mean lifetime of 10 min contrasts with a mean of about 3-5 min for all spicules 
that were observed. 


The individual velocities showed no correlation with lifetimes. They were, 
however, correlated with maximum heights by a coefficient of 0-70. This 
relation (Fig. 4) is essentially linear, with its origin approximately at the top 
of the chromosphere. These relations appear to contradict those reported by 
Dizer (1952), who found uniform speeds of ascent and descent, and heights 
directly proportional to lifetimes. The scatter of the data is such that a curve 
originating at the photosphere is not entirely precluded ; but such a curve, to fit 
the data acceptably, would have to be non-linear. 
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Fig. 3.—Distribution of ascending velocities of 59 spicules from films Nos. 4 and 5. 


It is obvious that the correlation between heights and velocities, implying 
that these spicules must rise to maximum height in about 4-5 min, cannot be 
generalized to the large class of spicules whose total lifetimes are less than 4 min. 
Yet we found no basis for attributing the correlation to any preferential selection 
of data. Though the velocity measurements were limited of necessity to a 
class of generally large, long-lived spicules, the range of heights, velocities, and 
total lifetimes within this body of data was great. 

Figure 4 shows no evidence of influence of line-of-sight obscuration on the 
height distribution. The scatter of heights about the visually-located line is. 
essentially random ; the points show no tendency to concentrate in the upper 
portion of the plot, as they would be expected to do if obscuration in the line of 
sight were a dominant factor. It seems probable that the necessity of selecting 
relatively large spicules for velocity measurements insured that most of those 
selected would be situated near the limb, thus practically eliminating the 
complications that would have resulted from an extensive distribution in the 
line of sight. 

IV. THEORETICAL IMPLICATIONS 

One of the most interesting of our results is the finding that the linear 
relation between velocity and height apparently converges to an origin approxi- 
mately at the top of the chromosphere. Ag it does not: appear probable that the 
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jet, which emerges as a spicule, originates at so high a level, the simplest con- 
clusion is that while the spicule is rising through the chromosphere it remains in 
condition to radiate effectively in Ha ; it might be regarded as a moving sample 
of the chromosphere. But, as it rises above the chromosphere, it enters a region 
in which, because of increasing ionization, the radiation from neutral hydrogen 
is rapidly attenuated. The radiation from the rising material should, however, 
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10,000 


HEIGHT (KM) 


TOP OF CHROMOSPHERE 


APPROXIMATE LEVEL OF PHOTOSPHERE 
-7500 


° 20 40 60 80 
VELOCITY (KM/SEC) 


Fig. 4.—Ascending velocities and maximum heights of 61 spicules 
from films Nos. 4 and 5. Slope of curve: Ah/Av=4-5 min. 


require some time to decline to a negligible level, and the height above the 
chromosphere to which it remains visible should then be proportional to its 
velocity, to a first approximation. 

On this interpretation, the observation that a spicule typically rises at 
approximately uniform velocity and then abruptly stops becomes intelligible. 
The interpretation we propose is that the material continues to flow upward 
beyond its visible terminus at a constant velocity during the entire period in 
which the spicule remains apparently stationary. Then, if the velocity decreases, 
the column of material appears to descend; or, if the supply of material 
diminishes, the spicule fades away without appearing to descend. The anomalous 
cases of spicules that appear to rise and fall repeatedly in an irregular series of 
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surges can be explained by assuming corresponding fluctuations in density of 
material or in upward velocity alone. 


This interpretation of a spicule implies that the motion of the jet is essentially 
independent of the gravitational field. Our measurements of spicule heights 
in successive frames indicated that the upward velocity of a typical spicule is 
essentially constant. The fluctuations appeared to be random, with no evidence 
of systematic deceleration. It appears that spicules, like eruptive prominences 
on a larger scale, ascend at approximately constant velocities despite the 
gravitational field. 


Thomas (1948) estimated that the kinetic energy transported by the spicules 
from the photosphere is approximately 2 x 10%? ergs/sec, of which about 10 per 
cent. is dissipated in the chromosphere. This estimate was based on the 
assumption of gravitational motion of the spicule material, which implied an 
initial velocity of about 90 km/sec at the photosphere to project a spicule to a 
typical height of 7500 km above the chromosphere. Our findings, however, 
indicate that the velocities at the photosphere must be substantially the same 
as those observed at the top of the chromosphere. Our mean velocity of 
31 km/sec therefore requires a reduction of Thomas’s estimate of the kinetic 
energy in the spicule system by a factor of 9; but, on our interpretation, all of 
this energy would be available for heating the chromosphere and corona. 


We do not believe, however, that our mean of 31 km/sec for the few velocities 
we measured is representative of all spicules. The relation between height and 
velocity, if it has any validity for the numerous unmeasured small spicules, 
implies that these must have velocities of less than 10 km/sec. At the same 
time, the distribution of lifetimes indicates the existence of many still shorter- 
lived small spicules not yet observed individually. The low energies of these 
small jets may be effectively compensated by their great numbers. We do not 
believe that the new data are necessarily inconsistent with Thomas’s estimate of 


energy transport ; but they raise questions that can be resolved only by further 
research. 


The possibility of a direct relation to the photospheric turbulence granules 
is implicit in any discussion of spicules. The chief obstacle to direct identification 
of the two phenomena is the wide disparity between the mean turbulence 
velocities observed in the granulation and the observed velocities of the larger 
spicules. Yet the relation we have cited between heights and velocities, as well 
as the scarcity of spicules having velocities great enough to measure and the 
large scatter of velocities in this group, all suggest a broad statistical distribution 
of spicule velocities, only a few of which are as great as 30 or even 10 km/sec. 
Similarly, the mean Doppler velocity of the order of 1 km/sec observed in the 
granulation by Richardson and Schwarzschild (1950) and others does not preclude 


a statistical dispersion of velocities such that perhaps one granule in 10,000 
might exceed 10 km/sec. 


Nor does the disparity between the observed numbers of spicules and of 
granules appear to offer any insuperable difficulty. We found a value of the 
order of 104 for the total number of observable spicules on the Sun, under certain 
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dubious assumptions; Mohler (1951), from eclipse plates of extraordinarily 
good definition, found an upper limit of 4 x10°. The number of small granules, 
from observations by Keenan (1938, 1939), Macris (1953), W. A. Miller (personal 
communication), and others, appears to be about 10°. Both the “ grasslike ” 
appearance of the upper chromosphere and the trend of the lifetimes distribution 
argue for the existence of additional small unresolved spicules which may quite 
possibly be more numerous than those we have observed by a factor of 100. 


We believe, therefore, that the evidence at hand supports the hypothesis 
that the quiet-Sun chromosphere—or at least its visible components—is composed 
of radial jets arising from the photospheric turbulence. On this view, each 
convection cell of ascending gas, marked by a bright granule on the photosphere, 
projects a jet beyond the photosphere. The velocities of these jets, derived 
from the underlying turbulence, are distributed statistically over a range of 
perhaps 0-100 km/sec. The uneven top of the chromosphere is defined 
statistically as the region in which the great majority of small, low-velocity 
jets encounter conditions that render them invisible. The positive temperature 
gradient in the chromosphere is maintained, as Thomas (1948) proposed, by the 
dissipation of kinetic energy from the rising jets into the surrounding gas. The 
jets of exceptionally great bulk and velocity, the ‘tail’ of the statistical 
distribution, remain visible to various heights above the general level of the 
majority, and appear individually as spicules. 


‘This hypothesis is admittedly tentative and subject to some unresolved 
difficulties ; but we believe that it fits the observational situation sufficiently 
well to merit intensive study. 
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APPENDIX I 
Effect of Obscuration in the Line of Sight 
In Figure 5, a, b, ¢, d, e represent an arbitrary series of equal ranges Ah 
of actual spicule heights, from the limb Z to the maximum height H above 
the imb. The angles A, B, C, D, E are the successive angular increments from 
the limb over which the curvature of the limb away from the tangent ZL is equal 
to Ah/2, 3Ah/2, 5Ah/2, 7Ah/2, 9Ah/2 respectively. These angles are small 
enough that the reduction of h by foreshortening can be neglected. Also, the 
ratio H/R is sufficiently small that the curvature away from the tangent over 


any angle we are concerned with can be considered constant for all radii from 
Rk to R+4H. 


An observer whose line of sight is parallel to the tangent to the limb L will 
See spicules apparently in range a arising throughout the angular range 
A+B+C0+D-+#E; but it is evident from the figure that this apparent class of 
heights is actually a composite derived from all values of h. Heights actually 
in range a are observed in this range over the angle A ; heights actually in range h. 
are observed as being in range a throughout angle B; those actually in ¢ 
appear in a throughout angle C; and go on. Thus the heights appearing 
in range a actually are derived from all height ranges. The apparent range 
b, however, receives no contribution in angle H; ¢ receives none in angle 
D or E; and so on. It is therefore evident that, if spicule heights are 
randomly distributed over the surface of the Sun, the distribution observed 
in the line of sight will be a distortion of the actual distribution, and will show 
disproportionately large numbers of spicules in the lesser height ranges. 


By examination of the observed distribution curve N (h*), a somewhat 
arbitrary determination may be made of the maximum height that occurs with 
any significant frequency. This height is taken as the maximum actual height 
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H attained by the spicules ; but the correction is not very sensitive to the choice 
of H, because of the relatively small numbers of spicules in this part of the 
distribution. The angles A, B, C, D, E are then computed within which the 
mean height of range e falls in the arbitrary height ranges e, d, c, b, a respectively. 
Since the maximum range e can receive no apparent contributions from the 
lesser ranges, all of the N; spicules appearing in range e are assumed to be located 


LINE OF 
SIGHT = 


\ 
Neo \d Ae ee I 


Fig. 5.—Effect of obscuration by the limb on apparent heights of 
spicules distributed along the line of sight. 


in the angle A, so that V ~=N,. Now, the NV 7 spicules appearing in range d 
include (B/A)N, spicules from actual range e distributed over angle B ; and the 
difference between this term and Nz gives the actual residue N, in angle A. 
Similarly, V, =N,—(B/A)N,—(C/A)N,; andsoon. The numbers ¥,, N,, .... 
of spicules occurring over the same angular range A therefore constitute the 
actual height distribution. 


ON THE CHOICE OF GLASSES FOR CEMENTED ACHROMATIC 
APLANATIC DOUBLETS 


By W. H. STE&EL* 
[Manuscript received November 30, 1953] 


Summary 
It is shown that the types of glass given by tables for thin, low aperture telescope 
objectives of the “ crown leading ” doublet form are also those most suitable for thick, 
high aperture systems. The maximum focal lengths and the tolerances permissible 
in glass properties are given for each aperture, and the variation of these properties is 
considered when the thickness or wavelength of correction is changed, or the objective 
used with prisms. 


I. INTRODUCTION 

Three variables are required to design a cemented doublet telescope objective 
of the Clairaut type, corrected simultaneously for longitudinal chromatic 
aberration, spherical aberration, and coma. If the focal length is fixed, two of 
these variables are provided by the relative powers of the crown and flint com- 
ponents and the bending of the lens as a whole, and the third must be chosen 
from the indices and dispersions of the two glasses used. Existing glass types 
do not provide a continuous variation of these properties, and hence some means 
is required of choosing suitable glass pairs. 


Several investigators have given methods for choosing suitable glasses for 
thin, low aperture objectives. Harting (1898) gives tables for this purpose, 
and Moffitt (1925) and Moffitt and Kaspereit (1925) give a graphical method. 
Very complete tables based on third order aberration theory are given by Brown 
and Smith (1946). 


This paper discusses the glass properties required for objectives of large 
relative apertures for which higher order aberrations become appreciable and 
thick components must be used. The ‘“ crown leading ”’ case only is considered;. 
as this has the smaller contact curvature. 


A series of doublets was designed at angular Semi-apertures from 0 up to 
0-15 by trigonometrical methods : a pair of indices was chosen for the crown and 
flint components and the spherical aberration and coma corrected by ray traces. 
The most suitable form of the lens thus having been found for each aperture, 
the relative dispersions of the two glasses necessary for chromatic correction 
were calculated. The residual secondary aberrations were also calculated and 
expressed as the maximum scale (maximum focal length) to which the objective 
could be made without exceeding aberration tolerances. 


* Division of Physics, C.S8.1.R.0., University Grounds, Sydney. 
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Two pairs of glasses were initially studied in detail, chosen to represent the 
two extremes of refractive index difference within the range of glasses commonly 
used for doublets. It was found that the variations of relative dispersion and 
maximum focal length with aperture were practically the same in both cases, and 
further calculations with an intermediate pair of glasses at an angular semi- 
aperture of 0-15 confirmed this observation. Hence it may be assumed that 
the results of this investigation should apply to any glass pair whose properties 
lie between those of the two pairs investigated. 


As variations of the thickness of each component could disturb the results, 
the thicknesses were chosen to be a constant fraction of the lens aperture. 
However, it was found that quite considerable variations from this standard 
thickness had very little effect on the choice of glass. Other effects considered 
were a change of the wavelength at which the spherical aberration was corrected, 
the results of under- or over-correction of the aberrations, and the tolerable 
variations of the relative dispersions at each aperture. 


II. METHOD OF CALCULATION 


The Brown and Smith (1946) tables give, in terms of the indices of the two 
glasses, the curvatures of the surfaces and the required relation between the glass 
dispersions for chromatic correction. This is given as N=(v,+-v,)/(v,—yv,), 
where v, and y, are the Abbe values for the crown and flint components 
respectively. In this paper it is found more convenient to use the variable 


pyesice! 
vy, N-1 


For lenses of finite aperture, the third order aberrations should not be 
corrected completely but should be used to balance the aberrations of higher 
orders. If these higher order aberrations are assumed to be predominantly 
of the fifth order the best image is obtained when the ray aberrations are corrected 
at the apertures given by Maréchal (1947), namely, the spherical aberration 
at the margin and the coma at V1-2 times the marginal aperture. It was found 
to be more convenient to trace an extra ray at this V1-2 aperture than to balance 
the marginal and primary coma using the rays traced to find the spherical 
aberration. For each pair of indices chosen, the coma was made zero by bending 
the lens, and then the relative powers of the two components were adjusted 
until the spherical aberration was also zero. 


To correct the lens for longitudinal chromatic aberration, the ratio 0 of 
the two v values was calculated by equating to zero Conrady’s (1904) formula 
for chromatic path differences 


See ea Sn ateek ees (1) 


where d’ and D’ are the thicknesses of each component along the axis and along 
the ray and dn is the index difference between the wavelengths at which the 
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primary aberration is corrected. If the C and F rays are brought to the same 
focus, it follows that 

(m—A)(d’ =D"), 

aes (nq—1),(@’ =D"), 


where the suffices a and b refer to the crown and flint components respectively. 

This equation was used as recommended by Conrady for a marginal ray. 
However, for angular semi-apertures greater than 0-1, the longitudinal chromatic 
aberration was found to be corrected somewhat inside the 1 /V2 zone. If 
equation (2) is applied instead to the ray at the V1-2 aperture used to calculate 
the coma, the aperture at which the chromatic aberration is zero is very close to 
the 1/V/2 zone, but the change in 9 is unimportant. 


III. RESULTS 

The first pair of glasses studied had refractive indices n,=1-5056, 
n,=1-6557, that is, a borosilicate or phosphate crown with extra dense flint ; 
and the second the indices n,—1-5778, n,=1-6267, that is, medium barium 
crown and dense flint. 

(a) Dispersion Ratio 

The changes in e necessary to achieve achromatism at various apertures 
are shown in Figure 1 for these two glass pairs. Although the curvatures of 
the surfaces and the relative powers of the two components change considerably 
with aperture, the variation of o is very small and is almost the same in both 
cases. 

These curves have been calculated for the standard thickness of one-tenth 
the aperture for the edge thickness of the crown and the centre thickness of the 
flint components, and for spherical aberration and coma corrected for the e ray 
(A=5461 A). When other conditions were to be satisfied, the following effects 
were noted. 


(i) Thickness Change.—If the standard thickness is increased to 0-15 times 
the aperture for both components, the change of o is negligible, being less than 
0-001. However, a slightly larger change is found if the thickness of one 
component only is altered : the crown thickness remaining constant, an increase 
of the flint thickness from 0-1 to 0-15 of the aperture decreases 9 by 0-003. 


(ii) Change of Wavelength of Correction.—If it is desired to correct the 
spherical aberration and coma for a wavelength x different from 5461 A, the 
change required in 9 may be found with sufficient accuracy from the equation 

all 
So~P,,° Se ce een ee ene eee (3) 


Vp 


where P,, is the relative partial dispersion between the e ray and the new @ ray, 


N,— MN, 


hp — NG 


It is sufficient to take an average value of P,, for all glasses. 
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If the aberrations are corrected for the d line, 


Pz. —0-238 and Se =—0-007, pair i 
=—0-004, pair IT. 


When the Brown and Smith tables are used with refractive indices corresponding 
to a wavelength other than that of the d ray, a similar correction must be applied 
to pe, this time taking the partial dispersion from the d line for which these tables 
are calculated. 


p=ValVp 


GLASS PAIR I 
GLASS PAIR Il 


° 0-05 O10 O15 
SEMI - APERTURE (SIN Uijn) 


Fig. 1.—The variation of relative dispersion with aperture. Full 
curves—fully corrected objective; broken curves—objective 
corrected for use with a prism, (a) of HC glass, (b) of LF glass. 


(b) Maximum Focal Length 
At each aperture, the scale to which the objective may be made and hence 
the permissible focal length is limited by the tolerances for the residual aberra- 
tions. The aberrations that are important and their tolerances are as follows. 


(i) Zonal Spherical Aberration.—This was found by calculating XW,, 
the fourth order path difference for the marginal aperture. Its tolerance is 62. 


(ii) Zonal Coma.—This was calculated as the “ offence against the sine 
condition ’’ for the marginal ray. The tolerance for this is 0-53A/h’ sin Wes 
(Maréchal 1947), the field size h’ being chosen so that the astigmatism and field 
curvature at the edge of the field were equal to one-half their combined tolerance. 
It was found that zonal coma was negligible in comparison with the other 
aberrations and it has therefore not been.included in Table 1. 


248 Ww. H. STEEL 


(iii) Secondary Chromatic Aberration.—This was calculated as the difference 
between the marginal optical path for e rays and that for C or F rays, these 
latter rays having the same path length if the primary aberration is corrected. 
Conrady (1929) gives the tolerance for secondary chromatic aberration as 17 
times the focal range tolerance, that is, 54/8 in terms of path difference. 


(iv) Spherochromatic Aberration.—This was calculated as XH,,—XE, the 
difference between the marginal and paraxial path differences for C and F rays. 
Conrady (1923) gives a tolerance of 2A for this difference. 


When each of these aberrations is equal to its tolerance, the maximum focal 
lengths obtained are given in Table 1, the case of coma being omitted. The 
value in column (v) is the maximum focal length when all aberrations are taken 


TABLE 1 
FOCAL LENGTHS AT WHICH SECONDARY ABERRATIONS ARE EQUAL TO TOLERANCE 


(i) Zonal spherical aberration, (iii) secondary colour, (iv) spherochromatic aberration, (v) all 
aberrations considered 


Semi- | Maximum Focal Length 
aperture | (mm) ; 

me se ree eee —_ — : : Ls oe 

, Glass Pair I Glass Pair II 
Sin oF | E Bhs 
(1) (ili) Gr is AV (i) (iii) (207) ev) 

0-025 | 10° 2200 19° 2200 10° 2300 10° 2300 
0-050 | 10° 540 6000 | 540 | 10° 590 4000 590 
0-075 104 240 1200 230 | 10 260. 910 | 250 
0-100 1500 140 410 130 | 1500 150 290 / 130 
0-125 420 88 170 Altai |’ 430 95 12054 71 
0-150 150 60 86 a7 | 150 65 62 | 45 


into account, all being assumed independent. At the focal length given in 
column (v) the maximum angular semi-field is limited by astigmatism and 
curvature, and, in all cases, a semi-field of about 0-012 radian is found to give the 
mean focus at the edge of the field at a distance of half the focal range tolerance 
from the best focus on the axis. 


It is seen that there are only small differences between the maximum 
permissible focal lengths for the two glass pairs. The zonal spherical aberrations 
are practically identical ; this agrees with Moffitt and Kaspereit’s (1925) findings 
that, provided the index difference between the crown and the flint is greater 
than 0-04, a further increase in index difference has little effect. With regard 
to secondary colour, the glasses of pair I have typical relative partial dispersions 
while pair IL was chosen to give the maximum practical improvement of this 
aberration that is obtainable from tabulated glass lists, yet the improvement 
obtained is very small. The spherochromatic aberration is decreased by an 
increase of index difference but this aberration is generally less serious than the 
secondary colour. 
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(c) Tolerances for Dispersion 
The effects of variations of v, or v, and hence of p from the ideal value given 
in Figure 1 can be considered in two ways. 


(i) If the doublet is kept exactly aplanatic, the chromatic aberration is 
given by 
LH =~yA/2  ) 
or Se Le BSR or eae (4) 
Deh’ ~V?A, 
p 
where l’ is the image distance and 


y) Vp 5 


c, and ¢, being the total curvatures of the two components. For small changes 
in 9 from the ideal value, 


SAD — 


and, from this, tolerances for p can be calculated from the tolerance for the 
chromatic aberration. 


Fig. 2.—The change in spherical aberration due to a change in e: Full 
curves—glass pair I; broken curves—glass pair IT. 


(ii) Alternatively, the lens can be designed to be chromatically corrected 
and the spherical correction allowed to change within the tolerance. The 
variation of spherical aberration with p cannot be expressed simply but Figure 2 
gives the curves found for this relation during the trigonometrical correction of 
the objectives, LA’ /(f’ sin’ U;) being plotted against 5e. From these curves 
the tolerance for 9 can be calculated from the spherical aberration tolerance. 

Ag the latter procedure allows the larger variation of o, it is the method that 
should be used in practice. In Table 2 the permissible variation doe is given for 
each glass pair at its maximum focal length (column (v) of Table 1). For 
other focal lengths So/f’ can be taken as constant. In this table it is seen that 
So varies approximately as the inverse square of the aperture. 

Cc 
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The variation of e in Figure 1 from zero aperture to the highest aperture 
at which a doublet would be used is about 0-005, so it is seen that the same pair 
of glasses could be used at all apertures. 

The strictest tolerance for p of 0:01 corresponds to tolerances dv,=0-4 or 
dv,—0-2 for the dispersions of the two glasses. As most optical glasses are 
supplied to the tolerance v= +0-5, it is only when sm U;, >0-125 that a closer 
specification of dispersion would be necessary. / 


TABLE 2 


TOLERANCES FOR THE RELATIVE DISPERSION voIv,=e0 FOR OBJECTIVES OF MAXIMUM FOCAL LENGTH 


Sin U,, | 0-025 0-050 0-075 0-100 0-125 0-150 

| 

| 
So, pair I gs “| 0-5 0-12 0-07 0-04 0-03 0-02 
pair II oe | 0-3 0-07 0-04 0-03 0-02 0-01 


IV. PARTIAL CORRECTION 
In many applications the doublet objective is not completely corrected 
but is used to correct the aberrations of other components such as eyepieces or 
prisms. In this case a different pair of glasses may be required. 


(i) Chromatic Correction.—If the longitudinal chromatic aberration is not 
corrected completely, the value of p required can be found from equation (4), or 
by equation (5) for small variations from the corrected value. For under-corrected 
chromatic aberrations, where Leh, or LH » 18 positive, a decrease of o is required. 

(ii) Spherical Correction.—The change required in ¢ for a given spherical 
aberration is given in Figure 2. It is seen that under-corrected (positive) 
spherical aberration demands an increase in 9. 

(iii) Prisms.—The most common case of incomplete correction is the use 
of the objective with a prism. This demands an objective under-corrected for 
both spherical and chromatic aberration ; the chromatic effect predominates 
and a decrease in op is required. 

In Figure 1 the broken curves represent the values of 9 required for hard 
crown and light flint prisms of thickness one-fifth the focal length of the objective, 
using the glasses HC519604 and LF578407. e is found to vary linearly with 
prism thickness. =e 

V. CHOICE OF GLASS 

As the variations of p over the range of apertures and thicknesses considered 
are less than the tolerance for 9, the methods of choosing glass for low aperture 
objectives referred to in the introduction can be used directly for any aperture. 
We shall represent the possible glass pairs graphically, using the Brown and 
Smith (1946) tables. 

In Figure 3 the crown region of interest is plotted in terms of n, and y 
and superimposed are the curves for glasses that would form doublets with four 
typical flints, which are taken as Chance LF578407, DF605380, DF623360 
and EDF651336. Each curve is shaded to one side to represent the small 
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increase in 9 with aperture and the curves corresponding to light flint prisms of 
thickness one-fifth the objective focal length are shown. The curves are 
terminated at an index difference of 0-04 between crown and flint to avoid 
high zonal spherical aberrations. 


It is seen that there is no suitable glass for use with light flints. Two: 
glasses lie near the dense flint curves, Schott PSK3 and Chance MBC576594, 


while there is a considerable selection of glasses that can be used with the extra 
dense flint. 


GLASS TYPES 


CHANCE 
PARRA - MANTOIS 


SCHOTT 


Va 


Fig. 3.—Plot of crown glass types suitable for use with the flint glasses: (a) LF578407, 
(b) DF 605380, (c) DF 623360, (d) EDF651336. Broken curves show change in glass type 
when the objective is used with a prism of LF glass. 


In Figure 4 the curves for PSK3 and MBC576594 are shown in the region of 
flint glasses. Both these glasses give close fits to several flints, the former 
throughout the dense flint range and the latter for the top of the dense flints and 
the lower extra dense flints. 


The curves for the two glasses BSC510644 and MBC572577 which are 
commonly used for doublets in combination with extra dense flint and dense 
flint respectively, are shown also in Figure 4. It is seen that these glasses only 
give perfect correction with a high index extra dense flint, n~1-69. But they 
can be combined with the usual flints when the objective is used with thick 
prisms. 


2 
The representative cases studied have shown that the glass properties 
required for cemented doublets which are simultaneously aplanatic and 
achromatic are the same for lenses of any aperture and that the desirable glasses 
may be found from tables calculated for thin objectives of small aperture. 
a d 


ile 
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VI. CONCLUSIONS 


GLASS TYPES 


ap CHANCE 
° PARRA - MANTOIS 
SCHOTT 
BF é 
° 
fe) fe) 
ie) 
b O4—D SS 
° BF = 
ye : = 
+ a 
L2 
fe) 
° 
ai 
™~. 
30 


“60 
el | 
Va 


SS 
Fig. 4.— Plot of flint glass types suitable for use with the crown glasses : (a) PSK3, (6) MBC576594 
(c) MBC572577, (d) BSC510644. 


However, the curvatures of the lens surfaces cannot be found from these tables 
as they vary considerably as the aperture is increased. The greatest change 
occurs in the curvature of the contact surface which decreases at high apertures. 
Tolerances on the glass dispersions have been calculated and at low apertures 
they are very broad. They are more severe, however, at high apertures and 
the more commonly used pairs of glasses do not lie sufficiently close to the ideal 
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values to be suitable. More satisfactory glass types have been indicated ; 
the high order aberrations, however, vary so little between different possible 
combinations that a final choice would probably depend on questions of stability 
and transparency of the glasses. 


If the objective is used with a prism, or if the “ flint in front’ form is 
employed, the difference between the vy values of the two components should 
be reduced, and the common types of crown become the most suitable. 
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ON THE OPTICAL PROPERTIES OF COMPONENTS FOR 
BIREFRINGENT FILTERS 


By R. G. GIovANELLI* and J. T. JEFFERIES* 
[Manuscript received December 11, 1953] 


Summary 
Expressions are derived for the stray light in a birefringent filter caused by polarizers 
producing incomplete polarization and by inexact half-wave plates. It is shown that, 
with suitable orientation of retardation plates, less stray light is obtained with incom- 
plete than with complete polarizers. The asymmetry of the field and the stray light 
arising from incorrect orientation of the crystal axes are also discussed. 


J. INTRODUCTION 
Birefringent filters were first developed by Lyot (1933, 1944) and Ohman 
(1938), the theory being extended later by Billings (1947) and Evans (1949), 
while Billings, Sage, and Draisin (1951) and Dunn (1951) discussed some of the 
practical aspects of their construction. 


A simple element of such a filter consists of a plane parallel birefringent 
plate cut with an axis in the surface and mounted between polarizers whose 
axes bisect those of the crystal. If the plate is of thickness e and birefringence 
¢—w, ¢ and w being the refractive indices, the phase retardation x introduced 
between the ordinary and extraordinary rays of wavelength A is given by 
x=(e—w)e/A, and the transmittance of the element by t=cos?xx or sin?xx 
respectively for parallel or crossed polarizers. Since x is a function of A, the 
element has a sequence of transmission’ bands throughout the spectrum. 


A simple birefringent filter consists of a series of such elements, each having 
twice the retardation of the preceding, so that the filter transmits narrow, widely 
spaced bands (the ‘‘ principal maxima ’’). The field, which is limited by the 
variation in the wavelengths of the principal maxima away from the axis, can 
be extended in various alternative ways suggested by Lyot. In the one most 
frequently used (known as Lyot type 1), the retardation plate is split into halves 
which are separated, with their axes crossed, by an appropriately oriented 
half-wave plate. 

Imperfect components introduce various defects into filter performance. 
Polarizers which do not produce complete polarization change the fraction of 
residual light outside the principal maxima, that is, the “ stray light ’’. Faulty — 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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half-wave plates in Lyot type 1 elements increase the Stray light. Retardation 
plates of incorrect thickness or imperfect optical quality result in changes of 
wavelength of the principal maxima. Incorrect orientation of the components 
with respect to the polarizers increases the stray light, while, if the crystal axes 
of the retardation plates do not lie in their surfaces, the field is modified. We 
discuss these matters in some detail. 


II. INCOMPLETE POLARIZERS 
(a) General 

Although calcite prism polarizers have high transmission and produce 
perfect polarization, at least over a field of several degrees, their disadvantages 
of high cost, bulk, and scarcity have meant that most birefringent filters have 
been constructed with ‘ Polaroid ’’ polarizers. These latter, however, all 
transmit a small amount of light vibrating in a direction at right angles to that 
of the main polarized beam, and so affect the performance of a filter in which 
they are incorporated. In this section we shall investigate the effects resulting 
from this incomplete polarization of ‘‘ Polaroid ’’. 


We shall first digress to describe an experiment whose result is of significance 
in the discussion. 


(b) An Experiment on Retardation in “ Polaroid ”’ 

The behaviour of incomplete polarizers in birefringent filters depends in 
part on any retardation introduced by the polarizer. Let a beam of polarized 
light be incident on a polarizer, then the beam may be resolved into two com- 
ponents respectively parallel and perpendicular to the polarizer axis and trans- 
mitted with unequal absorptions. If there is no phase difference on transmission, 
the two beams will recombine to give plane polarized light while, if there is a 
phase difference, elliptically polarized light will result. This effect has been tested 
on a variety of “ Polaroid ” films by viewing a sodium lamp through a Thomson 
prism, a following ‘‘ Polaroid ’”’ sheet being nearly but not quite crossed with it ; 
the yellow sodium glow may then be seen. On rotating a second Thomson 
prism to examine the light leaving the “ Polaroid ’’, extinction occurs at an 
appropriate orientation, showing that there is no significant phase difference 
between the transmitted rays. Through some of the older types of ‘‘ Polaroid ”’ 
the red filament of the lamp may also be seen, and this disappears at a different 
orientation of the second Thomson prism, confirming that with such ‘‘ Polaroids ”’ 
the ratio of the transmissions respectively parallel and perpendicular to the 
polarizer axis varies with wavelength. 


(c) Transmission through a Birefringent Filter 
Let unpolarized light be incident on a birefringent element the first polarizer 
of which has its axis in direction r (Fig. 1) bisecting the axes.# and y of the 
retardation plate. Neglecting losses by reflection at the various surfaces, the 
vibrations leaving the polarizer may, in virtue of the above, be represented by 
r=T,'a sin ), s=T,4a sin Y, where is the phase, a is the amplitude of the 
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incident vibration, and 7, and 7, the transmittances of the polarizer for light 
vibrating respectively along the r and s directions. Considering firstly only the r 
component incident on the retardation plate, we find that it results in light 
emerging from the plate with 7 and s components given by 


r=T ta cos xx sin (py —7), ee ee (2.1) 
s=+T 3a sin mx cos () —7), 


the sign of s depending on the plane of vibration of the ordinary and extra- 
ordinary rays in the plate. Similarly, the s component from the first polarizer 
gives rise to vibrations leaving the retardation plate 


y=1+T,3a sin xx cos ()—zx), 


s=T,3a cos mx sin (Y —7x). 


On passing through the following polarizer, the r and s amplitudes are multiplied 
by 7,3 and T,} respectively if the polarizers are parallel. 


Fig. 1 


The beam (2.1) is now incident on a second plate of retardation 2x, thickness 
2e. The incident r beam behaves as before, its amplitude on striking the 
retardation plate being T,a cos xx. The incident s ray, given by (2.1), results 
in a pair of transmitted components leaving the retardation plate 


r=—T7T,)a sin nx sin QInx sin ()—xxF2xx), (2.2) 
s=T Ta sin 7x Cos 27x Cos (Y) —tx+F 27x), So ee 


te 


the signs depending on whether the optic axis of the second plate is parallel or at 
right angles to that of the first plate. 


The vibration transmitted through a complete filter is the resultant of the 
component vibrations which traverse the filter in all possible ways. However, 
as T,>T,, terms involving high powers of 7, may be neglected ; these correspond 
to rays which have passed through several polarizers in the s direction. 


Suppose first that all retardation plates are arranged with their optic axes 
parallel, all polarizers also being parallel. Omitting the phase, the ray passing 
through all polarizers in the 7 direction contributes 


al N+Di2eos mx cos 2x. . . Cos 2N—-I gy 
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to the emergent vibration, VN being the number of elements in the filter. Those 
making only one transition r—s-—>r contribute 


N-2 
aT ,N2TS S (cos rx. . . cos 2!—-Inx sin 2! rx sin 2!+1 7x 
1=0 
COD ee cee CON 2) STM). etc en se ees (2.3) 


Those incident and transmitted in the r direction, but traversing two polarizers 
in the s direction, turn out to be negligible and are omitted. The sum of the 
above two contributions is denoted as A,. 


The r contribution due to the incident s component, of random phase with 
respect to A,, is 


A,=aT 27? sin mx cos 27x. . . cos 24-1 7x. 


- The s disturbance due to the ray which has passed through only one polarizer 
(the last) in the s direction, is 


A,=aT ,4/2T,* cos mx cos 2m. . . cos 2N-2rx sin 2N—1rx. 
The transmitted flux is then given by 
pa AG ASE Awa ree tot eA, OG (2.4) 


(d) The Integrated Flux 
For an incident equi-energy spectrum, the transmitted flux is assessed by 
integrating between two successive principal maxima, with the result 


Ty +1¢q2 
ON 


T 
r= F | ral 0], io Cee (2.5) 


powers of 7’, higher than the first being neglected. 


(e) The Flux in a Principal Maximum Band and the Stray Light 

With an ideal filter the transmittance falls from unity at the principal 
maxima, x—n, an integer, to zero where x=n +2-N, between which les a 
principal maximum band. The flux in a principal maximum band, F’,,, is found 
by integrating from x=n—2-% to x=n-+2 —NV, This integral may be evaluated 
approximately by putting cos y=1—a#?/2, sin x—=«, except for the final term of 
argument 2% —17x. 

Neglecting powers of x higher than the second, the term in 7',', which 
will be found of special interest, becomes 


The terms in 7, integrate to a value of the order of 2 —No@?T T,, while the term 
in T,"+1 integrates to 0-89 x2—Na*T," +1, provided N>3. Hence 


T N+? ; a =| 
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The fraction of the flux which lies outside the principal maximum band, namely, 


fag a0 +0-61(72) 498 rey (257) 
i Al 1 


we term stray light. With complete polarization, f,=0-11, a result given 
previously by Evans (1949). 

The lightest available ‘‘ Polaroid ” films have crossed densities of the order 
of 3, that is, T,/T,~10-%. With these, the stray light in a seven-‘ Polaroid ”’ 
filter is 0-137. With a crossed density of four, the stray light is reduced to 
0-117, but, as the transmitted flux varies as 7,‘+1, there is a considerable 
reduction in transmission if the stray light is to be held to this value. 


(f) The Reduction of Stray Light Using Incomplete Polarization 

With a suitable alignment of retardation plates, an important result can be 
obtained, namely, a reduction of stray light below that obtained with perfect 
polarizers. 

From (2.2), it can be seen that a ray passing in the r+s—,r direction through 
two retardation plates with parallel optic axes finishes with a negative amplitude. 
But if the optic axes of the plates are at right angles (i.e. if the retardation of 
one is of opposite sign to that of the other), the amplitude is positive. Suppose 
all polarizers are parallel, but that the optic axis of each plate is perpendicular 
to that of its immediate predecessor, then A, is modified so that the sign of 
expression (2.6) is reversed, and the stray light is given by 


1a Ni ide 
~0-11 ~0-61(72) ANS ee ee 2.8 
f zs rT Chee 


If the element of highest retardation alone is at right angles to the rest, then it 
can be shown that the stray light is given by 


Pais (ele hanes 
f,~0-11—0 39(7?) +Np 


The optimum reduction in stray light is obtained when 


TS 0-093 

T.~ ee eee ee ae (2.9) 
when the stray light is reduced to 

f.=20-11 =—0-09/N2- yee e (2.10) 


Thus even with as many as 10 polarizers, the use of the lightest grade of 
‘‘ Polaroid ” not only provides for high transmission but also yields a sensible 
improvement in stray light over that given by calcite polarizers. 
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(g) The Reduction of Stray Light with Lyot Type 1 Elements 

By tracing the changes in the sign of the vibration on passing through 
Lyot type 1 elements, it is easy to verify that for a reduction in stray light 

(1) consecutive Lyot type 1 elements should be arranged with the optic 
axes of their first components parallel, and 

(2) the first component of a Lyot type 1 element should have its optic axis 
at right angles to that of a preceding or parallel to that of a following simple 
element. 

III. Inexact HALF-WAVE PLATES 
(a) General 

For a Lyot type 1 element using parallel polarizers Evans (1949) has given 

the transmittance in a form reducing to 


+ =cos? rx; +cos? xx, (sin? mx; —sin? 79,), 
where x, is the retardation of the nominal half-wave plate, and 


%j =Xm tXqy 

8; =%m —%qo 
x, and x, being the retardations of the two split plates, which we suppose to 
have equal thicknesses. 


As shown by Evans, the effective retardation of a single plate is 


BT orva2 na 
rani +e (o : = Ale POM GE O0 epee (3.1) 


c 
7 


% being the retardation for axial passage and ¢ and § respectively the angles 
of incidence and the azimuth of the plane of incidence measured from the fast 
axis. Since the axes of the two plates are crossed, a ray at 9, 9 to the first slab 
will enter the second at 9, 0+7/2. 


Then 


and 


oom -3)-E) 


The variation in x; with ¢ normally sets a limit to the field, involving a 
variation in Ay, the wavelength of the principal maximum. If AA,, is not to 
exceed 0-1 of the half-width of the principal band, 


Ax; <2-4/10, 
which when combined with (3.1) yields the maximum value of 9. 


An inexact half-wave plate introduces stray light, which we now discuss. 
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(b) The Integrated Flux 
The flux transmitted by a birefringent filter of N elements, the first J of. 
which are unsplit and the remainder Lyot type 1 elements, is 


P=a*{ cos? Tx COS? 2x... . COS? 24-1 x%.G(2QIrx)G(24 +1mx). . .G(2*—112x)dx, 


where 
G (2% x) =cos? 27x + (sin? 27x —sin? 2767), 
Y =Cos? 1x,, 
and, to a good approximation, 
-#(} ‘) cos 20 
aie ots : 
Provided y is small and varies negligibly over the range of integration, we 


find, as in Section IT, that the flux between two successive principal maxima. 
f;, may be written, for 2Y—18< 1/4, 


ee lat % COS 278% sin ead 
TON as & Ze NG x 

Similarly, with the same approximations, we find the flux in a principal maximum 

band to be given by 


a2 Q 4c—N-A N Hates 
Pu= 55 0:-39-+7 3 9 Ys a sin? 27-18 1x |, 


where 
8  42-N : 
Y= 9 i 3 b) wBéN, 
Yy=l 245. 


The stray light fraction on the axis is thus 


where M—N —J is the number of wide-field elements. 


eC 


As an example consider a six-element filter designed to operate at the 
coronal red and green lines. If provided with mica half-wave plates adjusted 
for the sodium D line, then at the coronal line wavelengths y~0-03. The stray 
light fraction is given in Table 1. 


To investigate off-axis effects, suppose the last two elements split. At 
angles such that sin 2*-187~2t-187, the stray light is 


ro 0-11++y(0-57+0-51 cos 2582x, +0 -28 cos 2®Birx) 
S 1+ (cos 2°87%9+cos 2°87) 


This varies around the field through its dependence on @ and hence on 0, but 
diminishes away from the axis and so imposes no limit to the field. 
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IV. INCORRECT ORIENTATION OF COMPONENTS ABOUT A NORMAL 
TO THE SURFACE 
In an otherwise perfect simple element, let the angle between the first 
polarizer axis r and the fast axis x of the crystal plate be &, the final polarizer 
being at an angle € to x. The first polarizer transmits a vibration r—a sin y, 
the vibration transmitted through the whole element being plane polarized and 
represented by 


a cos € cos C. sin Y+a sin & sin f. sin () —2nx). 
The transmittance of the element is thus 
t=A cos*zx+B sin?xx, 


where A =cos? (€—C) and B=cos? (£+2%). 


TABLE 1 


STRAY LIGHT AT 45303 WITH MICA HALF-WAVE 
PLATES ADJUSTED AT (5890 


Number of Split Stray Light 


Elements | Fraction 
0 | 0-110 
1 | 0-119 
2 | 0-142 
3 | 0-165 
4 | 0-188 
5 | 0-208 
6 | 0-229 


The transmittance of a simple birefringent filter is the product of a set of 

such terms 
+=(A, cos*xx +B, sin?rx)(A, cos?27x +B, sin?27x). . 
(A, cos?2¥ -1nx% +B, sin?24 —17x). 

In practice, the A’s will be almost unity and the B’s small, so that terms involving 
higher powers than B may be neglected. As before, the flux in the whole 
transmission band is obtained by integrating from x—=n to n-+1, yielding 
ee 


1+ 2% 


ae 2N( ail 


where I], =A,A,. . . Ay. 
The flux in a principal maximum band is given by 


; N— 5B 
FP 9-80-45 3 B, 4a—N el 


M—9N 


If the ratio B/A is constant and equal to ¢, 


Ue ue ¢ for NV >3 
Pr= sy +N) 5 Pu=5y 0-89-30 hs ; 
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These results show that if +C—7/2, that is, B=0, the effect is simply to reduce 
the flux uniformly over the whole spectrum ; there is no change in the proportion 
of seattered lght. 

With B/A constant, the stray light fraction is 


2) 
o-sr+(w—2)¢ 
ean fo 


which, for readily achievable orientations and normal numbers of elements, 
approximates to 


y ia 


f;=0°11--N p=0-11 +N(5-2-¢} 


If the errors in orientation £ and 7 are all equal to x (radians) and are of the same 
sign, 
f, S011 FAWN ee es ee (4.1) 


V. MISALIGNMENT OF THE AXES WITH RESPECT TO THE SURFACE 
OF A PLATE 
(a) General Equations 

Here the field size of a simple element is unchanged, as shall be shown, but 
may be displaced with respect to the normal to the surface of the element. 

Following Evans’s (1949) method, consider a plane parallel uniaxial crystal 
of thickness e, whose axes form a coordinate system, the # axis of which is parallel 
to the crystal optic axis. Choose units of time and distance which make the 
velocity of light in vacuo unity. Suppose the crystal surfaces do not lie in a 
plane containing two of the axes, the equations of the surfaces being 


ey eit e. © eaU 5 ON aieeh yee mage ent Ge Be) 
ot By eve eset), ek een nee co cee (5.2) 


where «, 8, and y are the direction cosines of the normals to the surfaces. An 
incident ray has a wave front 


G0 1-bY s+ C2 —F 0) a. ew eee ot es (5.3) 


where a, b, and ¢ are the direction cosines of the ray. 


At the origin, on the first surface, a secondary wavelet spreads into the 
crystal, its equation being that of the ellipsoid 


Chat en ey? ae 8a aoe eee eee se (5.4) 


where ¢, y, and v are the reciprocals of the velocities in the a, y, and z directions, 
that is, the refractive indices. 


A tangent plane to the ellipsoid at 2, y,, 2, is 
. 2, Ca -y 7 evs tO, eee oe (5.5) 
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The condition for this to be a wave front is that the three planes (5.1), (5.3), 
and (5.5) meet along a common line, that is, 


a ¢ = | b C == ; 
PG vag | yy? 22 —2 


from which 
Beal y Gs) Havigy act s-yat),” 2) (5.6) 
¥i=(yn?)-"(Bv224—Bet+ybt). fC (5: 


Substituting these in (5.4) we find 


vey? = 0? — (7G?) 1 (av22, —act +at)® —(y?y?)—1(Bv22, — Bet-+-ybt)?, (5.7) 


whose solution is z,=t.F, where, restricting consideration to small errors in 
alignment, so that « and 8 are small and y~1, 


1/, @ Bb? 2axe 2bBc\* aa Bb 
F= (: C2 1? the 4 aie ) C2 ne 


The time ¢, for the ray to reach the second surface is found by putting «=a, 
Y=Y,, 2—z, In (59.2), 80 


a(yC?) 1 (avt,F — act, +yat,) +B (yy?) (BvtF — et, +-ybt,) + yt, F =e, 


which yields to the first order, 


nao Fe Ete) 


eianae (5.8) 
a® b? axe  2b8c\* 
=ev| 1 te ye re 
The emerging wave front, parallel to (5.3), i 
ax +by +cz—(t—A)=0, 
where 
A=t, —ax,—by, —ce,. 
The distance of the wave from the origin is 
p=t—A =t—t, +a, +by, +¢2. s. BAg (©) fq Lelie ieee) ig ie (5.9) 


For the extraordinary wave, 
C=), ¥j—vVi—e, t, =te. 
For the ordinary wave, 


C= =VE=0, t, =te. 
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Hence we find for the retardation, «=(Pw —Ppe)/A; 


att b Potyaa Fetexac? a2 c 
C—— ‘ (Fata —F gte) B + Cc | ee aa = = (te te) 2 ies i 
AC vf 


Nh yo 
-( ‘o's G ve) , 
w? € Te 


which after some reduction becomes, to the first order, 


Ta tl we i de bRec) 
oat Doe + el? Ge) we ) 


1 =%9} 1 


(b) The Simple Element 
The limit of the field is reached when x—x) reaches the tolerable limit. 
In the perfect element, where «==0, 
X%—X%q OO? a 


Seo ee 
Xp 2we 20? 


which has maxima at b=0 and a=0, if 6?+a?=constant, and is zero when 
b7/07—€/ oO. 


(i) Case 1.—If a=0, (5.10) becomes 


%— xo 6? — B(1—B2)! 
%  2we Oo 


(as a?+b?+¢?=1). 

For a given change in retardation, let b=b, for B=—0, and b=B6 for 840. Then 
bj —B? —26B(1 —B?)!, 

which, for 8<bj, and B small, reduces to 


B—B=+b. 


As the angle which the limiting ray makes with the plane containing the optic 
axis and the normal to the surface is given closely by B —§, the field in the plane 
«—0 is unchanged and symmetrical. 


(ii) Case 2.—If b=0, the corresponding result is 


A —a= +4) —«(w +6). 


The angle which the limiting ray makes with the plane containing the y-axis 
and the normal to the surface is given closely by A —wa, so that the field in the 
plane y=0 is unchanged in size but asymmetrical by an amount «(@ +e) 


(c) Lyot Type 1 Element 
The large field of a perfect Lyot type 1 element results from a compensation 
of off-axis effects. We shall now show that this compensation is reduced and the 
field size diminished if the axes of the two plates are not parallel to the surfaces 
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Suppose that axes of the first plate of a Lyot type 1 element are not parallel 
to the surface of the plate, the second plate being free from error. 
With respect to the coordinate system established by the crystal axes of 
the first plate, those of the second plate have direction cosines («,, 61, Y,), 
(%2, Ba, Ye), and (a3, Bs, ys), Where (a3, Bs, ys) —=(«, 8, y) are the direction cosines 
of the normal to the surface. Hence the direction cosines of a ray which in the 
first system are (a, b, c) become in the coordinate system of the second plate 
(a’, b’, c’) where 
a’ =H,4+Pib+y,¢, 
b’ =a94 + Bob +720, 
c’ =a,4+B,b +-y¢0. 


The retardation of the complete element is thus 


xn) 1— i AEN oe) Bh aad aS ae : 


Gk Sue? wi’ Tie ot 


Since «a,~1, 6, and y, are very small, 8.~1, «, and y, are very small, and c~1, 
it readily follows that y;~—a and 


a> b> aa Bb 
n=) 1— Bat | Saxe EZgat ome! a 


4712 b— b? —2b =e 
safustttate—e) vaiges8) 


Suppose the plates are adjusted during construction so that in each the 
retardation along the normal is equal to 4K. In the first plate, the direction 
of the normal is a=«, b=8; in the second, a’=0=b’. Thus very closely 


(a : 
=I 2-024 Ft, 
X%,=4K, 
whence very closely 
x—K a2 G2 a? Bb? aa _-)_ 2b +2a(B1b —a) 
K =i me) ® aoa weukP ae ok s wet aie 
aoe Ts PAP AGRA MN eR (5.11) 


(i) Case 3.—If a=0, (5.11) becomes 


Morn 2) oe, ot. (e ) 
K 1) — S(t- CTO er aiet o 2 Laat 
For a given change in retardation, let b =b) for «= =0, and b=B for « 40, 8 40. 
Then it readily follows that 


B2w —202e(4 —w =H) 
@—E : 


B—p= 4} 1546 
Hence the field is symmetrical and reduced. 
D . 
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(ii) Oase 4.—If b=0, the corresponding result is 


1 


ee or A eg | 2 2 —Sytel S ——=e le 
glares as(ore) | a2 zal 0 ) —¢) =| B2w —2a%e($ —w—e) 
@—E ( @—E @—eE 
4-Ba (9, (4:5u\" _1-562+7 -5a) * 
Agee ee (ae fess Criss ad ole: (5513) 
Hence in this plane the field is unsymmetrical by about 4 -5«/(w@ —e), and since 


(w—e)-! is —110 for quartz and 5-8 for calcite, the eS Et be large 
unless « is very small indeed, that is, unless the optic axis lies almost exactly 
in the surface. 

Unless 8S, the field is increased from 2a, to approximately 
2[a2-+{4-5a/(@—e)}?]*, the minimum angle between the edge of the field and 
the normal being [a2+{4-5a/(@—e )}2]4—4-5a/(w—e). This is 0-4a, when 

%=A)(w —e)/4°5, or 720,600 for quartz and a,/25 for calcite. 


Nor may 8 be allowed to be very large. From both (5.12) and (5.13) 
it is evident that if «—0, there is a 10 per cent. reduction in field if 
B~(@—e/5w)*bq, or about b)/30 for quartz or bo/7 for calcite. 


It should be noted that the field is given by the above expressions only 
when 4-5a/(@—ec) is not too large; for large enough values, the retardation 
in the centre of the asymmetric field, which is opposite in sign to that at the edge, 
also exceeds the tolerable limits. 


VI. DISCUSSION 
(a) Stray Light 

) Defective Polarizers.—In the design of a birefringent filter, the question 
arises as to the type of polarizer, calcite or ‘‘ Polaroid ”’, and if the latter, what 
shall be its characteristics. While calcite prisms undoubtedly give good results, 
properly chosen ‘‘ Polaroid ” will often be preferable because of availability 
and cheapness. Usually, high transmission is an important factor ; but this is 
obtainable in ‘“ Polaroid’? only with incomplete polarization. However, by 
alternating the orientation of the retardation plates, the stray light can be 
reduced. A good compromise in a seven-‘ Polaroid ”’ filter would be obtained 
with ‘“ Polaroid” for which 7,/7,—500. Two pieces of this when parallek 
have a transmittance 250 times that when crossed. Such material would 
normally have a parallel transmittance (almost exactly 3k?T?) of about 0 -40— 
the term k allowing for surface reflections—and a seven-‘‘ Polaroid ”’ filter would 
have a peak transmittance 82 per cent. of that of a similar filter equipped with 
calcite polarizers. The stray light would be reduced from 0-11 to 0-10. These 
results are, however, simplifications derived on the assumption of constant 
T,/T,, which in practice varies throughout the spectrum. 


(ii) Half-wave Plates.—A second design consideration concerning the intro- 
duction of stray light is the use of non-achromatic half-wave plates in Lyot 
type 1 wide-field elements. If the filter is intended for a range of wavelengths 

) 
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and mica half-wave plates are adjusted for the middle of the range, the stray 
light introduced depends on the range of wavelengths and number of wide-field 
elements, and can be serious. Even in a filter designed for a single wavelength 
and containing several wide-field elements the tolerance on the accuracy of the 
half-wave plate is quite exacting. 


(iii) Alignment between Retardation Plates and Polarizers.—A further source 
of stray light is purely constructional, namely, the incorrect alignment between 
the retardation plates and polarizers. Its influence will be negligible if the 
errors are of the order of 0-5° or less. 

We have not discussed the effects of errors in thickness of retardation 
plates ; these have been treated by others, a tolerance of 4/20 in retardation 
being normally acceptable. 


(b) Field 
The major effect of faulty components on the field is an asymmetry due to 
lack of alignment of the optic axis in the surface of an element. The effect is 
particularly marked in the case of Lyot type 1 elements, where the asymmetry 
is some 500 times the error in alignment for quartz and 17 times for calcite. 


Errors in the other crystal axes are not very important in simple elements ; 
in Lyot type 1 elements, the field is reduced by some 10 per cent. for an alignment 
error of about 3 per cent. of the semi-field for quartz or 15 per cent. of the semi- 
field for calcite. ) 


In Lyot type 1 elements, one way of compensating for loss of field is to 
provide in the filter cell adjustment for aligning the individual components. 
Since the field of a simple element is asymmetrical by about 3a, the available 
adjustment should be at least three times the maximum error expected in 
aligning the crystal axes in the plane of the surface. However, the large 
asymmetry in field introduced by errors in alignment provides a means of 
checking this alignment during construction of the elements, and in this way 
avoiding the necessity for added complexity in the filter cell. 
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DIPOLE RESONANT MODES OF AN IONIZED GAS COLUMN 
By R. E. B. MAkinson* and D. M. SLADE* 
[Manuscript recewed December 3, 1953] 


Summary 

It is shown by a quasi-static treatment there is not one but a multiplicity of plasma 
resonant modes which will emit dipole radiation in a cylindrical column of ionized 
gas with a radially symmetrical but non-uniform electron density. It is shown that 
the multiple resonances obtained by Romell in scattering of short waves from a gas 
discharge column may be qualitatively explained assuming a reasonable electron 
distribution. Approximate values for the resonant frequencies for a Gaussian distribu- 
tion, relevant to meteor trails, are found and some of these may be observable. 


The status of the finite energy loss and phase shift, shown by Herlofson and other 
authors to arise where the real part of the dielectric constant vanishes, is examined 
and mechanisms pointed out which modify the expressions given. 


I. INTRODUCTION 
It was shown by Tonks (1931) and emphasized by Herlofson (1951) that the 
frequencies of plasma oscillations depend on the shape of the boundaries and 
that putting a dielectric constant 


K =1 —ne?/(mmv?) =0, 


where v is an electron density, does not always serve to locate these frequencies. 
Not much study has yet been given to the oscillations occurring with non-uniform 
densities ; it does not, for example, appear to be realized that in this case there 
will in general be a number of dipole modes of different frequencies apart from a 
multiplicity of quadrupole and higher modes. This is shown in the following 
paragraphs and related to the experiments of Romell (1951) where such modes- 
were found in reflection from a gas discharge column. 


Closer examination is also needed of the paradoxical conclusion that with 
vanishing collision frequency there is still a finite energy loss and phase shift 
(Makinson et al. 1951 ; Kaiser and Closs 1952) arising near the region where the 
real part of K goes through zero. 


Il. THE FIELD Equations 


If the quantities varying with time have frequency vy, the electron density is 
n(v)+n(r, t) and the force on an electron is taken as —Ee/m to the first order, 


* School of Physics, University of Sydney. 
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we obtain from Maxwell’s equations when streaming and thermal velocities are 
supposed zero: 


Gay Pe Ames eis e lain Phe oss wccleirelacs (1) 
: Ne” 
div (KE) =0, (Setnmeosrri eete tees Stet pete eM (2) 
: 6 
KE div E= ee . grad No; fy OnOng Cnc JuGnCece uch Cape ned) iy (3) 
On = —Arnge? e 
oa on te ay ta V6 hg Fos seinen an (4) 


so that K is the dielectric constant of the plasma. We will neglect at first energy 
losses due to collisions; this is known to be a useful approximation in many 
problems. The positive ions in the plasma are effectively stationary at the 
frequencies of interest and the mean net charge density is taken as zero. 


(a) Uniform Density 

It follows from (2) and (3) that if nm) is uniform over a region, either 
(i) div E=0 over that region so that, in any forced oscillations produced by 
external fields of arbitrary frequency, the electron cloud moves without density 
changes, or (ii) K=0 and oscillations may take place only at the corresponding 
(Langmuir) frequency v,=—(n, e?/7m)*, there being oscillation of the electron 
density. The name “ plasma electron resonance ” was given by Tonks (1931) 
to such motion. Both types may coexist at the Langmuir frequency. 


In ease (i) there are restoring forces produced at the boundaries of the 
plasma, and there are resonant frequencies in general quite different from v, 
which depend on the shape of the boundaries and the orientation and order of 
the multipole electric moment produced. Tonks called these plasma resonances. 
They are discussed also by Herlofson (1951). 


If the free-space wavelength is much greater than the extent of the plasma, 
as will now be assumed, we may find such plasma-resonant frequencies simply 
from the well-known expressions in electrostatics by noting the values of K for 
which the field inside the region is infinite, that is, finite for vanishing external 
field (Kaiser and Closs 1952). If the external field is uniform, frequencies of the 
dipole modes result ; from the expressions for a non-uniform field, frequencies 
of the multipole modes as well. 


(b) Non-uniform Density 

Except in the special case where E is everywhere perpendicular to grad 7, 
div E40, the density no longer remains constant and we lose any such distinction 
as between types of oscillation (i) and (ii) above. The Langmuir frequency 
varies from point to point and has no special meaning. 

The quasi-static treatment is again applicable to find resonant frequencies 
but there is no body of standard electrostatic results for non-uniform media to 
draw upon. 


270 R. E. B. MAKINSON AND D. M. SLADE 


Since div D=0, D=KE, continuous lines of electric displacement may be 
drawn through such a plasma, their spacing giving the magnitude of D. It is 
now necessary to suppose the’ fields sinoidal and to give K the complex form 
K,—jK,, the imaginary term arising from energy losses due to processes such as 
collisions, cf. Section V. We suppose K, very small, consequently unimportant 
except near where K,—0. Near a surface where K, goes through zero, # changes 
suddenly from large positive to large negative values and a phase shift is intro- 
duced, while n becomes very large according to equations (1)-(4). There is an 
oscillatory piling up of charge towards and away from this surface, with smaller 
piling up throughout the plasma. The restoring forces governing the frequency 
of a particular resonant mode arise from the free charges appearing at the 
boundaries as well as from such piling up. 


III. DrpoLE MopES oF NON-UNIFORM CIRCULAR CYLINDER 
If the cylinder has axial symmetry and the vanishingly small applied 


uniform electric field is transverse, putting E=—grad V, V=R(r) cos6 in 
cylindrical coordinates, R must satisfy (Kaiser and Closs 1952) 
ee | Hote li ena 
R Je “)R eat AA ee ee ee (5) 


with the boundary condition for resonance (in the case where A-—1 as roo) 
R(0)=0, real part of R~const./r for large R. If we put K=1—Af(r)—jK, 
so that f(coc)=0, only for certain eigenvalues of 4 can the boundary conditions 
be satisfied. We now show that there can be no eigenvalues (and hence no 
plasma resonance) unless K is negative for some range of R. 

From (5) and the condition R(0)=0, if R is, say, positive at r—0, R can 
never turn downward if K is everywhere positive, since at such turning point 
we would require Rk” negative which is contrary to (5). Thus R increases 
monotonically and is proportional to r, not r-!, for large r. If, however, K, 
passes through zero, R turns down again at that point in such a way that it may 
for some values of A behave at infinity like r—). 


It is apparent from (5) that if K(r) is replaced by K(mr r), R(r) by R(mr), 
where m is any multiplier, the eigenvalues will be unchanged. Thus the plasma 
resonances depend on the shape of the distribution, not at all on its scale ORD 
vided its extent is much less than a wavelength). 


The question now is how many eigenvalues there are and what is their 
distribution for forms of ,(r) of interest. We approach an answer to these 
questions by considering stepped distributions approximating to (i) that inside 
a long discharge tube (Killiam 1930; Howe 1953), (ii) that in a meteor trail. 


It is necessary first to show that resonant frequencies obtained from a 
stepped distribution approximating to a given smooth distribution will not 


differ significantly from those appropriate to the latter if the number of steps is 
large enough. 
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If K were everywhere >1, as in ordinary dielectric materials, the internal 

field would certainly not be grossly affected by a transition from finely-stepped 

_to smooth distribution. Thus one would only expect such effects (if any) in 

the present case where the mathematical features differ, namely, for eigenvalues 

crowded near A=1 (see Section IV and Fig. 2) or arising from the behaviour 
of the solution near K,=0, which latter we now consider. 

If R in (5) is supposed integrated out from the origin from a zero value 
and arbitrary real slope at the origin, at r=a where K,=0 an imaginary part R! 
is introduced into #& proportional to 1/K’(a) (Kaiser and Closs 1952, equation 
(46)) but the real part R? is the same at points A, B on either side of a such that 
K,(A)=—H,(B) and both are near zero. 

Thus the only effect of a finite K’(a), as compared with the infinite K’(a) 
with a stepped distribution, is on R?. However, the condition of resonance is 
that R?~const/r and R¥ in r>a is quite independent of R! if K, is negligible, 
since (5) is linear. 

We may therefore calculate values of 4 corresponding to resonance without 
considering RZ at all and for sufficiently many steps the stepped distribution 
should give the same answers as the smooth distribution to which it approximates. 


IV. STEPPED DISTRIBUTIONS 
In the regions 0, 1, 2,... m (Fig. 1), V,=(B,r+A,r~') cos 0, say, where 
B,=0, A,=0, and from the joining conditions at r,, 


Boats LA itp =B iy, +A stp’; 
KC 4, KB, A oa): 


The condition for a non-zero solution is then 


A —r] rie. 0 0 
— S =2 
Sail —KkKy Kiri 0 0 
—]1 as 
0 r2 r2 —1r2, —2 0 
D,= c ie c =0 
n 0 ky —Kir2 —Ko2 Kore 0 
-1 
0 0 0 : : ce “oe UES ER rn —r,, 
~2 
0 0 . ° . e . 0 TG a) —Kn—1rn ——K 


Putting K—1—af,, this is an equation of degree n to determine A. This will 
have n roots, but only real roots and their distribution are here of interest, these 
giving the dipole mode frequencies. The case of two steps was considered by 
Kaiser and Closs (1952). 
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(a) Discharge Tube Distribution 
The measured distribution of electron density across a discharge tube of 
cylindrical section given by Killian (1930) for a temperature of 18-6 °C can be 
fitted approximately by the parabolic curve 


no=No} 1 -0-6(2) Sh Ee BRO (7) 


Vy 


where N, is the density at the centre and 7, the radius of the tube. 


We have taken stepped distributions approximating to this curve with 
successive values 2, 3,. . .7 of n, the number of steps. The steps are at equal 
radial intervals and, except in the case n=6, the height of each is proportional 
to the value of (7) at its mid point, with f=1 at r=0. The values of A for 
resonance and the corresponding values of K, are shown in Table 1.* 


It will be noticed that at least one of the K, is negative (as required from 
Section III and as can be generally shown from the form of the determinant). 


TABLE | 


VALUES OF A FOR RESONANCE AND THE CORRESPONDING DIELECTRIC CONSTANTS K p IN THE ANNULI 
BETWEEN STEPS, FOR VARIOUS NUMBERS ” OF STEPS IN THE APPROXIMATING DISTRIBUTION AT 
“RADII 7 


b 
n x Dielectric Constant, K p 
Sp 0-6883 1-0 
| 
2 | 1-226 0-1560 |—0-2262 | 
2-684 —0-8477 |—1-6844 | 
Tp 1 2/3 1/3 
Sp 0-5932 0-8644 1-0 
1-0888 0:3541 0-0588 |—0-0888 | 
3 | 1-4442 0-1433 |—0-2484 |—0-4442 
2-8846 —0-7111 |—1-4934 |—1-8846 
Tp 1 3/4 1/2 1/4 
ty 0:5457 0-7729 0-9243 1-0 
1-048 0:4280 0-1900 0:0313 |—0-0481 
4 | 1-2001 0-3451 0-0725 |—0-1092 |—0-2001 
1-5973 0-:1283 |—0-2345 |—0-4764 |—0-5973 
2+9745 —0-6233 |—1-2989 |—1-749 |—1-974 


* General expressions for the coefficients of the powers of } in (6) were found, but for six 
or more steps it was found necessary for accurate determination of the smaller eigenvalues to 


evaluate the determinant (using Crout’s method) for neighbouring values of 4 and interpolate 
to the eigenvalues. 


DIPOLE RESONANT MODES OF AN IONIZED GAS COLUMN 273 
TABLE 1 (Continued) 
| | é Tho 7 
n | oN | Dielectric Constant, kK, 
—— ies . = 
r | 1 | 4/5 | 3/5 2/5 1/5 
in | 0-5171 | 0-7103 | 0-8551 | 0-9517| 1-0 
1-0321 | 0-4663 | 0-2670 | 0-1174 | 0-01777|\—0-03211 
1-1202 | 0-3472 | 0-1034 |—0-0795 |—0-2014 |—0-2624 
5 | 1-3205 | 0-3172 | 0-06208/—0-1292 |—0-2568 |—0-3205 
1-7102 | 0-1157 |\—0-2147 |—0-4624 |—0-6276 |—0-7102 
3-0217 |—0-5625 |—1-1462 |—1-584 |—1-876 |—2-022 
as | | 
| t, ] 5/6 | 233 1/2 1/3 1/6 
| 
| | | 
| fp } 0-8 | 0-66 0:8 0-9 0-96 1-0 
1-215 | | 0-3925 | 0-1981 | 0-0280 |—0-0935 |—0-1664 _—0-2150 
6 | 1-375 | 0-3125 | 0-0925 |—0-100 |—0-2375 |—0-3200 |—0-375 
1:75 | | 0-125 |—0-155 |—0-400 |—0-575 |—0-680 |—0-75 
3-061 | \—0-5305 |—1-0203 |—1-449 |—1-755 |—1-9386 |—2-061 
De ae eed 5/7 4/7 3/7 2/7 1/7 
| fp -| 0-4841 | 0-6315 | 0-7543 | 0-8526 | 0-9263 | 0-9754 | 1-0 
| | 
| | | 
1-027 | | 0-5029 | 0-3515 | 0-2254 | 0-1245 | 0-0488 |-0-0016 |—0-0268 
1-146 | 0:4449 | 0-2760 | 0-1352 | 0-0225 |—0-0620 |—0-1183 |—0-1465 
Taek -S21 -| 0-3605 | 0-1658 | 0-0035 |—0-1262 |—0-2236 |—0-2885 |—0-3209 
1-924 | 0-0685 —0-2151 —0-4514 |—0-6405 —0-7823 |—0-8768 |—0-9241 
3-068 | —0-4854 —0-9376 |—1-3144 |—1-6159 |—1-842 |—1-993 |—2-068 


The number of real eigenvalues is, for many steps, less than the number of steps 
and with increasing n the further modes introduced have values of A crowding in 
near A=1. For n=7 it was not feasible to determine accurately the eigenvalues 
closest to 1. Figure 2 shows the eigenvalues for increasing  ; while the dotted 
lines have no significance in detail (since the approximating stepped distributions 
are to a certain extent arbitrary) they do show a general trend. 


In Figure 1 the lines of electric displacement D corresponding to two values 
of 2 are sketched and it is seen that in the mode with highest A (i.e. highest 
frequency when the distribution is fixed, or highest density when the frequency 
is fixed and the density generally increased by raising the discharge current) the 
lines reach out furthest. This feature has been found generally in the modes 
studied and it shows that the highest 4 mode will be that most strongly coupled 
to an external exciting field, hence that most strongly excited if losses are not 
greatly different for the neighbouring modes. However, the damping arising 
from energy loss near K,=0 is least for the modes with largest K;, there. 

The experiments of Romell (1951) may be explained qualitatively by the 
foregoing. He found a number of resonant peaks in the reflection of transversely 
polarized waves from a cylindrical discharge tube as the discharge current was 
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varied and showed that their angular dependence was that of dipole, not multi- 
pole, modes. The highest peak was that with the greatest discharge current, 
corresponding to our greatest eigenvalue of A. Quantitative comparison is not 
possible because the electron distribution across the tube was not measured by 
Romell. 

Stepped electron distributions approximating to other shapes, e.g. spherical, 
may be similarly discussed with the same conclusion that there is in general a 
multiplicity of dipole modes, as there is also of multipole modes. 


(b) 


Fig. 1.—Lines of electric displacement in resonant modes for stepped 

distributions approximating to (a) that found in a discharge tube by Killian, 

(6) a Gaussian distribution. The left and right sides of each diagram 
correspond to the particular eigenvalues indicated. 


(b) Gaussian Distribution 
Taking f(r)=exp (—r?) and approximating to this by five steps 
(for - + - fe =0, 0-0425, 0°1489, 0-4043, 07447, 1-0; 7, . . . r,=1, 0-8, 0-6, 
0-4, 0:2) the equation for A is 


A° —44 +6194 +515 -084A8 —2135 - 72 +3475 -924 —1888 -7 =—0, 


and the five real roots are: 1:17, 1-81, 3-44, 8-73, 29-5. The corresponding 
lines of induction are sketched in Figure 1 (b). Again the greater reach of the 
lines for the higher eigenvalues indicates stronger coupling to the exciting field. 
However, in considering an actual smooth Gaussian distribution, if the above 
values of 4 are taken to give the resonant conditions, we note that at the radius 
where K=0 the slope of the curve for K(r) is greatest for the eigenvalues 1 “Si, 
3°44, consequently these modes will suffer least damping (see Section VI). 


Kaiser and Closs discovered only one dipole mode by numerical integration 
with (in our notation) A=2-4. This corresponds presumably to our value 1-81. 
Their Figure 7 based on calculations with a smooth Gaussian distribution and 
numerical integration of (5) shows no evidence of more than one resonance, yet 
there is no reason to believe that the stepped distribution manufactures 
resonances with no counterparts for the smooth distribution. We can only 
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suggest that the intervals of A (their f) chosen by those authors were not closely 
spaced enough to make the finer structure of the resonant behaviour apparent 
when the diffuseness damping (Section V) is present to the extent they assume.* 

We would thus expect at least two maxima to be apparent in transversely 
polarized echoes from meteor trails (of diameter small enough for the quasi-static 
approximation) unless other conditions of the problem obscure their separateness. 
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Fig. 2.—The values of 4 for resonance as the number of 
steps is increased in a stepped distribution approximating 
to (7) A trend is suggested by the dotted lines. 


(c) Nearly Uniform Cylinder 
Some light on the distribution of the eigenvalues in general may be obtained 


We suppose the electron density distribution perturbed from a 
. n, 80 that in (6) K,=1 —A —he9g,. 


as follows. 
r,), so that D,(A) has an 


simple step, putting f,=1-++¢9,, ¢ small, r=1,. 


When ¢=0, D,(A)=4(—2)"(1—A)*-1(2—ayin- - 
(n —1)-fold root at A=1, as well as the single root at A=2 corresponding to the 


* Note added in Proof.—Dr. Kaiser has informed us that the intervals were quite close (namely, 
A=0, 0-5, 1-0, 1:5, 2:0, 2-4, 2-5, 3-0, 4-0, 6-0, 8-0, 18-0, 20-0, 1000). This suggests that the 
However, in 


diffuseness damping was sufficient to prevent resolution of separate resonances. 
the actual physical case the diffuseness damping may well be less than that calculated, see 


Section V. 
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eigenvalue K = —1 for a uniform cylinder. If we now consider terms in ¢, ¢?, . 
in succession it is seen by inspection of D,, that it is of the form 


(—2)"(r,. . . 7,)-1(1 —A)®—-1(2 —A) +b eA(1 —A)™-2 + bge?A2(1 —A)"-8 


n 


bole 


+... 40,ye"-12"-1+0, "2", 


where the b, do not contain the factor (1—A). Thus in the first order perturba- 
tion there is an (n—2)-fold root-at A=1, one of the coincident roots having 
been split off and lying near 1 while the root near 2 is displaced slightly. Similarly 
each successive order of perturbation splits off a root from the remaining 
coincident roots at 1 and displaces those already split off. Not all these roots 
are necessarily real. 


We thus expect, for a smooth distribution not too far removed from a 
simple step, a distribution of eigenvalues of 4 in which there is one somewhere 
near 2, the remainder crowding up towards unity and perhaps becoming infinitely - 
dense near unity (of course, in experimental observation, the latter would be 
obscured). It is apparent from Figure 2 that this general behaviour is there 
exemplified. 


(d) Cavity Resonator Behaviour 

If the distribution contains an annulus of finite width between r, and 
ry+1 in which K,—0, no lines of induction can penetrate this region and the 
oscillations (if any) inside the annulus are quite uncoupled with any taking place 
outside. The corresponding property of D, is that it can then be expressed as 
the product of two determinants, the first containing only terms in r,,.. . ys 
Ky, . . . K,-4, the second only terms in r,.4,-. ., Kyii,... For example, if 
there are two steps inside the annulus with K »—9, the resonant frequency of 
oscillations inside the annulus is given by 


Ky=0,,: Rate oe oe (8) 
ate (i aie iat hia Male cee (9) 
pte p+ 


Regarded as equations to determine A, (8) and (9) cannot in general both be 
satisfied, but given, say. f, and f p+2) there will be a certain value of fois for which 
resonance is possible, namely, 


yt Uncctae SSN Ge they fi elas eai"o41): 


Experimentally such a resonance might be sought with two concentric hollow 
cylinders of plasma, the central core having no plasma so that K—1 there. 
The average density of one plasma would need to be adjusted until resonance 
at some frequency near that expected was found. It is interesting to note that 
the dimensions of such a cavity resonator may be as smal 


1 as we please in relation 
to a free-space wavelength. 
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V. ENERGY LOSS NEAR THE REGION WHERE K —0 

It is well known that if one supposes energy losses, due, for example, to 
collisions, by the electrons to be adequately described by assigning a complex 
value K, —jK, to K there is a finite energy loss in a vanishingly thin region near 
where K,=0 (and E therefore is very large) even though K, is vanishingly small 
(e.g. Makinson et al. 1951). If Kj(a) is the value of the gradient of K, where it 
vanishes and D is the amplitude of the (sinoidal) electric displacement, the rate 
of energy loss is readily seen to be proportional to 


This loss is responsible for the damping of the resonances as discussed by 
Herlofson (1951) and Kaiser and Closs (1952). 


Herlofson (1952) has pointed out that a more careful discussion of such 
results is needed and that a finite effect from vanishing collision frequency is 
not credible. We indicate below some limitations of the simple formal treatment. 
Any mechanism other than collisions which limits the amplitude of # at K,=—0 
will remove or modify the energy loss derived as above. 

Now firstly, one can describe the properties of a region containing free 
electrons by assigning to it a dielectric constant (real or complex) only as an 
approximation. As shown by Salpeter and Makinson (1949), if the velocities 
of the electrons (due to streaming or thermal motion) are large enough for their 
“transit time” (in travelling a distance over which E varies considerably ) 
to be comparable with a period, such an assignment is not valid except as an 
approximation. In that approximation the values of K, and K, properly to be 
assigned to a point depend not only on the density and collision frequency at 
that point, but on the variation of H in the neighbourhood, which itself depends 
on the variation of K, and K,. Electrons may then acquire or lose energy where 
the field is strong and lose it elsewhere, (a) at the walls of a discharge tube, or 
(b) by collisions with gas molecules, or (c) by interaction with the electric field. 
Thus, if collision losses are very small, in the region near where K, vanishes Z 
becomes very large and rapidly varying, and the proper value of K, is non-zero 
even if collision losses are supposed zero. 

Mechanisms (a) and (b) lead to a net loss of energy from the field, while (c) 
does not, energy being merely transported from one part of the field to another 
by the electrons, giving a positive contribution to K, in some places, negative 
in others. 

The energy loss near where A, =0 will thus depend on the whole configuration 
in a complicated way but calculation might be attempted using the relations 
derived by Salpeter and Makinson (1949) in the special case where walls are 
remote, collisions are negligible, streaming is zero, and the electron temperature 
is supposed known and not too high.. 

One can however say that because at least of mechanism (c) the energy 
loss” given by (10) is an overestimate and the “ diffuseness’’ damping of 
resonances calculated on that basis is in some degree excessive. 
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A second reason for failure of (10) has been indicated by Herlofson (1952), 
namely, the neglect of second order effects arising from the very large values of £ 
near K,—0. For example, the amplitude of an electron motion will take it 
through regions of varying H. However, for sufficiently small applied field it 
would seem that the processes described in the preceding paragraphs must be 
more important. 
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THE DECAY OF THE 7-68 MEV STATE IN 220 
By R. G. UEBERGANG* 
[Manuscript received February 9, 1954] 


Summary 
A polonium-beryllium source has been used to investigate the radiations in 
coincidence with the 4-43 MeV y-ray leading to the ground state of #2C. The coincident 
radiation consisted of a continuum due to neutrons and a y-ray of energy 3-05 MeV 
and intensity 0-12—-0-08 that of the 4-43 MeV y-ray. 


This indicates that the 7-68 MeV state of 12C decays principally by cascade 
Y-emission. 


I. INTRODUCTION 

The second excited state of #2C at 7-68 MeV has recently become the subject 
of considerable interest owing to the importance of the ®Be(«,y)2C reaction 
in those hot stars which have largely exhausted their central hydrogen. Under 
this condition the core is expected to contract and the central temperature to 
rise until thermonuclear reactions with the helium occur. Hoyle explains the 
original formation of elements heavier than helium by this process and concludes 
from the observed cosmic abundance ratios of 160 : 120 : 4He that there should 
be a level in 1°C in the region of 7-6 MeV, that is, the *Be+« reaction should 
have a resonance at about 0-25 MeV. Several reactions indicate the existence 
of a °C level in this region, the most recent and accurate measurement being 
from the ™N(d,«)!#C* reaction which places the level at 7-68--0-03 MeV above 
®C ground state (Dunbar et al. 1953). With the existence of the level confirmed 
it is important to know the relative probabilities of the different modes of decay 
which are energetically possible, namely, 


(i) decay to *Be-+a, 
(ii) decay direct to °C ground state by y-radiation or pair emission, 
(iii) cascade y-decay to the ground state of 2C. 


Although the decay of the 4-43 MeV state of 2C by y-radiation is well 
known, no y-radiation from the 7-68 MeV state to ground has been observed, 
and a lower intensity limit to the ratio of these two y-rays has been given as 
2500:1 (Beghian et al. 1953). The apparently forbidden nature of such a 
transition can be explained by both the 7-68 MeV state and ground state of 
™C having spin zero. Decay of this excited state by nuclear pair emission, 
however, has been reported by Harries and Davies (1952) who observed seven 
such pairs in cloud chamber measurements. 


* Physics Department, University of Melbourne. (The sudden death of the author occurred 
in April.) 
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Beghian et al. (1953) have reported the existence of a 3-16 MeV y-ray in 
the y-ray spectrum from a polonium-beryllium source. Using a thick beryllium 
target, the intensity of the 3-16 MeV y-ray was only 1 : 30 that of the 4-43 MeV 
y-ray. 

In the present paper the y-ray cascade has been observed in the reaction 
°Be(a,n)20*y,y!2C. From the results it is possible to make an estimate of the 
relative probability of the decay of C* by this y-ray cascade. 
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Fig. 1.—Block diagram of apparatus. 


II. EXPERIMENTAL 
The detection of a 4:43 MeV y-quantum in one scintillation counter has 
been used to gate the output of a second scintillation counter so that the gated 
output consists essentially of pulses due to radiations in coincidence with the 
4-43 MeV y-ray. These radiations are : 


(a) neutrons (approx. 3 MeV) from 18C* to 7-68 MeV state in 12C, 


(b) y-radiation (approx. 3 MeV) from 7-68 MeV state in ?C to 4:43 MeV 
state, 


(c) neutrons (approx. 6 MeV) from C* to 4:43 MeV state in 22C. 


The experiment therefore reduces to the problem of detecting radiation (b) 
in the presence of (a) and (c), where the relative intensities a:b:¢ may be 
expected to be 1: <1:8 (Guier, Bertini, and Roberts 1952). This is achieved 
through the differential amplitude distribution of pulses from the detector 
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because the inelastic scattering of neutrons in the above energy region is expected 
to give rise to a continuum which is approximately logarithmic, decreasing to 
zero at an energy rather below the neutron energy. On the other hand y-radia- 
tion at the above energy may be expected to give rise to peaks at energies 
corresponding to pair energy (H#,—2m,c?) and pair energy plus the capture of 
one annihilation quantum (#,—m,¢’). 

A block diagram of the detecting and analysing apparatus is shown in 
Figure 1. A 40 me polonium-beryllium source was used, the polonium being 
deposited on a 1 cm diameter area on a platinum disk. Measurements were 
made with both thick and thin beryllium targets opposite the polonium and 
distant 0-020in. from it. The thick target was a 0-010in. thick beryllium 
disk while the thin target was made by evaporating beryllium on to a platinum 
disk to give a target approximately 200 keV thick. 
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Fig. 2.—Typical pulse height distribution due to radiation 


in coincidence with 4:43 MeV y-rays. Probable error has 
been indicated on two typical points. 


Two scintillation counters (with sodium iodide crystal phosphors 14 in. 
diameter by 1in. long) were used to detect the emissions. These counters 
were both placed as close as possible to the source. The output of a 0-2 usec 
coincidence circuit between the two counters triggered a gate which passed on 
any pulses in counter A which were in coincidence with a 4:4 MeV y-ray in 
counter B. These gated pulses were analysed on a 10 channel pulse amplitude 
analyser. The observed true to random ratio was 100: 1 when using the thin 
target. 

III. RESULTS AND DISCUSSION 

Several measurements of the amplitude distribution of the gated pulses 
were made for each beryllium target. With the thick target the number of 
6 MeV neutrons compared with the number of 3 MeV neutrons is estimated to 
be 30:1 while with the thin target the ratio is approximately 8:1. Therefore 


E 
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any features of the coincidence pulse distribution which are emphasized in the 
thick target runs are due to neutrons, while any showing more distinctly in the 
thin target runs are due to y-radiation. 

The thick target runs give a smooth distribution with energy which is 
nearly exponential. 

A typical pulse distribution due to radiation in coincidence with the 4-4 MeV 
y-ray from a thin target is shown in Figure 2. The bumps in the curve which 
are evident at 34 and 39 V occurred in all thin target runs. 
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Fig. 3 (a).—Data shown in Figure 2 after background subtracted. 


Fig. 3 (b).—Distribution of pulses due to 2-62 MeV y-radiation 
from ThC”. 


When an exponential function similar to the thick target pulse distribution 
(represented by the straight line below the curve in Figure 2) is subtracted 
from the thin target measurement we obtain the curve shown in Figure 3 (a). 

By comparison with the ThC” pulse distribution (Fig. 3 (b)) the difference 
curve is seen to represent a single y-ray line of energy approximately 3-0 MeV. 
Only the pair and pair-plus-one peaks appear because of the relatively poor 
resolution of the crystal used. 
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Using the ThO” y-radiation and the polonium-beryllium 4-43 MeV y-ray 
pair peak for calibration the energy of the coincident y-ray is estimated at: 
3°05+0-1 MeV. This value of 0-1 MeV for the assigned error has been assessed. 
from the repeatability of the pair peak in the several thin target runs and takes. 
no account of errors in calibration. The energy, 3-05 MeV, found from the. 
peak is lower than the measurement by scintillation counter pair spectrometer: 
(Beghian et al. 1953) mentioned earlier and is also lower than the value required 
by the difference in energy of the two levels concerned. Because of uncertainties. 
in the calibration, however, no significance is attached to this discrepancy. 


From the peak to trough ratios in Figure 3 the fraction of counts due to: 
3-1 MeV y-rays under the curve of Figure 2 may be estimated and from this. 
figure and the geometry of the source and counters the ratio of 3-1 MeV y-rays. 
to 4-4 MeV y-rays from the polonium-beryllium source has been calculated. 
This ratio lies between 0-08 and 0-12. Comparing these values with the photo- 
graphic plate determination of the ratio of the number of neutrons leading to 
the excited states in #2C as 1:8 (Guier, Bertini, and Roberts 1952), it appears 
that the decay of the state at 7-68 MeV is principally by cascade y-emission. 
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THE RESPONSE OF A SODIUM IODIDE SCINTILLATION COUNTER TO 
18 MEV y-RADIATION 


By J. G. CAMPBELL* and A. J. F. BOYLET 
[Manuscript received February 18, 1954] 


Summary 
The probability distribution of ionization energy in a sodium iodide crystal 2-5 em 
long by 2-5 cm diameter due to the absorption of: 18 MeV quanta has been calculated 
taking account of side escape of electrons from the crystal due to multiple scattering. 
The results confirm the conclusions of the authors’ earlier work. 


I. INTRODUCTION 
In a previous communication (Campbell and Boyle 1953, hereinafter 
referred to as C.B.) the authors discussed the response of sodium iodide scintilla- 
tion counters to y-radiation of energy up to 18 MeV. In view of the approxi- 
mations employed in the theoretical section of that paper, one particular instance, 
the case of 18 MeV radiation in a crystal 2-5cem long by 2-5 em diameter, 
has been re-examined in greater detail. 


Il. Meruop 


The Monte Carlo method described in C.B. was used, with the following 
modifications : 


(i) Previously the secondary electrons were considered to travel in straight 
lines along the direction of the incident quanta, multiple Scattering affecting 
only the distance travelled. Sideways deflexion is here taken into account, 
allowing escape through the side of the crystal. 


(ii) The value used in C.B. for the ionization loss of fast electrons in sodium 
iodide is too low.{ The value now used is 5 MeV/em, which, from the data for 
sodium iodide given recently by Sternheimer (1952), holds within 10 per cent: 
for electrons in the energy range 4-20 MeV. 


(iii) In C.B., the probability of reabsorption of isotropically emitted 
bremsstrahlung was calculated on the approximating assumption that it all 
originated at the central point of the crystal. For the present work, the published 
data on self-absorption of large sources (Dixon 1951) were used to derive this 
probability for a uniform distribution of origin throughout the volume. 


* Physics Department, University of Melbourne. 
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(iv) The method of calculation does not allow an electron to emit more 
than one bremsstrahlung photon in any one section of length. In C.B., these 
sections were chosen to be 0-25 cm, whereas they are here 0-10 em. The double 
emission thus neglected is reduced in proportion to the square of the ratio of 
these lengths. 

(v) The lowest energy bremsstrahlung photons considered are 0-25 MeV, 
instead of 0-5 MeV asin C.B. Although the energy content of each such photon 
is small, they occur frequently. 


A set of life histories of individual secondary electrons, with each of the 
initial energies 3, 6, 9, 12, 15, and 18 MeV, was compiled, without regard to 
deviations of path. Then, to introduce sideways deflexion, a formula given 
by Janossy (1948, p. 319) was used. This states that the mean square displace- 
ment of an electron passing through a homogeneous absorber of thickness z is 


z g'2d2’ 
bape 2 ———— 
5 zal Ee’ 


0 


where H(z’) is its energy in MeV at depth (z—z’) and E, is 21 MeV, distance 
being measured in radiation lengths. The cross section of the crystal was 
divided into five concentric annuli of equal area, and the electrons were assumed 
to start in each of these in turn. By a graphical method similar to one since 
published by Dickinson and Dodder-. (1953), the fractions of electrons escaping 
through the side of the crystal were determined for each section of length, for 
each initial energy and each annulus of cross section. These results were applied 
to the life histories. The length of the crystal was resubdivided into sections 
of 0-25 cm, and the ionization distribution was obtained for each case. 

From these 300 distributions for the six initial energies, it was necessary to 
find those for initial energies from 0 to 18 MeV in steps of 0-5 MeV. ‘To carry 
out this interpolation it was necessary to convert the distributions, which were 
in the form of histograms subject to statistical fluctuation, into an analytical 
form. The form which was arrived at for the distribution in energy H# of the 
ionization in the crystal by an electron of initial energy Hy from a given annulus 
having travelled a given distance through the crystal is 


Ad(H—E,)+(1 —A) Be '(Hy —B)1~1/E yp +4 B(p,q), 


where 5(H—E,) is the delta function and B(p,q) the beta function. .The first 
term is the contribution of those electrons whose passage through the crystal 
has been so far uneventful, so that they have all lost the same amount of energy 
E, by ionization. The value of A was determined directly from the peak in 
each histogram. The second term is due to those electrons which in addition 
have emitted bremsstrahlung or have escaped through the side of the crystal. 
The parameters p and q were found from the first and second moments of each 
histogram after the peak had been removed. The form of this term, which is 
known as the beta distribution, was found in each case to approximate well to 
the shape of the Monte Carlo histogram. 
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The ionization distributions for the six initial energies having thus been 
converted to analytical form, those for the intermediate energies were derived 
by linear interpolation of the three parameters A, p, and q. The 1800 distribu- 
tions so obtained were tabulated numerically. 


From these single-electron distributions, the distributions for pairs of 
electrons with initial kinetic energies totalling 17 MeV were found. This 
integration of tabulated data, which involved hundreds of thousands of multi- 
plications, was carried out on “ Hollerith ”’ punched-card equipment, through 
the cooperation of the Commonwealth Bureau of Census and Statistics and of 
the Australian Wool Realization Commission. The pair distributions were 
then weighted with their respective probabilities, treated for capture of 
annihilation radiation using Figure 4 of C.B., and combined, to give the distribu- 
tion of energy lost by ionization in the crystal by quanta initially absorbed by 
the pair production process. 

The distribution due to quanta absorbed by the Compton process (only 
20 per cent. of the total at this energy) was calculated using representative 
electron distributions. When combined with the pair-production distribution, 
the final calculated ionization distribution was obtained for 18 MeV quanta. 


400 


= line 


\ 
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Fig. 1—Results for *Li(p,y) radiation. 
Histogram : experimental, uncollimated. 
Continuous curve: theoretical, uncollimated. 
Dotted curve: theoretical, collimated. 


III. RESULTS AND DISCUSSION 
For a comparison with experiment, the authors’ previously published results 
for the *Li(p,y) radiation were used. The experimental pulse-height distribution, 
taken from Figure 10 (a) of C.B., is reproduced as the histogram in Figure 1. 


The arrows indicate the energy calibration arrived at using the 19H (p, 07) 
radiation. 


In determining the theoretical distribution for this radiation, the component 
at 14-8 MeV was assumed to give a distribution of the same shape as the more 
intense one at 17-6 MeV, except that its high energy edge was spread by the 
natural line breadth of 2MeV. The further Spreading due to statistical effects 
in the photomultiplier was ignored, being less than 2 per cent. at the high energy 
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end. The resulting theoretical distribution, scaled horizontally to fit the energy 
calibration and vertically to fit the histogram, is shown by the smooth continuous 
curve in the figure. Apart from the usual low energy divergence, the agreement 
is satisfactory. 

The effect of sideways loss of electrons by multiple scattering could be 
minimized by collimating the beam of y-radiation to a narrow pencil centred 
on the crystal axis, which, however, would have little effect on bremsstrahlung 
loss. The distribution to be expected in the case of a pencil 1-12 cm in diameter 
(corresponding to the centremost of the five annuli considered) is shown by the 
dotted line in the figure. This was not tested experimentally, since the resolution 
is not significantly improved. 

The results of this more thorough* calculation confirm the conclusions 
of C.B., that crystals of dimensions of an inch or two are too small for spectro- 
metry of y-radiation of this energy, and that the most important limiting factor 
is the escape of bremsstrahlung photons. The improvement possible with larger 
erystals has since been shown by Foote and Koch (1954), who have clearly 
resolved the two components of the “Li(p,y) radiation using a sodium iodide 
erystal 8in long by 5 in diameter. 
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THE MEASUREMENT AND REDUCTION OF DISTORTION IN 
THICK EMULSIONS 


By V. D. Hopprr,* Y. K. Lim,* and MADELINE C. WALTERS* 
[Manuscript received March 1, 1954] 


Summary 
A study has been made of some of the factors influencing the distortion of developed 
images of tracks in Ilford G5 400u emulsions. It has been found that the effect of 
distortion on scattering measurements can be reduced to a negligible amount by develop- 
ing the emulsions at 15 °C and drying with an alcohol-water solution of increasing 
concentration. A simple quantitative description ofthe distortion can be obtained by 
fitting a sinusoidal series to the curve of a high energy track traversing the emulsion. 


I. INTRODUCTION 

The use of thick emulsions is of considerable advantage in cosmic radiation 
studies, since the possibility that an event will be completely contained within a 
single layer is thereby greatly increased. Emulsions having a thickness of 
several millimetres have been employed but these are seriously distorted during 
processing. Also, in order to study an event in detail, a high power objective 
of 95 x is used and, as this has an effective working distance of about 250 uy, 
emulsions which in their final developed state have thicknesses greater than this 
cannot be conveniently studied. When an Ilford G5 nuclear emulsion plate of 
thickness 400 u is developed and dried, the final thickness of emulsion is about 
150 yu, and a 600 uw plate is reduced to 225 uy. Thus emulsions of thickness 
600 or 400 uw are generally employed in cosmic ray studies and layers of such 
emulsions are used if greater effective thickness of emulsion is required. 


When a nuclear emulsion plate of, say, 400 u thickness on glass backing is 
developed, it also suffers a small general contraction in the planes parallel to the 
plate. The contractions are not perfectly uniform with the result that a straight 
track in the undeveloped emulsion shows curvature in the developed emulsion, 
the curvature becoming more pronounced as the inclination of the track to the 
plane of the emulsion-glass surface increases. With the. nuclear emulsion 
technique the energy of a charged particle can be determined from a measurement 
of scattering, but, in order to accurately determine scattering effects, the distor- 
tion must be reduced to a small amount. In the measurement of scattering, 
additional sources of error enter due to the mechanical irregularities of the 
microscope stage, and observational errors. The object of this work has been 
to investigate factors which influence distortion and to find a method of develop- 
ment which produces clearly visible minimum ionizing tracks and also reduces 
the error due to distortion below other errors. 


* Physics Department, University of Melbourne. 
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II. MEASUREMENT OF EMULSION DISTORTION 
It may be assumed that over a few millimetres of a plate needed to measure 
the scattering of a track, the curvature distortion is due to lateral displacement 
of parallel layers at different depths relative to the glass backing. The lateral 
displacement A of a point at a height Z in a distorted emulsion of thickness d, 
may be expressed as a function of Z/d by the power series 


Diep crt nays hescngs (1) 


proposed by Cosyns and Vanderhaeghe (1950). The first term in the series 
represents a change in the orientation of the tracks in the emulsion and this 
does not affect scattering measurements while second and higher order terms 
give rise to a curvature. A rapid method of measuring the second coefficient A, 
in the series has been proposed by Major (1952) who showed that this coefficient 
is four times the distance 5 between the mid point of the chord joining the ends 
of the track and the point of intersection of the track with the plane Z=d/2. 
In practice the centre of the eyepiece scale is placed at the centre of the chord 
and the scale is then rotated until it is directed at the point of the track in focus 
at half-depth, when 5 may be read off. The assumption is made that third 
and higher order terms in Z/d are zero, or may be neglected. This assumption 
is not always justified, S-shaped distortion being frequently observed and in 
these cases K, is greater than 0-5 K,. Even for tracks which appear C-shaped 
the value of K, may be appreciable. 

The lateral displacement A, resulting from distortion, of a point in an 
originally straight track is more conveniently expressed by the series of angular 
functions. 

A=K,(Z/d)+a sin n(Z/d)+b sin 27n(Z/d)+. ..  «---- (2) 


The number of terms involved in a particular distortion is then apparent from 
the number of points of inflection along the track. The advantage in this 
method of expression is that the coefficients a and b are readily determined from 
two simple measurements on a single track, while higher order distortions are 
seldom observed. The parameter 5, whose measurement is described above, is 
equal to the coefficient a. If S-distortion is appreciable compared with C-dis- 
tortion (i.e. b>a/2), b may be determined by an observation of the height Z 
in the emulsion at which the track intersects the chord joining its ends, since at 
this point 
a sin 7(Z,/d)=—b sin 27(Z,/d). . - eee ee ee ees (3) 


Neither of these measurements is affected by the inclination of the plane con- 
taining the track with the direction of 5. Any high energy track in the region 
investigated may therefore be selected for measurement. 


In order to find out how closely the form of the C-shape distorted tracks in 
an emulsion fitted a first order distortion of the type A=a sin x(Z/d), the 
projection curves on a horizontal plane, of 10 steeply inclined tracks were 
measured to an accuracy of +1 y. The tracks chosen for measurement lay at 
angles between 18 and 90° with the direction of distortion. From plots of these 
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projections the horizontal distance between chord and track, in the direction of 
the distortion, 5, could be determined at various points along the track. Values 
of A/S plotted as a function of depth may be seen from Figure 1 to approximate 
to a sine curve within limits of +5 per cent. 


Ill. Toe APPARENT MBEAN SCATTERING ANGLE OF A DISTORTED TRACK 
The apparent mean scattering angle which will be obtained from direct 
measurements on a track in a distorted emulsion will depend upon the orientation 
of the track, and will be a maximum for tracks lying in a plane perpendicular to 
the direction of distortion. The value of the mean scattering angle resulting 
from distortion may be estimated from measured values of the coefficients a 
and b of equation (2). 


(e} Orl Or2 O°3 or4 Or5 O-6 Or7 O-8 0-9 1-0 


z/d 


Fig. 1.—Lateral displacement in the direction of distortion as a function of depth for plate 
showing C-distortion. 


For the case of a first order distortion, when b=0, the w and y coordinates 
of the projection on a horizontal plane of a straight track, lying at an angle @ 
to the direction of distortion and extending through the whole depth of the 
emulsion, may be approximately represented by the equation . 


== 0, 80.0) Sinica) le waka ay ek (4) 


where J, is the projected length of the chord joining the ends of the track. The 
mean scattering angle «, observed for such a track is then given by 


= shane (Ze Fan Z 
a= *)$ os (ea) —Cos (7) tsin Oye ice ae oa (5) 


where lis the projected length of the track extending from a depth Z, to Zs 
in the emulsion, and ¢ is the cell length measured in the direction of J. 
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Numerical values of «, have been estimated for tracks lying in a plane 
perpendicular to the direction of distortion, and are given in Figure 2. These 
values represent the maximum error which could result from distortion for any 
particular dip angle. 
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Fig. 2.—Maximum mean scattering angle due to distortion 
for the case of 100 u. cell length plotted against dip angle 
in unprocessed plate for three values of a. 


IV. AN INVESTIGATION OF THE CURVES OF EMULSION DISTORTION 

Tn order to obtain uniform development throughout a thick emulsion layer 
the ‘temperature development method ”’ of Dilworth, Occhialini, and Payne 
(1948) may be employed. During the warm stage of the process the emulsion 
tends to lose its elasticity and may flow slightly, and when the emulsion is later 
cooled such distortions become frozen in. These distortions can be reduced by 
lowering the temperature of the warm stage, though this tends to alter the 
characteristics of the development and results in an increased fog level which 
renders track recognition difficult (Herz 1953). In order to find the optimum 
warm stage temperature a series of developments has been carried out at different 
temperatures and the degree of distortion produced measured in each case. 


The other principal cause of distortion is uneven drying of the processed 
emulsion. Since nuclear emulsions contain an abnormally high concentration 
of silver bromide, the emulsion thickness is reduced to less than half its original 
value during processing. The contraction occurs mainly in the drying stage, 
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and during washing the emulsion absorbs water and becomes swollen to a greater 
thickness than at any other stage in the processing. If drying should be uneven, 
as is the case when the plate is dried rapidly in air, large distortions occur at the 
edge as has been illustrated by Major (1952). Several different methods of 
drying have therefore been tried out and were found to have a considerable 
influence on the amount of distortion. 


Other possible sources of distortion which have been suggested are rapid 
changes of temperature before and after the warm stage, and sudden changes in 
pH of the processing solutions. These have not been studied in the present 
investigation. It has also been suggested by Bonetti, Dilworth, and Occhialini 
(1951) that distortion produced in the manufacture of the plates may be released 
during development. If this is in fact the case the developed emulsion will 
contain some distortions whatever precautions are taken during processing. 


V. EFFECT OF WARM STAGE TEMPERATURE ON DISTORTION 

Ilford G5 plates, 400» thick, were developed in an amidol-bisulphite 
developer of the type described by Dainton, Gattiker, and Lock (1951). The 
plates were presoaked in distilled water at 4°C for 2 hr. After soaking in cold 
developer for 2 hr at 4 °C, the surface developer was removed and the plates 
then transferred to a hot plate at temperatures of 27, 20, and 15 °C for appropriate 
times. Fixation and washing were carried out at temperatures below 5 °C. 
The plates were immersed in a 1 per cent. solution of glycerine in water for 2 hr 
before being dried to prevent subsequent stripping of the emulsion from the 
glass backing. In order to dry the plates uniformly they were immersed for 
2 hr at room temperature in each of a series of aleohol-water solutions, in which 
the alcohol concentration was increased in four stages up to 80 per cent. The 
plates were then allowed to dry in a horizontal position in a wooden box. Dis- 
tortion measurements were made at 1 cm intervals over the entire area of the 
plates and the mean values of the distortion coefficients a and b obtained. The 
results are shown in Table 1. 


TABLE 1 


DISTORTION MEASUREMENTS RELATED TO TEMPERATURE OF DEVELOPMENT 


| Development at Warm | 


Stage | Mean Distortion Coefficients 
Plate =o a a Ta ar ee ry Se ly 
No. | ; Jmin.* 
Temp. | Time a | b 
(°C) (min) (u) | (u) 
1 27 23 | 19-041-2 | 1-54-40: 15 14-840-4 
2 20 | 65 17-840°5 | 0-0 12°740-3 
3 15 120 | 4:640°3 1:90 +.0-20 10-9+40-3 
1 
4 26 | 30 12-640-2 | Fe ne 
5 15 120 BigdeO <6, bul 0-3140-03 — 
6 i 180 4:0+0-6 | 0-3140-03 | 11-0+0-3 


* gmin. represents the number of grains for 50 v. for minimum ionizing particle. 


DISTORTION IN THICK EMULSIONS 293 


Plates 4 and 5 were developed by the same method as plates 1-3 except 
that the drying process was carried out at a temperature below 5 °C. They 
show the same general reduction in distortion with decrease in the temperature 
of the hot stage. 


An attempt was made to reduce the distortion still further by processing a 
plate at a constant temperature of 7 °C throughout, as discussed by Edgar and 
Herz (1953), their method being modified in this case by using the alcohol-water 
drying method. Temperature fluctuation of +-1° occurred about the mean 
temperature of 7 °C during the processing. Measurement of the distortion 
coefficients at about 40 evenly spaced points on one such plate yielded the 
comparatively low values quoted in Table 1. This method of development was 
not, however, considered as satisfactory as that of the plates developed at 15 “C, 
since the fog density in the processed emulsion particularly near the surface was 
abnormally high. 


VI. DISTORTION PRODUCED DURING DRYING 

In order to investigate the distortion which results from different methods of 
drying, four 400 » thick G5 plates were developed as described in the previous 
section, at a warm stage temperature of 15°, and then dried by different methods. 
Plates 7 and 8 were dried in air immediately after washing, plate 8 being left 
in an enclosed space maintained at high relative humidity by the presence of 
water, while plate 7 was allowed to dry in air of low humidity. Plates 9 and 10 
were soaked for a period of 2 hr in each of a series of aleohol-water solutions in 
which the alcohol concentration of successive baths was increased by steps of 
15 per cent. After immersion in the 60 per cent. alcohol solution plate 9 was 
dried in air, while plate 10 was taken through the whole series and finally 
immersed in absolute alcohol for 2 hr before being allowed to dry. Measurements 
of the distortion coefficient a were made at regular intervals over each plate and 
values corresponding to points more than 1 cm from the edges are quoted in 
Table 2. 

TABLE 2 


DISTORTION MEASUREMENTS RELATED TO METHOD OF DRYING 


Distortion 
Plate Method of Drying Coefficient 
No. a (2) 

io Air (evaporation, low humidity) 10-96 -+0-90 
8 Air (evaporation, high humidity) 10-45-+0-57 

i) Dehydration in alcohol solutions 
to 60% 6-37+0-30 

10 Dehydration in alcohol solutions 
to 100% 2-15+0-17 


The distribution of distortion on plates 10 and 7 is shown in Figures 3 and 4._ 
These illustrate the difference between a plate dried in air, when drying proceeds 
from the edges, producing a high degree of distortion near the edges and less 
at the centre, and a plate from which the water has been removed uniformly 
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with alcohol, which shows a much more even distribution of distortion. It is 
interesting to note that the longer drying time necessary to remove the excess 
water in a humid atmosphere compared with the time required in a dry atmos- 
phere has had little effect on the degree of distortion produced. 
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Fig. 3.—Contour map of distortion § for plate 10. 
Emulsion dehydrated with alcohol. 


VII. COMPARISON OF DISTORTION AND NOISE LEVEL ERRORS 
The minimum distortion value of a so far produced, 2-2 uw in a 400 vp thick 
emulsion, is satisfactory from the point of view of scattering measurements, 


2 in. 


Fig. 4.—Contour map of distortion § for plate 7. 
Emulsion dried in air. 


since the error arising from such distortion is small in comparison with the noise 
level due to mechanical irregularities of the microscope stage and observational 
errors. If tracks which traverse an emulsion free of distortion are measured, the 
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accuracy of the measurement of scattering depends on the length of track in the 
emulsion. For steep tracks few successive cell lengths can be employed and these 
must be comparatively short, resulting in low statistical accuracy. The noise levels 
in degrees per 100 yu for varying cell lengths have been measured for the micro- 
scope employed in scattering measurements. These are compared in Table 3 with 
the maximum distortion errors in degrees per 100 a Ora calculated for the 
same cell lengths for tracks having 17 successive cell lengths in the distorted 
emulsion which has a value of a of 2-2 y. It will be observed that, for the track of 
cell length 100 uw and 1700 uw length in the emulsion, the error in the scattering 
measurement is only one-fifth of the error due to the noise level and this ratio 
decreases with increasing cell length and corresponding length of track in the 
emulsion. The lower limit to the small-angle scattering which is measurable 
thus depends primarily on the noise level and it is not necessary to make any 
correction to the scattering measurement for distortion for such plates. 


TABLE 3 


NOISE LEVEL ERRORS COMPARED WITH DISTORTION ERRORS (PLATE 10) 


Corresponding Maximum Maximum Noise 
Cell Length | Track Length | Dip Angle Distortion Level 
(u) (u.) (deg) (deg/100 w) (deg/100 p) 
100 1700 13-3 0-028 0-15 
200 3400 6-7 0-0095 0-081 
400 6800 3-4 0-0033 0-036 


VIII. CONCLUSIONS 

These investigations have shown that the two principal causes of emulsion 
distortion are (1) the increased plasticity and consequent flow of the emulsion 
during the warm stage of development, and (2) the uneven contractions produced 
by non-uniform drying. Distortion arising from the first of these causes may be 
minimized by reduction in the temperature of the warm stage, though the change 
in the development action which then occurs sets a lower limit to this temper- 
ature. A warm stage temperature of 15 °C appears to result in satisfactory 
development while reducing distortion to a low level. Distortion produced in 
the drying stage can be minimized by gradual and uniform dehydration of the 
emulsion in alcohol-water solutions of increasing concentration, and finally in 
absolute alcohol. For plates developed in this manner the error in scattering 
measurements due to distortion is very much smaller than that due to noise 


level. 
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OBSERVATIONS OF THE 21 CM LINE FROM THE MAGELLANIC 
CLOUDS 


By F. J. Kerr,* J. V. HINDMAN,* and B. J. ROBINSON* 
[Manuscript received February 22, 1954] 


Summary 

A survey has been made of the 21 cm line from neutral interstellar hydrogen in the 
Magellanic Clouds. These are the first observations of this radiation from an extra- 
galactic source. 

The observations show that neutral hydrogen extends well beyond the easily 
visible regions of each Cloud, the gas being in each case less concentrated towards the 
nucleus than are the bright stars. From the total radiation received, the masses of 
neutral hydrogen are calculated to be 6 x 108 and 4 x 10® solar masses for the Large and 
Small Cloud respectively. Since the Small Cloud is believed to contain much less dust, 
this means that the ratio of gas to dust is very different in the two systems. 


The measurement of Doppler frequency shifts has yielded extensive new information 
about radial velocities within the Clouds. The velocity distribution indicates that 
both Clouds are rotating. Detailed discussion of the velocities has been deferred for 
subsequent publication. 

I. INTRODUCTION 
The prediction (van de Hulst 1945) and subsequent detection (Ewen and 
Purcell 1951) of a radio-frequency line in the spectrum of interstellar hydrogen 
have opened up new possibilities in astronomical exploration. Extensive 
observations of 21 cm line radiation from the Galaxy have been reported by 
Christiansen and Hindman (1952) and van de Hulst (1953). This paper describes 
the first observations of the line from an extragalactic source. 


Besides its immediate value in revealing the existence and some of the 
physical properties of the interstellar gas, this line radiation shares with the 
continuous spectrum radio-frequency radiation the ability to penetrate the 
clouds of interstellar dust which severely limit visibility in optical astronomy. 
In addition, it has the important advantage that it is a discrete line, so that 
recognizable frequency displacements are produced by the motions of the 
emitting gas. It thus combines for the first time in astronomy the ‘“ seeing 
power ” of the radio wave with the possibility of measuring the (radial) velocities 
of the source regions. Hence both the motions and the distribution of gas in a 
large volume of space can be studied. 

The radio observations do not by themselves provide sufficient information 
to deduce three-dimensional structure, because distance cannot be measured 
directly. It can in some cases, however, be inferred from other evidence. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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For instance, the systematic nature of galactic rotation effects has been used 
for this purpose by the Leiden group (van de Hulst 1953) to locate portion of the 
spiral structure of the Galaxy. For an external galaxy, there is the important 
simplification that all parts of the system are at substantially the same distance. 
Thus a low-resolution two-dimensional picture can be derived directly, and to 
some extent the details of the line profile can provide information about the 
distribution of the gas in depth. 

The Magellanic Clouds, the nearest extragalactic systems, are specially 
suitable for study. They are sufficiently far away to be viewed as isolated 
systems, and yet are sufficiently near for their internal structure to be discerned 
in some detail. Studies of the Clouds have been very important in the develop- 
ment of optical astronomy. ) 

An exploratory survey has been made over the region of the sky containing 
the Clouds.* The 21 cm line has been detected from each Cloud over a large 
area extending well beyond its previously known limits. Values have been 
derived for the total mass of neutral hydrogen in each Cloud, and information 
obtained about the two-dimensional distributions of intensity and velocity. 
The preliminary results indicate that observations of this line will be able to 
provide a detailed picture of the structure and dynamics of the Clouds, leading 
to a number of important inferences concerning galaxies of this type. 

The present results are preliminary in character. They were obtained with 
a new type of receiver at present under development, and it should be possible 
to carry out a more complete and precise survey before long. Consequently, 
the scope of this paper is limited to the presentation of broad overall results, 
together with some discussion of the type of information which could be derived 
from more extensive data. 


II. RECEIVING TECHNIQUE 
(a) Equipment 

The energy received from any given direction is dispersed over a finite 
frequency band (typically }-} Mc/s), owing to random and systematic motions 
of the gas. Thus both the frequency distribution and intensity of line radiation 
vary across the sky. J 

In the usual method of observing the line, the receiver frequency is swept 
slowly over an appropriate band. At the same time, the receiver is switched 
rapidly between two adjacent frequencies. This produces a modulated signal 
which is independent of the background radiation, and minimizes changes 
of zero level arising from gain variations. Since the intensity is very low, the 
output must be integrated over a period of time to reduce the noise fluctuations. 
In consequence, the frequency must be swept slowly. 

A new receiving technique, which was proposed by Dr. J. L. Pawsey, is at 
present under development. In this system, the frequency-sweeping method is 
replaced by a fixed-frequency system, in which the output of a broad-band 


* An account of this survey was presented to a meeting of the American Astronomical 
Society, held at Boulder, Colorado, in August 1953 (abstract, Kerr and Hindman 1953) 
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intermediate-frequency channel is analysed by filtering it through a number of 
parallel narrow-band channels, tuned to different frequencies across the range of 
interest. The outputs of these channels can all be displayed simultaneously, 
so that a picture of the whole frequency profile can be obtained in a single 
integration period. The suppression of zero-level variations and removal of the 
background are in this case effected by comparing the mean nojse level from each 
narrow-band channel with that in the full recejver bandwidth. 

Preliminary tests of the principles involved in this receiver are being carried 
out with a limited number of channels. The observations described in this 
paper were made for the most part with a single narrow channel of 40 ke/s 
bandwidth. 

The use of this type of receiver leads to a different method of sweeping 
over the relevant coordinates. With the usual technique, the aerial follows a 
fixed point in the sky, while the receiver is swept slowly over the appropriate 
frequency range, thus tracing out the line profile at that point. The distribution 
over the sky is then obtained by fitting together a series of these profiles. 

In the new system, the aerial remains in a fixed position, a continuous record 
being obtained at a constant frequency as the sky moves past the aerial beam.. 
In the current observations, line profiles are derived by fitting together a series 
of these constant-frequency records. The later system will give a simultaneous 
output at a large number of separate frequencies, yielding the line profile directly 
as a function of position in the sky. 

The parabolic aerial which is being used in this work is shown in Plate I. 
It has a diameter of 36 ft, and is mounted on an east-west axis as a transit 
instrument. The beam width between half-power points is 1-0°. This may be 
taken as the angular resolution of the equipment. 

The resolution in frequency is also an important parameter. This depends 
on the bandwidth of the narrow channel, 40 ke/s, corresponding to a velocity 
spread of 9 km/s. 


(b) Method of Measurement 

An individual observation involves the measurement of a_ brightness 
temperature for a given region of the sky and a given frequency (or velocity). 
The methods used in measuring the brightness temperature, the direction of the 
aerial beam, and the frequency will be discussed in turn. 

(i) Brightness Temperature.—The noise fluctuations appearing in the receiver 
output have been used as a means of calibrating the output scale in terms of 
aerial temperature. For a receiver of the type described above, the temperature 
change, AT, which corresponds to the r.m.s. noise fluctuation, is related to the: 
noise factor by the expression 


where N is the noise factor for the continuous spectrum, 7, the ambient temper- 
ature, + the output time constant, and B, the bandwidth of a single narrow 
channel. When the total receiver bandwidth is much greater than B., the 
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noise arising in the wide comparison band can be neglected in comparison with 
that due to the narrow band. 

The derivation of the above equation, and its relation to the corresponding 
equations for the systems used by Dicke (1946) and by Ewen and Purcell (1951) 
will be given in a later paper. 

The noise factor of the receiver was measured by means of a gas-discharge 
noise generator, whose characteristics had been checked against the standards 
established at a wavelength of 10cm by the Division of Electrotechnology, 
C.8.1.B.0. 

During the observations described in this paper, the receiver parameters 
were N=6, t=15 sec, B,=40 ke/s, giving a calculated temperature fluctuation 
of 2-4°K. Some unwanted slow variations were, however, superposed on the 
noise fluctuations, reducing the effective receiver sensitivity. For calibration 
a smaller value of t was used in order to generate larger noise fluctuations, 
comparable in amplitude with the observed signals. Use of the larger calibrating 
signal also minimized errors arising from receiver instability. During the 
observations, a relative zero point was established at frequent intervals through- 
out each run by moving to the south celestial pole. At the frequencies used for 
observation of the Magellanic Clouds, the radiation in the polar region is negligibly 
small. 

Since the mixer and 30 Me/s preamplifier were mounted at the aerial feed 
point, it was not convenient to measure the receiver noise factor at frequent 
intervals. The relative sensitivity of the receiver was therefore checked after 
each day’s run by observing the intensities at a number of points near the 
galactic plane. 

In deriving temperatures by the procedure outlined above, there are two 
types of uncertainty. The percentage error of the scale calibration is about 
+20 per cent. Relative values are, however, mainly affected by the uncertainty 
of the zero level. In this case the estimated probable error is +3 °K. 

All values quoted refer to the ‘‘ aerial temperature ”’, and the small correction 
to allow for losses in the aerial and reception from directions other than that of 
the main beam has not yet been determined. 

Temperatures measured in the differential output of the receiver are subject 
to a further correction. The wide channel in the present equipment has a 
bandwidth of only 1-7 Mc/s, so that the presence of line radiation will prodiice 
a small increase in the wide-band output in addition to the increase in the 
narrow-band output. This effect must be allowed for in deriving the “ true ”’ 
profile. 

(ii) Direction of Aerial Beam.—The declination scale, which was attached 
to the mechanical axis of the aerial, was set by making radio observations of the 
Sun. If the aerial structure maintains the same shape in all positions, such a 
single-point calibration will suffice for all declinations. It was found however 
that structural distortions in the framework and in the feed support resulted in 
directional errors of up to 1°. Such errors are of course serious for a 1° beam. 
Two types of measurement were made to determine the distortion. Firstly, the 
transit of stars at various declinations was observed visually, using a small 
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telescope rigidly attached to a point on the aerial framework. Secondly, direct 
measurements were made of the relative movements occurring during rotation 
of the aerial, by sighting with a telescope from one part of the moving structure 
to another. 

The indicated declinations were corrected according to the results of these 
measurements. There may still, however, be small systematic errors in both 
declination and Right Ascension. 


(iii) Frequency.—The receiver is of superheterodyne type with a double 
frequency change. A simplified block diagram is shown in Figure 1. The 
first intermediate-frequency channel is at 30 Mc/s, the second at 7 Mc/s. The 
overall bandwidth is 1-7 Mc/s, and a portion of this, 40 kc/s wide, is selected 


DETECTOR 
INTEGRATOR 
DETECTOR 
INTEGRATOR 


7 Mc/s 
FILTER 
B/W. 40 k¢/s 


HIGH 
FREQUENCY 
MIXER 


LOW 
FREQUENCY 
MIXER 


7 Mc/s 
AMPLIFIER 
B/W.1-7 Mc/s 


1420 Mc/s 
AERIAL 


30 Mc/s 
AMPLIFIER 


1390 Mc/s 
LOCAL 
OSCILLATOR 


23 Mc/s 
LOCAL 
OSCILLATOR 


Fig. 1.—Block diagram of receiver. 


by the narrow-band filter. Although normally fixed, the operating frequency 
of the receiver can be varied over a range of several megacycles per second by 
tuning the first local oscillator, whose frequency is approximately 1390 Mc/s. 
This frequency is derived from a temperature-stabilized self-excited oscillator 
operating at 5-7 Me/s. 

Measurement of the receiver frequency involves measurement of its three 
components, the frequencies of the two local oscillators (1390 Me/s and 23 Me/s) 
and the narrow-band filter (7 Mc/s). With an overall passband of 40 ke/s, an 
accuracy of several kilocycles per second is required in each case. Thus only 
the first of the three measurements offers any difficulty. The method adopted 
makes use of a erystal-controlled oscillator (occasionally checked against WWV) 
as a local reference standard, to set the self-excited oscillator controlling the first 
injection frequency. 

The latter frequency is determined by a measurement of the audible beat 
note between these two oscillators. A convenient arrangement is to adjust the 
various frequencies involved to give zero beat when the receiver frequency 
corresponds to zero radial velocity (1420-405 Mc/s). Then, for other settings of 
the receiver, the beat note is a direct measure of the radial velocity at which 
observations are being made. 


III. OBSERVATIONAL RESULTS 
(a) Method of Scanning 
In each run, the receiver was kept on a constant frequency and observations 
made as the sky moved past the aerial beam. Since the motion is quite slow 
near the pole, relative to the beam width, it was possible to vary the declination 
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in steps throughout each run. The result of each run was therefore a map 
showing the brightness distribution over one or both Clouds at a single frequency, 
that is, the distribution of the radiation from that part of the gas which is moving 
with a particular radial velocity. Figure 2 shows in contour form some samples 
of these maps for the Small Cloud.* The series illustrates the striking change 
in the appearance of the Cloud for different radial velocities. The values of 
radial velocity have been referred to the Sun. 

In these observations, the galactic foreground makes no contribution in 
the frequency range of interest ; the great difference in radial velocity completely 
separates the radiation from the Clouds and the Galaxy. 


210 KM/S 


Fig. 2.—Distribution of brightness temperature over the Small Cloud at four radial 
velocities. (Unit=1 °K.) 


(b) Line Profiles 

From a set of maps of this type, line profiles were drawn for 250 points of a 
lattice, spaced 1° in declination and 10 min in Right Ascension. A number of 
sample profiles are shown in Figure 3,* indicating the main features of the 
variation over the Small Cloud. 

It can be seen that the brightness temperatures are in all cases low. The 
highest value observed is about 30 °K, a quarter of the peak brightness temper- 
ature at the galactic anticentre. 

The group of profiles illustrates the progressive change of velocity across 
the Clouds, and also shows the different shapes which were obtained. The 
profiles are fairly smooth and symmetrical over a small region in the immediate 
centre of the Small Cloud, but elsewhere are generally complex.. They are in 


* The correction for the contribution of the line to the wide-band output has not been applied 
in these two figures. The true profiles will be very similar in shape, but the brightness temper- 
atures and linewidths should both be increased by about 15 per cent. 
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general more irregular for the Large Cloud than for the Small Cloud, presumably 
indicating a greater degree of fine structure in the space distribution. 

The linewidths, between half-power points, average about 250 ke/s, corres- 
ponding to a velocity spread of 50 km/s. There is no great variation in the 
linewidth over the region of the Clouds, but the average width for the Small 
Cloud is a little greater than that for the Large Cloud. 

In this paper we have neglected the fine details shown by some of the 
profiles. The conclusions presented are based on the broader features, as specified 
by two quantities, “integrated brightness ”’ and ‘‘mean radial velocity ’’, 
defined below. 

(c) Contours of Integrated Brightness 

The total energy received from a particular direction can be measured in 
terms of the area under the line profile. This quantity, which corresponds to the 
‘“‘integrated intensity ’’ of optical spectroscopy, we call integrated brightness. 
In conformity with the general system of units used in radio astronomy, the 
integrated brightness, Bj, is defined here as 


2k 
Bint.= 2) 


where the factor 2 covers the two polarizations of the total radiation, and k is 
Boltzmann’s constant, 4 the wavelength, 7, the brightness temperature, and 
» the frequency. The m.k.s. unit is the watt(metre)~°(steradian). For 
example, a brightness temperature of 10 °K over a frequency range of 200 ke/s 
gives Bin, =12 X10-16 W m~? sterad. 

A diagram showing the contours of integrated brightness is given in Plate 2, 
Figure 1, where the contour interval is 7x10-'® W m™sterad™. The values 
have been increased by 35 per cent. to allow for the contribution of the line to 
the wide-band output. A dashed line is also included in the figure to indicate 
the approximate outer limits from which radiation could be detected with the 
present sensitivity. The limiting factor in these observations was the uncertainty 
in the position of the zero level. 


(d) Contours of Radial Velocity 

The mean radial velocity for each profile is defined in the sense of the 
weighted mean, as the velocity for which the ordinate halves the area under the 
profile. Contours of mean radial velocity, in kilometres per second, are given 
in Plate 2, Figures 3 and 4. Positive values of radial velocity indicate recession. 

The velocities are least accurate where the radiation is very weak. These 
contours are restricted to the region in which the integrated brightness exceeds 
TX1048 W mr? sterad=* 


IV. THE MAGELLANIC CLOUDS 
Before discussing the radio observations we shall briefly review the results 
of optical studies of the Clouds. 
The Magellanic Clouds are the nearest external galaxies. Subtending 
angles of several degrees, they are prominent features of the southern sky, but 
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are invisible from the greater part of the northern hemisphere. The mean of 
several recent determinations of their distance (Gum and de Vaucouleurs 1953 ; 
Shapley 1953; Thackeray and Wesselink 1953; Shapley and Nail 1954) is 
46 kpe, in the new cosmic distance scale.* The two Clouds appear to be at 
practically the same distance from the Sun, to within the observational 
uncertainty. 

The distances of all other members of the local group of galaxies are consider- 
ably greater than this. Hence the two Clouds and the Galaxy appear to form a 
close group of their own. The Clouds have in fact often been referred to as 
‘ satellites’? of our Galaxy. de Vaucouleurs (1954) has collected evidence 
suggesting the existence of a connexion between the Large Cloud and the Galaxy. 
This would be analogous to the cases reported recently by Zwicky (1953), in 
which filaments of intergalactic matter connect neighbour members in pairs or 
eroups of galaxies. 

A photograph of the Clouds is shown in Plate 2, Figure 2. The Large Cloud 
has a central elongated section, known as the ‘‘ axis ”’, surrounded by a number 
of irregularly situated luminous patches. The small Cloud is more concentrated 
into a single body, but it too shows some irregularities of structure. 

To the unaided eye, the diameters of the Large and Small Clouds are 
approximately 7 and 33°. Microdensitometer studies and star counts have 
considerably extended the recognized dimensions of the Clouds. Shapley and 
Mohr (1932) obtained 12 and 8° respectively for the diameters averaged over all 
position angles. The outer isophotes of the Large Cloud are reasonably smooth, 
but those of the Small Cloud show an extension or “ wing ” towards the Large 
Cloud. Shapley (1940) showed from star counts that this feature is at least 1-5° 
in width (in declination), and extends 3 or 4° in Right Ascension to a distance of 
6 -5° from the centre of the Small Cloud, that is, one-third of the way to the centre 
of the Large Cloud. Star counts by McCuskey (1935) confirmed the increased 
dimensions of the Large Cloud. He obtained a mean diameter of 11°, and this 
has recently been extended to 20° by de Vaucouleurs (1954). 

_ Holmberg (1952) has made estimates of the masses of the Clouds. His 
values, reduced to the new distance seale, are as follows: for the Large Cloud, 
210% solar masses as derived from the velocity dispersion of nebulae observed 
by Wilson (1917), and 2-5 10° solar masses from the estimated mass/luminosity 
ratio for a type I population and the Shapley-Ames magnitude ; for the Small 
Cloud, by the latter method, 6 x 108 solar masses. These values must, however, 
all be taken as rather uncertain. 

In the standard classification of galaxies, the Magellanic Clouds are the 
typical examples of a class of irregular galaxies, which comprises about half of 
the systems classified as “irregular ’’. H. C. Russell (1890) first reported 
evidence of spiral structure in the Clouds. Shapley (1931, 1950) described 
similarities in the Large Cloud and the barred spirals, but he considered that the 
evidence was not yet clear as to whether the Clouds are flattened or spherical. 


* As recently revised, following the discussion presented by Baade at the Rome Assembly 
of the International Astronomical Union, September 1952. 
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A more detailed study has been made by de Vaucouleurs (1954) from star 
counts and multiply printed photographs. He has been able to show the 
existence of an extensive spiral structure in the outer parts of the Large Cloud. 
From the shape of the intermediate and outer isophotes, he suggested that both 
Clouds are flattened systems with different inclinations to the line of sight. The 
Large Cloud appears to have an inclination of 65°, with its major axis in position 
angles* 160-340°, the Small Cloud an inclination of 35°, and major axis in position 
angles 40—220°. 

The stellar population types of the Clouds have been the subject of consider- 
able recent discussion. Baade (1950) has given the Large Cloud as an example 
of a system with a population of pure type I. Thackeray and Wesselink (1953) 
have shown, however, that it contains some variables which belong to type II. 
It is therefore not of pure type I, but appears to be predominantly so—its colour 
is that of a type I system. 

Shapley (1950 and personal communication) has pointed out that the Small 
Cloud approaches in character the irregular dwarf galaxies and it may be evolving 
towards the spheroidal type of galaxy, that is, it may be more developed towards 
one of the Population IT subdivisions than is the Large Cloud. Gascoigne and 
Kron (1953), from colour measurements of the Clouds and some of their variables, 
concluded that the Small Cloud might be predominantly of type II. Gascoigne 
(personal communication) now considers that further measurements suggest 
that this view should be substantially modified, and that the Small Cloud appears 
to differ in important respects from both Population I and Population IT. 
Shapley (1950) suggests that the population of the Small Cloud, at its centre, 
may be intermediate between Populations I and IT. 

The dust content of the two Clouds appears to be very different. Photo- 
graphs show many more dark patches in the Large Cloud than in the Small 
Cloud. Shapley (1951) has made counts of the numbers of distant galaxies 
visible through various parts of the Clouds, and finds that the Small Cloud is 
essentially transparent, whereas the Large Cloud contains a considerable amount 
of obscuring dust. He points out, however, (personal communication) that, 
while the Large Cloud undoubtedly contains more dust, no quantitative com- 
parison is possible because of irregularities in the distribution of the faint galaxies 


themselves. In particular, there is probably some obscuration in a small region - 


at the centre of the Small Cloud. Recent colour measurements of B stars and 
cepheids by Gascoigne (personal communication) do not support the presence 
of appreciable quantities of dust in the Small Cloud ; they cannot be said, 
however, definitely to exclude this possibility. 

Ionized hydrogen is known to be present in both Clouds. Studies of emission 
nebulosities have been reported by Henize and Miller (1950) for both Clouds, 
and by Shapley and Wilson (1925) and Nail, Whitney, and Wade (1953) for the 


Small Cloud. Hydrogen emission appears to be more prominent in the case of 
the Large Cloud. 


* The position angle is the inclination to the hour circle passing through the centre of the 
object, measured from north towards east. 


é 
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In addition, the H and K lines of interstellar calcium in the Large Cloud 
have recently been observed by Feast (1953) in the light of S Dor, the brightest 
ae in the Cloud. This is the first observation of absorption by interstellar gas 
in an extragalactic system. 


The information available from optical sources about the motions of the 
Clouds is scanty. So far, radial velocities have been measured for only 17 bright 
nebulae in the Large Cloud, and one in the small Cloud (Wilson 1917). The 
values obtained are in the range +251 to +309 km/s in the Large Cloud, and 
+168 km/s in the Small Cloud. Proper motions have not yet been measurable. 


Wilson examined the radial velocities for evidence of rotation of the Large 
Cloud, but the data were too few for a clear result. Hertzsprung (1920) then 
suggested that the data could be interpreted more simply as indicating a trans- 
lational motion of the two Clouds through space. A more recent analysis has 
been made by Wilson (1944), leading to a suggested space motion of about 
550 km/s. 

There are still many gaps in present knowledge and the solution of some 
pressing problems requires more data. Radio and optical observations are to a 
great extent complementary. It seems likely that the detailed data of both types, 
which can be expected in the near future, should lead to a much better under- 
standing of the two systems. 


V. DISCUSSION OF THE BRIGHTNESS OBSERVATIONS 
We can now discuss the current radio observations in the light of the present 
optical knowledge of the Clouds. Since this is a preliminary survey, the discus- 
sion will largely indicate the type of information which radio studies can provide, 
rather than derive final results. 


(a) The Size of the Clouds 
The most striking aspect of the brightness contour diagram (Plate 2, Fig. 1) 
is the large size of the Clouds, in comparison with the size of the easily visible 
regions (see Plate 2, Fig. 2). Also the large amount of radiation from the Small 
Cloud, relative to that from the Large Cloud, would not have been expected from 
its smaller optical luminosity and lower dust content. 


Features such as the wing of the Small Cloud and the axis of the Large 
Cloud can be clearly seen in the diagram. Another noticeable characteristic 
is that the contour pattern is smoother in the case of the Small Cloud. This 
conforms with the optical evidence for a more regular structure. 


(b) The Degree of Central Concentration 
The radio brightness is seen to decrease less rapidly than the optical bright- 
ness in going outwards from the centre, demonstrating that the gas is less 
concentrated towards the centre than the bright stars. This result is made more 
evident by comparing radio and optical brightnesses along sections through the 
Clouds. Such a comparison is shown in Figure 4, which gives sections at constant 
declination and constant Right Ascension through the optically brightest part 
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of each Cloud.* The optical curves have been derived from data obtained by 
van Herk (1930). These observations are not good by modern standards, but 
they are the only systematic data available so far. A major weakness is that 
the brightness at points in the Clouds has been referred to the brightness at 
nearby points, which were at that time considered to be outside the Clouds. 
Present knowledge of the size of the Clouds indicates that the reference level 
cannot be taken as a true zero level. The shape of the optical sections in the 
figure may therefore be considerably in error in the outer parts, but the central 
regions will not be greatly affected. 

To facilitate the comparison of the radio and optical data, the resolution 
of the latter has been degraded by ‘“‘ smoothing ”’ the data with a directional 
characteristic equivalent to that given by an aerial with a beam width of 1° 
between half-power points. Thus the radio and optical results have been made 
directly comparable. The two brightness scales have been adjusted to make the 
maxima coincide for the Large Cloud. 

The greater spread of the radio distribution can be clearly seen in both 
sections through the Small Cloud and in the section at constant Right Ascension 
through the Large Cloud. Thus the hydrogen appears in each case as a large 
envelope surrounding a core of bright stars. However, the radio and optical 
distributions are more similar for the section at constant declination through the 
Large Cloud, passing along the axis. The elongated axis, which is a feature of 
the optical picture, appears to be less marked in the radio observations. This 
suggests that the gas is disposed in a broad. distribution, with an approach to 
circular symmetry, on which the axis of bright stars is superposed. 


Detailed studies of brightness distributions of this type are important in 
relation to the dynamics and the gravitational equilibrium of the Clouds. When 
more radio data are available it will be possible to study the Clouds in the way 
which has been applied to globular clusters (for example, Camm 1952) and 
ellipsoidal galaxies (de Vaucouleurs 1953). These studies are expected to show 
the extent to which the Clouds have reached a state of equilibrium under their 
own gravitation and internal motions. 


Differences in distribution, similar to that now reported for the hydrogen 
and the bright stars, are already known in other galactic systems for stars of 
different sizes. The internal structure of galaxies and clusters was at. first® 
deduced solely from studies of the light distribution across their surfaces. As 
in the case of the Magellanic Clouds, refinements of technique have revealed 
more and more of the outlying regions, and thus increased the apparent sizes of 
the systems. In some galaxies the distribution of rotational velocity has now 
been observed, leading to the mass distribution. In each case the mass and light 
distribution are found to be quite different (Oort 1940 ; Wyse and Mayall 1942), 


with the ratio of mass to luminosity increasing steadily on going out from the 
nucleus. 


* This is not the same as the centroid of the hydrogen distribution, which is at R.A. 


05 hr 35 min, Dec. —68-5° for the Large Cloud, and R.A. 01 hr 20 min, Dec. —72-5° for the 
Small Cloud. 
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This appears to indicate that most of the mass is contained in dwarf stars, 
widely distributed around the nucleus. Since the luminosity of a star increases 
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much more rapidly than its mass (Loc M*'§), optical observations tend to pick 
out the brighter stars, in spite of their smaller number. Evidently these are 
more concentrated towards the centre than the dwarf stars. Dynamical argu- 
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ments are used to account for these observed differences in the distribution of 
stars of different masses. 

In the case of the Clouds, then, the main mass is likely to be in dwarf stars, 
more spread out than the bright stars which mainly contribute to the observed 
luminosity. The hydrogen distribution may therefore approximate to the mass 
distribution, but later work should enable a detailed comparison to be made. 


(c) Quantity of Neutral Hydrogen 

Unless the source region is opaque, the observed integrated brightness 
(the area under the profile) will increase with an increase in the number of 
hydrogen atoms in the line of sight. When the optical depth is small, the 
relationship is nearly linear, and is also independent of the excitation temperature 
of the source. (This latter result follows from the fact that the absorption 
coefficient is inversely proportional to the excitation temperature.) In these 
circumstances, the quantity of hydrogen in the line of sight can be derived 
directly from the observational data and an integration over the brightness 
contours can lead to the total mass of neutral hydrogen in each Cloud. 

This method cannot be used, however, when the number of atoms—and 
so the optical depth—is very great, because then the presence of additional 
atoms does not increase the brightness temperature. The line is then said to be 
“ saturated ’’, the increased emission due to the additional atoms being balanced 
by increased self-absorption. In the case where the radiating gas is at a uniform 
temperature, the resulting profile would be ‘ flat-topped ”’, though this may not 
be so in the general case. 

The shapes of the observed profiles and the low values of the brightness 
temperatures provide some evidence that the Clouds are optically thin. Therefore 
the values for the quantity of hydrogen which are derived below from the 
integrated brightness are probably the correct figures and are certainly lower 
limits. 

The required expression for the number of atoms in the line of sight can be 
derived from the equation for the absorption coefficient (after Wild 1952), 


%=2°6 xLO-ES .f(v) em, 


where n is the number of ground-state hydrogen atoms per cubic centimetre, 
0 is the excitation temperature in degrees Kelvin, and f(v) is the ‘‘ line-shape ”’ 
function, normalized so that . 


f(v)dv =1. 
0 
The optical depth is then 


= “yds =2-6 x10-15 |” 
ik I. ai (v)ds, 


and, if 0 and f(v) are assumed to be constant throughout the depth s of the gas 
in the line of sight, : 


t=2°6X 10-26!) y, 
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where WN is the total number of atoms in the line of Sight in a cylinder of 1 em? 
section. 
The brightness temperature of the line is then given by 
T., =0(1—e-*) ; 
~0t, when +<1l. 
Integrating the brightness temperature over the full range of v, we have 


> 00 


Tydy 
ied | 0 : = Bint, 
Ze G10 1 9 32, SLO 
(from the definition of integrated brightness) 
=6 +2 X10? Bint. 


This is the number of atoms in a projected area of 1 em?. An area of 1 deg? 
on the celestial sphere at a distance of 46 kpc is equal to 6-2 x1042¢m2. Thus 
the number of atoms corresponding to an integrated brightness Bj, extending 
over an area 5A deg? is 

ON =3-8 X1078B,,,, 5A. 


The total number of neutral hydrogen atoms in each Cloud can now be 
found by integrating the product (Bint.dA) over the contour diagram for the 
Cloud. The values obtained are 7 x10% and 5 x10® for the Large and Small 
Cloud respectively. The corresponding masses of hydrogen are 6108 and 
4108 units of solar mass. 


These results may be compared with Holmberg’s estimates of the masses 
of the Clouds (see Section IV), 2 «10° and 2-5 «10° solar masses for the Large 
Cloud by two methods, and 6 «108 solar masses for the Small Cloud. 


In addition to the mass of neutral hydrogen, better values for the total 
mass of each Cloud should be obtainable from hydrogen line observations (see 
Section VI). The present data lead to a tentative value of 20 per cent. for the 
proportion of hydrogen, by mass, in both Clouds. This may be compared with a 
recent estimate of 15 per cent. for this ratio in the solar neighbourhood (Oort 
1952). 

More reliable data will make possible a detailed comparison between the 
distribution of the gas through the Cloud and the distribution of (total) mass. 
The latter would be derived from the velocity distribution. 


An important result from this survey is that the amount of gas in the two 
Clouds is about the same, whereas the Large Cloud is believed to contain much 
more dust than the Small Cloud. Thus the ratio of gas to dust, which has often 
been held to be constant everywhere, is very different in the two systems. Better 
optical data are required to put this result on a quantitative basis, but quali- 
tatively it appears to be well established. 


The mean gas density can also be derived. In the central regions of the 
two Clouds the number of atoms in a cylinder of 1 cm? section in the line of 
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sight is about 3 x107. The mean density of neutral hydrogen is then of the 
order of 103/d atoms/cm3, where d is the “depth ’”’ of either Cloud in parsecs. 
The mean diameter of the hydrogen distribution for the Large Cloud, in a plane 
perpendicular to the line of sight, is 5 kpe between half-intensity points. Thus, 
if the Cloud has an approximately spherical shape, the mean density in the 
central region would be about 0-2 atoms/em*. On the other hand, if we take 
the conventional value of 1 atom/cm* derived from observations in the solar 
neighbourhood, we obtain a value of 1 kpe for the line-of-sight depth. The 
corresponding values for the Small Cloud are very similar. 


VI. DISCUSSION OF THE VELOCITY OBSERVATIONS. 

The observations on velocities will now be considered. The radio observa- 
tions have added enormously to the available information on velocities in the 
Clouds. Optical measurements to date only give radial velocities for 17 bright 
nebulae in the Large Cloud, and one in the Small Cloud. The present radio data 
give velocities for more than 200 independent points across the Clouds, and for 
each point a full velocity profile can be obtained. The spread of velocity in a 
profile (about 50 km/s between half-intensity points) can be due to random, or 
peculiar, motions in the Clouds, and also to systematic variation of velocity 
with depth in the Cloud, along the line of sight. 


The present survey was not sufficiently detailed to give the fine structure 
of the velocity profiles. Systematic motions can, however, be studied through 
the mean radial velocity, defined in Section III (d). The significance of this 
quantity is that, provided the optical depth is small, it gives the motion of the 
centre of mass of the material in the line of sight. In the particular case of a 
flattened system it corresponds, on the average, to the mean motion in the 
equatorial plane. 


The contour diagram of mean radial velocity, presented in Plate 2, Figure 3, 
shows a systematic pattern, with velocity increasing from right to left. The 
greater part of these velocities, and of their variation across the Clouds, arise 
from the Sun’s rotation about the centre of the Galaxy. The next step is 
therefore to remove the known motions. 


Plate 2, Figure 4, shows the detailed mean radial velocity data, after removal 
of the galactic rotation velocity (taken as 270 km/s towards 1=57°, b=0°) and 
the solar motion relative to the local centre of mass (20 km/s towards R.A. 270°, 
Dec. 30-0° (1900)). The residual velocities are found to cover a range between 
—45 and +60km/s. Analysis of the distribution of these residual velocities 
indicates that each Cloud is rotating. The orientation of the major axis agrees 
with that derived from the shape of the optical isophotes (see Section IV). The 
rotational parameters lead to values for the total masses of the Clouds. Thus 


we can obtain from hydrogen line observations both the mass of neutral hydrogen 
and the total mass. 


Weighted mean radial velocities have been calculated, representing the 
velocity of the centre of mass of the neutral hydrogen in each Cloud. The 
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The 36-ft. paraboloid at Potts Hill, near Sydney. 


The aerial is mounted as a transit instrument. 
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values obtained are +280 and +160 km/s for the Large and Small Cloud 
respectively, relative to the Sun, and +37 and —16 km/s after removal of the 
Sun’s motions. 


A detailed discussion of the velocity data in Plate 2, Figure 4, will be given 
in a subsequent paper. 


VII. CoNCLUSIONS 
The 21 cm line has been received from large areas extending well beyond 
the easily visible regions of each Cloud, and the hydrogen of the Clouds is‘much 
less concentrated towards the nucleus than are the brightest stars. 


Despite the very different quantities of dust in the two Clouds, each system 
contains about the same total amount of gas. Thus the ratio of gas to dust is 
very different in the two Clouds. 


Tf the Clouds are taken to be optically thin for this radiation, the neutral 
hydrogen content is found to be 6 x10° and 4 x 108 solar masses for the Large 
and Small Cloud respectively. 


The results have illustrated the great power of 21 cm line studies. As well 
as giving the total quantity of gas and its distribution, the method can very 
quickly supply information about radial velocities within the Clouds in more 
detail than was available from previous optical studies. 
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THE BAROMETER COEFFICIENT AND AIR MASS EFFECTS 
ON COSMIC RAYS AT MACQUARIE ISLAND 


By R. M. JACKLYN* 
[Manuscript received November 16, 1953] 


Summary 

The changes in cosmic ray intensity associated with the passage of weather fronts 
over the observing station have been investigated, using data from Macquarie Island. 
The effects can be explained in terms of the different way in which the height of the 
production layer for mesons varies with surface pressure for warm moist and cold dry 
air masses. The barometer coefficients found for these air masses are respectively 
—0-120-+0-058 per cent. per mb and —0-220+0-041 per cent. per mb for the penetrat- 
ing component. These results indicate that the frequently observed fluctuations in_ 
short-term barometer coefficients may be traceable to changes in air mass types. 


I. INTRODUCTION 

During the past 10-15 years several workers (Loughridge and Gast 1940 ; 
Nishina et al. 1940a, 1940b ; Trumpy 1949; Lindholm 1950) have commented 
on the marked changes which cosmic ray intensities undergo with the passage 
of fronts over the recording station. This effect was studied at the Australian 
National Antarctic Research Expedition (A.N.A.R.E.) station at Macquarie 
Island (lat. 54 °S., long. 159 °E.) during 1951. 

The weather at the station was typically overcast, with a yearly average 
humidity of 88 per cent. Daily and seasonal surface temperature fluctuations. 
were comparatively small, but large variations of surface pressure occurred, 
often accompanied by a change of air mass. (The phrase “ air mass ’’, for the 
purpose of this study, refers to a characteristic combination of surface and upper 
air temperatures, humidity, and surface wind direction, which usually persists 
over the station for several days at a time, and with the passage of a surface of 
discontinuity, the front, changes to another typical set of the quantities.) 

A change of air mass was generally associated with a cold or an occluded 
cold front. The origin and orientation of fronts and the tracks of major depres- 
sions in the Southern Ocean are still matters of conjecture, partly because there 
are very few observing stations in the area. Gibbs, Gotley, and Martin (1952) 
have assumed that the major source region of fronts is in the close neighbourhood. 
of the Antarctic Continent. Briefly, they appear to develop as follows. Out- 
bursts of cold dry air move northwards behind Antarctic fronts until they become 
the polar fronts of middle latitudes. Wave developments in these fronts result 
in the growth of major depressions. One of the two main tracks followed by 
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these depressions, and their associated fronts, is in a south-east direction from 
the south-west coast of Australia to the vicinity of Macquarie Island, reaching 
maximum development at 60 °S. As they approach the Antarctic coastline and 
gradually dissolve, the depressions cause fresh outbreaks of Antarctic air to occur, 
with new Antarctic fronts as their forward boundaries. .So it seems likely that 
cold fronts at Macquarie Island are either well-developed polar fronts associated 
with depressions tracking from the north-west, or else Antarctic fronts associated 
with fresh air masses from the Continent. 


II. EQUIPMENT AND METHOD OF ANALYSIS 
The cosmic ray records used for this work were obtained from two 
independent units, identical in geometry with those used by Caro, Law, and 
Rathgeber (1948). But the recording circuits differed, and gave a resolving 
time for coincidence of 2 usec. 


A wide angle vertical telescope comprised two closely spaced trays of Geiger 
counters, each having an effective sensitive area of 400 cm?. Double coincidences 
from this unit measured the wide angle total intensity (referred to as count 3) 
at a rate of about 20,000 counts/hr. The other unit, a narrow angle vertical 
array comprised four trays of the same type as above, with a spacing of 15 em 
between adjacent trays. Ten cm thickness of lead was placed over the bottom 
tray so that triple coincidences from the lower trays measured the narrow angle 
penetrating component (referred to as count 2) at a rate of about 3400 counts/hr. 
‘The top three trays were used in triple coincidence to measure the narrow angle 
total intensity (referred to as count 1) at a rate of approximately 4800 counts/hr. 
Since counts 1 and 2 were derived from arrays with identical geometry, an 
approximate measure of the non-penetrating radiation could be obtained by 
taking the difference between them, but the derived counting rate was found to 
be too low to give results of sufficient statistical accuracy for this work. 


Count 3 (wide angle total intensity), count 1 (narrow angle total intensity), 
and count 2 (penetrating component) were each analysed for the average effects 
produced by the passage of fronts, following a procedure used by Loughridge 
and Gast (1940). For an individual front, the counting rates were collected 
into 6-hr groups, referred to the time of passage over the station. Thus the 


6-hr group immediately preceding the change of air mass was centred about the 


time 3 hr before the passage of the front. The counting rates were corrected to 
a standard pressure of 940 mb using the appropriate bi-monthly barometer 
coefficient, derived from the daily mean rates and surface pressures. To 
minimize the effects of fluctuations in the general level of intensity between one 
front and another, the corrected rates were normalized to the second 6-hr group 
preceding the front. Thus only the mean differences were plotted between 
this and other groups. 


Counts 1 and 2 were analysed for six well-defined cold fronts and five double 
cold fronts (for each of which the frontal changes occurred in two distinct Stages 
several hours apart) recorded between June and November 1951. These have 
been treated as a single group of 11 cold type fronts, to obtain a better estimate 
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of the post-front changes. Over the same period, results from count 3 were 
available for 14 cold type fronts. 


Since the same apparatus was in operation at Macquarie Island during 1950, 
the records for that year were also analysed for the effect of fronts, and in this 
case it was decided to consider only the occasions for which both independent 
units were operating, so that the records for all counts were simultaneous. This. 
restricted the results to 12 marked cold fronts. No double fronts were included 
in this group. 
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Fig. 14.—The average effect of the passage of cold fronts during 1950 on (a) the wide 

angle total intensity (count 3), (b) the narrow angle total intensity (count 1), (c) the 

narrow angle penetrating component (count 2), together with (d) the mean surface 
pressure variations. The error tails shown are the 95 per cent. fiducial limits. 


Fig. 1B.—The average effect of the passage of cold type fronts during 1951. (a)—(d) 
as for Figure 1A. 


III. THE FRONT EFFECTS 
The average effects on the corrected counting rates for each of the years 
1950 and 1951 are shown graphically in Figures 14 and 1B, together with the 
mean surface pressure variations. The post-front increases in the level of 
corrected scaled counts for each type of telescope as well as the percentage 
increases are set out in Table 1. It can be seen that the increases are consistent 
for both years, and they are in qualitative agreement with the ionization chamber 
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measurements made by Loughridge and Gast. The increases in corrected scaled 
counts for the penetrating radiation and total radiation are the same for the two 
telescopes with the same geometry. The smaller percentage increase in total 
radiation is practically the same for both the narrow angle and the wide angle 
telescopes. Thus it appears that the post-front effects are almost entirely due 
to variations in the penetrating radiation. 


TABLE 1 


POST-FRONT INCREASES IN COSMIC RAY INTENSITIES CORRECTED FOR PRESSURE USING A TOTAL 
BAROMETER COEFFICIENT 


Year Count 2 Count | Count 3 


1950 12 12 12 
Number of fronts 
1951 11 | 11 14 
1950 50-60 50-60 
Total increase (scaled counts). . 
1951 80-90 | 80-90 
1950 0-93 0-75 0-75 


Percentage increase 


IV. THE MECHANISM OF THE FRONTAL EFFECTS AND THE VARIABILITY 

OF THE BAROMETER COEFFICIENT 

As Duperier (1949) has pointed out, cosmic ray intensity may be regarded 

as a function of several meteorological variables. He proposed that the following 

three were predominant: the surface pressure B, the height H of the pressure 

level where the majority of mesons are produced, and the mean temperature T 

in the neighbourhood of this level. Thus a variation of the intensity J is given 
by : 

dl =ydB +y’dH +087. 


On the other hand, if cosmic ray intensity is regarded as a function of surface 


pressure only, and 
51 =BSB, 


where (; is the total barometric regression coefficient, then 


oH woe 
B=p- b rR Chae | UBS b mn ooeddmck (1) 


Evidently then, the pressure coefficient varies with the upper air meteor- 
ological conditions, and may undergo marked and consistent changes when one 
type of air mass replaces another. 


With this in mind, the total pressure coefficients for the pre-front moist 
warm air and the post-front polar air for the months June to November were 
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obtained from the 1951 records. (Unfortunately it was not possible to extract this 
kind of data for the 1950 results.) The coefficients for counts 1 and 2 are set 
out in Table 2 (the errors given being the 95 per cent. fiducial limits) together 
with the bi-monthly coefficients used for the analysis described above. In the 
passage from a temperate to a polar air mass there is a significant increase in 
the pressure coefficient for the penetrating radiation, and that for the total 
intensity shows a similar trend. Notably, all the bi-monthly coefficients have 
values lying between the two air mass values. 


TABLE 2 
BAROMETER COEFFICIENTS 1951 


| | 
Narrow Angle Total 
Penetrating Component Intensity 
(counts/mb) (counts/mb) 
Temperate air mass See al —1-018+0-49 —1-093+0-41 
| (—0-120+0-058%/mb) | (—0-184-+0-069%/mb) 
| 
Polar air mass .. see —1-877+0-35 —1-563 +0-23 
(—0-220+0-041%/mb) (—0-260-+0-037%/mb) 
Bi-monthly means 
May—June os eel —1-591 —1]-44 
July—August a oe ot —1-426 —1-44 
September—October =x —1-231 —1-44 


| 


If the counting rates are corrected using the appropriate coefficients for the 
air masses (Fig. 2), it is obvious that the change in corrected rates on passing 
through a front is arbitrary, depending on the choice of a standard pressure. 
If, as in the case of count 2, the standard pressure is chosen corresponding to 
the point of intersection of the regression lines (1005 mb) there should be no 
change in corrected rates on passing from the temperate to the polar air mass. 
But it is clear that if a single average pressure coefficient is used, as in the data 
summarized in Figure 1, its value lying somewhere between the values for the 
polar and temperate air mass coefficients, the rates corrected to a standard 
pressure must increase after the passage of a cold front. This accounts for the 
fact that the pattern of variation of penetrating and total radiation, corrected 
using the same barometer coefficient before and after cold type fronts, is consistent 
for both years on Macquarie Island and is in qualitative agreement with the 
observations made by Loughridge and Gast (1940). This being so, referring 
to equation (1), the ratios 5H/3B and 5T/SB must vary consistently both in 
different years and in different places on passing from warm moist to cold dry 
air. 

Now, Trumpy (1949) has accounted for variation in meson counting rate 
due to the passage of fronts by assuming that the surface pressure B and the 
height of the 100-mb level H are the predominantly effective variables, so that 


$1 =p dB +y'3H. 
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The corresponding expression for the barometer coefficient 6 is 


—z oH 
P=U+e sR: 


990 


2970p 


950 POLAR AIR 


930 


TEMPERATE 
AIR 


910 


890 


I (DAILY MEAN) (COUNTS/HR x 272) 


870 


850 


940 960 980 1000 1020 


B (DAILY MEAN) (mB) ~. 


Fig. 2.—The line of regression of penetrating radiation 


(count 2) on surface pressure under different air mass 
conditions. 


Using the suffixes P and T to denote polar air mass and temperate air mass 
conditions respectively, we have 
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With the data obtained from the daily radiosonde flights conducted at the 
station, values of (SH/SB), and (SH/SB); were found using the least squares 
method of regression analysis. Over the same period for which @, and 6, 
had been calculated, they are as follows : 


SB 
ee 
3B 


‘ 


sH 
( ) — —3-048 x10-5 km/mb (—0-194 x10-3 per cent./mb), 
r 


) —+1-612 x10-? km/mb (+0-1028 per cent./mb). 
P 


The mass absorption coefficient , the decay coefficient uv’, and the mean range 
for mesons before decay, L (the reciprocal of »’, where vu’ is expressed as the 
fractional change of intensity per km, (1/I)(8//5H), obtained by substitution 
in equations (2) and (3), compare favourably with the values found by Trumpy 
in Norway, as shown in Table 3. 


TABLE 3 
| | | 
Place | U oa L 
| (%/mb) | (%/km) | (km) 
Macquarie Island Abril —0-120 —5-52 | 18-1 
Norway ‘3 3 = Acs 4 —5°8 | Wiis 


V. CONCLUSIONS 

Summing up, it appears that marked changes in cosmic ray intensities 
occur following the passage of cold fronts, and they become more apparent after 
correction with the total bi-monthly barometer coefficients. The apparent 
increases are due to changes in the value of SH/dB, upon which the barometer 
coefficient depends, 3H/dB having a greater value (in the positive sense) for cold 
dry air masses than for warm moist air. The frequently observed fluctuations 
of short-term barometer coefficients may be largely traceable to this cause. 


VI. ACKNOWLEDGMENTS 
Acknowledgment is due to Drs. A. G. and K. B. Fenton, who suggested 
and encouraged this work ; to Professor A. L. McAulay for his valuable criticisms 
of the draft paper; to Messrs. Martin and Gibbs of the Melbourne Weather 
Bureau for extracting the 1950 frontal data; to the A.N.A.R.E. for providing 
the cosmic ray data; and to the C.8.1.R.0. for the funds which enabled this 
study to be continued at Hobart. 


VII. REFERENCES 

Caro, D. E., Law, P. G., and RATHGEBER, H. D. (1948).—Aust. J. Sci. Res. Al: 261-74. 
Durrrter, A. (1949).—Proc. Phys. Soc. Lond. A 62: 684-96. 
Ginss, W. J., GoTLEy, A. V., and Martin, A. R. (1952).—Aust. Nat. Antarctic Res. Expedition 

Reports, Series D, Meteorology. Vol. 1, Part 1 (c). 
Linpuoim, F. (1950).—Tellus 2: 63-7. 
Loucuripgr, D. H., and Gast, P. F. (1940).—Phys. Rev. 58: 583-5. 
Nisutna, Y., SeKrpo, Y., Srmamura, H., and Arakawa, H. (1940a).—Phys. Rev. 57: 663. 
NisHina, Y., SEKIDO, Y., SIMAMURA, H., and Arakawa, H. (1940b).—Phys. Rev. 57: 1050. 
Trumpy, B. (1949).—Univ. Bergen Arb. 1949, No. 3. 


AN INVESTIGATION OF FINITE STRAIN IN AN ISOTROPIC MATERIAL 
SUBJECTED TO HYDROSTATIC PRESSURE AND ITS SEISMOLOGICAL 
APPLICATIONS 


By A. KEANE* 
[Manuscript received December 14, 1953] 


Summary 

An attempt is made to reduce the generality of the usual theories of finite strain 
and to concentrate on the case of hydrostatic pressure. The method used has been 
based on the works of Murnaghan (1951) and Birch (1952), and yields a general relation 
giving the elastic constants in terms of the strain and the derivatives of pressure with 
respect to strain. 

It becomes evident that a law in lieu of Hooke’s law is needed to proceed with a 
mathematical theory ; and so various elasticity equations in the literature are investi- 
gated to determine the special assumptions used to derive them from the present general 
equations. A linear relation between the second and third order elastic constants 
is then proposed and the resulting relation between pressure and density compared 
with Bridgman’s experimental results for the alkali metals. It is found that the 
proposed law of finite hydrostatic strain agrees favourably with experiment and also 
with deductions from the atomic theory of solids. 

The paper concludes with a few relevant remarks on the implications of the present 
theory to certain seismological problems. 


I. INTRODUCTION 

The aim of this paper is to investigate the elasticity equations governing 
large hydrostatic strains, so that the effect of the pressure existing in the deep 
interior of the Earth can be assessed. Considerable simplification results on 
treating this special problem instead of developing a general theory. 

Following the terminology suggested by Murnaghan (1937), we say that 
if the displacements are referred to the initial state as standard we are using the 
Lagrangian approach, while if the final state is taken as standard we have the~ 
Eulerian approach. Throughout this paper the Lagrangian viewpoint will be 
adopted. ‘ 

In the first part of the paper the assumption is made that the pressure can 
be expressed as a power series in the strain. This is seen to be equivalent to 
the usual assumption that the elastic strain energy can be so expanded. 

All the equations herein can easily be derived on the Eulerian approach, 
which apparently has neither advantage nor disadvantage except that, in 


approximations like that made by Birch (1952), the two methods give widely 
different results. 


* Wollongong Technical College, Wollongong, N.S.W. 
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II. THE COMPRESSIBILITY RATIO 

Since we are concerned with hydrostatic strain we may refer a particle to 
the same set of Cartesian axes before and after the application of strain. In 
the following we take the coordinates of a typical particle in the initial state as 
(a, b, c) and in the final state as (wv, y, 2) where (a, y, 2)=(a—ka, b —kb, c—ke). 
We denote the displacement of the particle by (wu, v, w). Regarding the medium 
as isotropic the initial state may be previously subjected to hydrostatic strain, 
according to the work of Murnaghan (1951, p. 64). 


Using the Lagrangian approach the components of the strain tensor for 
hydrostatic strain are 


Ena =Epp =E¢, Er Lb¢ fca =E,,—9, 
where 
2 
U 
eet +4 ou ; 
0a Oa 
so that 


€p—=—k+4hk? or 1—k=(1+2e,)!. 


If we take V, as the volume contained in a rectangular parallelepiped of 
sides a, b, c, in the initia] state and V as the volume in a rectangular parallelepiped 
of sides x, y, z in the final state, then 


V =axyz—abe(1 —k)?=V,(1 —k)?, 


or 

Vv 

y= (h +e), 
where the strain ¢, is intrinsically negative. It is usual to write «,= —e, 80 
that the equation reduces to 

ee (Leek Oe ae oe crite yo ea einan (1) 

Po 


where 0, 9 are the densities in the final and initial states respectively. 


Til. THe GENERAL STRESS-STRAIN RELATION 
We assume that, for an isotropic medium subjected to an initial hydrostatic 
pressure py, the total pressure p is given by 


p=PpytAyetAcer+. . fA E+. © oy cee eeeneee (2)5 
where the parameters A,—A,(po) are functions of the initial pressure and the 
strain ¢ is measured from the configuration in which p=py). Hence if the initial 


pressure is zero 
paAgye +Agoe? +. . -t+Aon@ +. 2 0p ceceeeeeeces (3) 


where the coefficients A,, are constants and the strain e is measured from the 
configuration in which p=0. Note that in this section the strains <« and e 
are taken as intrinsically positive, corresponding to equation (1), and the symbols 
are not to be confused with those of Section IT. 


* It has been noted by the referee that (2) with coefficients given by (5) follows from (3) 
and e=e)-+-(1—2e)e by Taylor’s theorem. 
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Let the density when p=0, po, p be 9 =o, Pp,» P respectively. If the strain 
at pressure p=p, be measured from the configuration in which the pressure is 
zero, we have 


Pete (1 —2e,)~8!2, Ei —2¢e)-8/2, a5 | —Qe)-3/2, 


Po Po Pp. 


so that 
1 —2e =(1 —2e@,)(1 —2¢) 
or 
del — Bede. iets ae 2s oo slew ites (4) 
On differentiating equation (2) n times we obtain 
SP inlA, +n +IAyae+- = 


which, on using (4), reduces to 


(1 ie =n'!A,+(n+1)!4,,,e+.... 


On taking <«=0 so that e=e, we have 


1 —2e,)"/da" 
eee 3 Aye 


% n! de” 


or, regarding A, as a function of p instead of p (since the initial pressure may be 
considered as variable), we obtain the relation 


(1—2e)" d"p 
that pe eo a (5) 


On differentiating (5) with respect to p, it is easily shown that 


dA, (” +1) Ana —2nA,, (6)* 
dp A, 9 Byer ele, wile (ela) siete opel 


* Murnaghan (1951, p. 69) has derived the equation 


3 
P=Po+ (8A+ 2+ po)e+ (5.441429) e+. . 


from which, on using equation (6) we derive that 


afeed eee 
aps s\0 ge ae 


dp 3 


weer 
yes 


which is in conflict with the result obtained by Murnaghan. The slip in Murnaghan’s argument 
is in the change of variable given by the equation 


1 
=In —, 
= y 
which implies the infinitesimal relation 
8V (86)? (86) 


7. oa aoe 3! 
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Defining the incompressibility x by the relation 


it follows from equations (1) and (5) that A,=3x. 


It becomes evident at this stage that for further advance in the mathematical 
theory we require A,(p) as a function of p or A,(p) as a function of A,(p) since 
we can then determine all the other parameters by the use of equation (6). 
The law of finite hydrostatic strain proposed in the present paper is that A,(p) 
should be taken as a linear function of A,(p). However, we will first investigate 
the various pressure-density equations found in the literature, in order to 
determine the relations imposed on A,(p) and A,(p) by them. 


IV. INCOMPRESSIBILITY A CONSTANT 
n—1 
On taking A, constant we find from equation (6) that An(2 )4y, 


so that, on substituting in equation (2) and summing the series, we obtain 


p—Po=x ln SEALS Yetets ais, + sieves see os (8) 


vO 


The same relation can be obtained from equation (7), the definition of incom- 
pressibility. This equation is equivalent to the finite form of the infinitesimal 
strain relation and is known to be valid only in the case of small pressure 
increments. 


V. INCOMPRESSIBILITY A LINEAR FUNCTION OF PRESSURE 
If we assume x=x,+sp we have on integrating the equation defining 
incompressibility 


where we have taken the initial state as being subjected to zero pressure. We 
can also obtain this relation by using equation (6) to find A), in terms of Ao, 
and substituting in (3). From (9) we have immediately 


These equations are those obtained from Murnaghan’s (1951) integrated 
linear theory of elasticity, a method which gives fairly good results for small 
ranges of pressure, or, as will be shown later, for extremely high pressure ranges. 
The special case s=2/3 gives the same result as Seth’s (1950) method. 


VI. A GENERALIZATION OF BIRCH’S EQUATION 
From equation (2) we easily derive that 


seal B(B —1) 
p= aap] Pot (Aa—2Bpde +( 4a 264, HATS) 2tp et . a 
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Assuming now that the coefficient of <? vanishes, so that 


LOW 7 re (11) 


it can be demonstrated by the use of equation (6) that all the coefficients of higher 
powers of ¢ vanish. Hence 
1 


= + (A, —2Bpo)e} 
Pp a —96)8" 1 Bpo)E}s 
or, if the initial pressure is zero, P 
-_ 01€ 
P= a —20)°" 


where 8 is given by Ao9/2Ap). 
In this case the pressure-density relation is 


_3 Amel (aes, eaeee de (12) 
pain(® Qo ; 


and it can be shown that 


so that 


The equation (12) reduces to that of Seth when 6=1. Birch (1952), 
working from a different approach, obtained equation (12) with @=7/2. This 
value of 6 gives reasonable agreement with the results of Bridgman’s experiments 
on the alkali metals but Birch’s formula needs modification as will become 
apparent in Sections VIII and IX. It should be remarked that the equation 


ae as ay 14 
parol (€ . Saye de sce ciate ta, chee one (14) 


which has been referred to as Birch’s equation, is not considered by Birch as an 
exact relation but merely as the best single-constant formula describing the 
behaviour of all substances subjected to large hydrostatic strain. 

In support of Birch’s contention it should be noted that, even if the special 
relation (11) is not valid, equation (12) is still correct to the second order in e 
if 6 is given by A,/2Ag,. 


VII. A, A LINEAR FUNCTION OF A, 

The present method of approach to the problem of finite hydrostatic strain 
immediately suggests the assumption A,=AA,+py. From equation (6) we 
obtain 

dx (a—N)x%)+Nx 
y] 


dp % 
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where the constants «, N have been introduced as being more convenient than 
A, uz. It follows from (15) that 


ERS (So ted eats (16) 
ee 
dp} p+ 
Integrating equation (15) we obtain 
_X—H% (a—N)x% , §, , N(x—%) 
p= WN W2 In (ae Ce On. Ouran © (17) 
The definition of incompressibility combined with (15) gives 
e N Bay 
bati+ re ys ae (18) 
so that (17) reduces to 
N 
ae ; (x—N) x, e 
= al 1 Mare fe 19 
z Nel Po N i Po at 


This equation is a generalization of Murnaghan’s equation (9) and reduces 
to it when «=N. The assumption of a linear law is very appealing since it is in 
the spirit of Hooke’s law, and further, the success of Murnaghan’s integrated 
linear theory suggests possibilities in its generalization.* 


VIII. CoMPARISON OF THEORY WITH EXPERIMENT 
Birch (1952) has compared equation (14) with Bridgman’s experimentally 
determined values of p v. v/v, for the alkali metals by determining the value of 
% for each value of pressure. The results of the calculation are shown in Table 1. 


The most noticeable feature of these results is that the calculated value of % 
increases with the pressure and over the range under consideration varies by 
more than 20 per cent. This suggests that Birch’s formula will not be useful for 
extrapolation since x) in this formula varies with pressure. However, as the 
pressure increases the calculated value of x) becomes nearly constant so that the 
suggestion is that the formula may be valid at high pressures but is invalid at 
low pressures. This invalidates its use for extrapolating from densities obtained 
over a range of high pressures to the density at zero pressure. It further suggests 
that the value (dx/dp),—)=4 obtained from the formula needs modification. 


The fitting of the experimental data to equation (19) is laborious and 
difficult since the curve of best fit can only be obtained by a method of trial 
and error. In the accompanying Tables 2, 3, and 4 are shown examples of 


* It is to be noted that the present solution is also a generalization of the results obtained 
by the writer (1953) as an approximate solution of the equation derived by Murnaghan (1951, 
p- 70) for dx/dp. In view of the footnote to Section IIT, it follows that the previous results 
are in error ; but it is evident that the modification to Murnaghan’s equation in no way alters the 
method of approximation used nor does it greatly alter the deductions made therefrom. 
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curves of best fit to Bridgman’s data for lithium, sodium, and potassium. It is 
significant that the variation of the calculated values of pressure using equation 
(19) have only half the variation found in the calculated values of Birch. Since 
Bridgman’s two values for the density at 40 x10° dyn/cm? for sodium corresponds 
to an error in the calculated pressure of 6 per cent., the greatest error of 7 per 
cent. in the calculated pressures is almost within the accuracy of the experimental 
data. 
TABLE 1 


THE RATIO 2/3%) FOR THE ALKALI METALS CALCULATED FROM EQUATION (14) AND 
USING BRIDGMAN’S EXPERIMENTAL VALUES (BIRCH 1952) 


p Lithium Sodium Potassium 
(108 kg/em?) 
v]U% 2/3x v[% 2/3x% 9 V/% 2/3x 
5 0-957 6-41 | 0-929 11-3 0-884 21-0 
10 0:926 5-99 0:883 10:7 0-817 20-2 
15 0-899 5:84 0-852 9-8 0-770 19-6 
20 0-875 5:81 0-818 10-0 0-732 19-4 
25 0-855 5:73 0-791 10-0 0-699 19-6 
30 0-835 SOW Arh 0-767 10-0 0-671 19-7 
35 0-816 5-81 0-746 10-0 0-647 19-9 
40 0:798 5-91 0:727 10-1 0°627 19-9 
45 | 0-782 5:97 0:710 10:1 0-604 20-6 
| 

30 0-833 5-84 0-770) ~ 9-81 0-668 20-2 
40 0-801 «5-76 0-737 9-38 0-628 19-7 
50 0:773 5-76 0-708 9-21 0-595 19-7 
60 0-748 5:78 0-683 ore 0-568 19-6 
70 OF727 bd: 76 0-661 9-05 0-546 19-5 
80 0-707 5°79 0:641 9-05 0-528) 519-2 
90 0-689 5:83 0-623 9-07 0-513 19-0 
100 0:672 5:88 0-606 9-13 0-500 18:7 


The values obtained for the density at 45 x10° dyn/cm? in 1938 for lithium, 
sodium, and potassium are seen to be unreasonably high, and it is perhaps safe 
to say that the high values in the 1948 table are not very accurate. This is 
pertinent since the error in the present calculated values is 4 per cent. for 
100 x 10° dyn/cm?. 

Apart from the variation at 100 x10°dyn/cm?, the greatest error in the 
tables is for sodium at 15 x10°dyn/em?. It can be seen from differencing the 
values of v/v) that the experimental value at 15 x10° dyn/cm? is too low ; this 
conclusion also follows from Birch’s calculations of %. 


In view of the above discussion it would appear that formula (19) fits the 
experimental data to within 4 per cent., which corresponds to a range of less 
than 8 per cent., while Birch’s formula gives a range of from 10 to 20 per cent. 
in the calculated values of xp. 
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Murnaghan (1951, p. 78) has compared his second-order theory with experi- 
ment and shown that the calculated values of v/v) agree with Bridgman’s experi- 


mentally determined values within 1 per cent. 


It can be seen from Table 3 


for the two values of v/v) at 40 x10° dyn/cm? that an error of 1 per cent. in 
v/v) is equivalent to an error of 5-5 per cent. in p. Similarly from Table 1 it can 


COMPARISON OF EQUATION (19) WITH BRIDGMAN’S EXPERIMENTAL 


TABLE 2 


RESULTS FOR LITHIUM 


v[o 


Bridgman’s 1938 values 


*957 
926 
899 
*875 
855 
-835 
816 
798 
782 


Soo oc oo co co oS 


Bridgman’s 1948 
833 
-801 
-773 
+748 
727 
-707 
-689 
-672 


oe oc oO oc oo oro’ 


values 


p (Bridgman) 
(10° dyn/cm?) 


90 
100 


p (cale.)* 
(10° dyn/cm?) 


104. 


AIASHYHADBS 


a PrP O 1S 


So oo 


bo 


* Pressure calculated from the formula 


pars) ( 
pi 


e 


0 


2.6 
—1\—101-8 In e 


Po 


so that x,=10-6 x 10" dyn/em?, and «=5:l. 


be seen that an error of 1 per cent. in v/v) corresponds to an error of 5-5 per cent. 
in x- It thus appears that Murnaghan’s variation of 2 per cent. in the calculated 
values of v/U corresponds to a variation of 11 per cent. in either the pressure or 
the initial incompressibility. 


1X. DEDUCTIONS FROM ATOMIC THEORY 


The atomic theory of solids (Seitz 1940; Firth 1944) gives some important 
evidence on the compression of materials at high pressures. In its simplest 
form the theory will give only indicative results and cannot be considered as 


rigorous. 
ase 


330 A. KEANE 


Assuming inverse laws of attraction and repulsion we have 


w(“)= aan hart 


TABLE 3 


COMPARISON OF EQUATION (19) WITH BRIDGMAN’S EXPERIMENTAL 
RESULTS FOR SODIUM 


p (Bridgman) p (cale.)* 
v[V% (10° dyn/cm?) (10° dyn/cm?) 
Bridgman’s 1938 values 
0-929 5 | 5:0 
0-883 10 9-8 
0-852 15 14-0 
0-818 20 19-6 
0-791 25 25-0 
0:767 30 30-6 
0-746 35 36°4 
0:727 40 42-3 
0-710 45 48-1 
Bridgman’s 1948 values 
0-770 30 29-9 
0-737 40 39-1 
0-708 50 48-9 
0-683 60 59-1 
0-661 70 69-5 
0-641 80 80-5 
0-623 90 91-8 
0-606 100 103-9 


* Pressure calculated from the formula 


hes 
pas} (®) —1}—61 ie 
Po 4 Po 


so that %)»=5-45 x 10!° dyn/cm? and «=6:3. 


as the potential between two atoms from which it can be derived that at the 
absolute zero of temperature “ 


as 5 
Seba 
Po Po 
where 0=7/3+1, 9=m/3+1. 
Thus as 
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The significant deductions to be made from these results are that 


*) (3%) 
= ee 
(2 p=0 dp ee 


*) (2) 
= PAs As 
(7 p=0 dp po a 


TABLE 4 
COMPARISON OF EQUATION (19) WITH BRIDGMAN’S EXPERIMENTAL 
RESULTS FOR POTASSIUM 


and 


p (Bridgman) pp (cale.)* 
v/v (10° dyn/em?) | (10° dyn/em?) 
Bridgman’s 1938 values | 
0-884 5 5-0 
0-817 10 10-0 
0-770 15 14-6 
0-732 20 19 +5 
0-699 25 24-7 
0-671 | 30 30-2 
0-647 35 35-6 
0-627 40 41-0 
0-604 45 48-0 
Bridgman’s 1948 values 
0-668 30 30°8 
0-628 40 40°7 
0-595 | 50 51-1 
0-568 | 60 61-7 
0-546 70 72-0 
0-528 . 80 81-9 
0-513 90 91-3 
0-500 100 100-2 


* Pressure calculated from the formula 


oe 
p=10l (2) EeaT ne 
Po J Po 


so that x»=3-1 x10! dyn/cm? and «=4-65. 


The first result follows from the fact that n >m since otherwise the crystal 
would collapse, and the second follows since o=m/3-+1. 

It has been shown (Seitz 1940) that for lithium fluoride n =6 so that §=3, 
and further it has been determined that 8 increases with increasing atomic 
weight. It appears that the values obtained for the alkali metals in Tables 2, 
3, and 4 are not inconsistent with these results. 

Equation (14) is seen to correspond to a law of force between the atoms 


in the alkali crystal lattice given by 
@ eb 
w(e)=— rae oy 


HH 
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Apart from the fact that such a law is only a first approximation, the value 
n—4 is somewhat too low and its assumed constancy for the alkali metals is 
inconsistent with other evidence. It follows that Birch’s formula for high 
pressures should best fit lithium and become increasingly less accurate for sodium 
and potassium. This is supported by the results of Table 1. Birch (1952, 
p. 252) has considered other aspects of the problem. 

The constancy of x, as calculated from Birch’s formula for rubidium at 
high pressures is in conflict with the present arguments. However, due to an 
internal variation of more than 12 per cent. in the experimental data, it appears 
that no definite deductions can be made. Another indication of incompatibility 
is the large value of x), which is nearly equal to the value found for potassium. 

Within the accuracy of the experimental data the results for the alkali 
metals obtained on using equation (17) satisfy the following three conditions 
imposed by the atomic theory of solids. 


(i) i) ea 
dp goo dp, eke 
av dx dx 
(i) (),_.> (3), 


(iii) i increases with atomic weight. 
Dp 


Qu 
S 


X. SEISMOLOGICAL DEDUCTIONS 

(1) For pressures above 0-5x, the value of dx/dp is somewhat constant. 
This is in agreement with deductions made by Ramsey (1950) from atomic 
theory. Graphs of incompressibility against depth and of pressure against 
depth obtained by Bullen (1947, p. 220) for the interior of the Earth lead to the 
inference that x is not a linear function of p in the Earth’s inner core and further 
that dx/dp increases with pressure. Both these facts suggest that Bullen’s 
values need modification in this region. Perhaps the assumed constancy of 
dx/dp would give the calculations for the inner core a greater degree of deter- 
minateness. 


(2) On extrapolating the ratio ¢=x/o for layer D of the Earth to ZeYO_ 
pressure, Birch (1952) has found that the value of q is too high to agree with the | 
experimentally determined values for any of the most likely components of this 
layer. On the basis of the discussion given earlier it would appear that on 
extrapolating with Birch’s formula the value of x) would be too high while at the 
same time e, would be too low. Thus on using Birch’s formula the extrapolated 
value of o) would be increased markedly from its true value. 


(3) Figure 1 shows the variation of x/p with pressure for potassium. The 
large initial increase may help to explain part of the large increase in seismic 
velocities in layer C of the Harth. 


(4) Both equations (12) and (19) when fitted to Bridgman’s results give 
values of (dx/dp),... greater than 5/3. This is in conflict with Elsasser’s (1951) 
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smooth interpolation of Bridgman’s experimental results to those of quantum 
mechanics and Bullen’s (1952) caution, that considerable care should be shown 
in any such interpolation, must be supported. 


T T 


Po $(10'° DYN/CM?) 


uf 
1e) 20 40 60 80 100 


PRESSURE (102 DYN/CM?) 


Fig. 1.—Variation of x/p with pressure for potassium. 
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ON THE SECULAR VARIATION OF RAINFALL AT ADELAIDE 
By E. A. CoRNISH* 
[Manuscript received January 25, 1954] 


Summary 
A detailed analysis of the rainfall of Adelaide has established that periodic changes 

oceur in the incidence and duration of the winter rains. These changes have a period 

and amplitude of approximately 23 years and 30 days respectively, and superimposed 

on them is a long-term trend which is manifested by protraction of the latter half of 

the season, spring rains now occurring about 3 weeks later than they did just over 

100 years ago. The total quantity of rain precipitated has shown no statistically 

significant changes. 

J. INTRODUCTION 

The daily rainfall observations recorded at Adelaide during the 95 years 
1839-1933 inclusive have been subjected to detailed analysis, and the results 
reported (Cornish 1936). This investigation pointed to the occurrence of periodic 
changes in the incidence and duration of the winter rains, with a period of 
approximately 23 years and amplitude of 30 days, but no statistically significant 
changes were demonstrable in the amount of rain precipitated. The periodic 
trend was very clearly defined from 1839 to about 1912, but thereafter the 
observations showed some evidence of a breakdown in the law of change. With 
the accumulation of further data, the opportunity has been taken to re-examine 
this point and to revise the analysis. 


Il. DATA 

On January 1, 1839, Sir George Kingston established a daily rainfall record 
at Adelaide on a site approximately 500 yd from the present position of the 
Observatory. This record was continued until November 1879. From May 
1860, readings have been taken at the Observatory, so that over 19 years the two 
sets of observations were concurrent. During this interval, the average annual 
difference between the gauges was only 0-26 in. (Kingston’s being the greater),~ 
and, considering the close proximity of the sites, it may be assumed that the 
two series in combination give a continuous and practically uniform record of the 
Adelaide rainfall. No definite statement could be found regarding the diameter 
of the gauge employed by Kingston, nor, in fact, the size of the gauge used in the 
early days of the existence of the Observatory. It is fairly certain, however, 
that no radical departure could have been made from the standard 8-in. gauge 
which has been in use since 1870. r 


The analysis previously reported has now been extended to include the 
rainfall observations of 1934-1950 inclusive. 


* Section of Mathematical Statistics, C.S.I.R.O., Adelaide. 
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Ill. ANALYSIS 


The basic data were obtained by a method devised by Fisher (1924). The 
rainfall of each year was divided into 61 six-day totals, and to each of these 
annual sequences a series of orthogonal polynomial functions of the fifth degree 
in time was fitted, thus furnishing six quantities with which the amount and 
distribution of rain in each year could be represented. These distribution 
constants, designated a’, b’,. . ., f’, have been tabled (Cornish loc. cit.) for the 
years 1839-1933 inclusive, and supplementary data for the period 1934-1950 


TABLE 1 


RAINFALL DISTRIBUTION VALUES FOR 1934-1950 
Unit: 10-* in. 


Year a’ b’ c d’ e! if’ 
19384 | 332 +96 —27 —A7 —16 + 3 
1935 384 +23 —64 — 6 sally — 5 
1936 317 —44 — 1 +1 +31 —l1 
1937 378 +15 —30 — 7 +18 + 1 
1938 316 —46 —49 +26 + 5 —1 
1939 381 — 6 —48 —9 —1 —12 
1940 265 +9 —23 — 2 +16 —16 
1941 370 —13 —26 —42 —1 +27 
1942 417 + 6 —94 —9 +27 — 9 
1943 291 —27 —27 — 5 wl +13 
1944 281 +20 —18 +33 ee —18, 
1945 293 + 64 —9 —26 — 4 — 2 
1946 370 —23 —l1 +17 +10 +13 
1947 359 +41 —47 — 3 ie +16 
1948 351 +33 —51 +15 —14 —23 
1949 299 +43 —29 —29 —27 + 1 
1950 263 +29 —52 —10 +11 —9 
Mean 
1839-1950 345-35 +14-80 —56-07 — 2-72 +15-67 — 3:28 


inclusive are given in Table 1. For convenience of presentation in tabular form, 
the unit is 10-?in. These quantities are actually proportional to the coefficients 
of the polynomial terms, and to obtain the latter they must be divided by factors 


of the form 
{(r!)?60.59 = . . (61 —r)}/(2r+1)!, 


where r is the degree of the term fitted. 

The first constant a’ represents the average rainfall in 10-° in. per 6-day 
period, b’ is proportional to the linear term of the seasonal sequence, ¢’ is pro- 
portional to the parabolic term, and so on, taking more complex features of the 

seasonal distribution into account. 

In Figures 1, 2, and 3, the courses of the secular changes in a’, b’, and ¢’ 
respectively have been depicted by plotting running 10-year means of each. 
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The diagram of a’ shows quite marked changes in the amount of rain precipitated, 
with two short periods of high rainfall centred at 1850 and 1920, when the mean 
annual rainfall was approximately 24 in., separated by a long interval in which 


the mean fell to about 20 in. 


420 =a 
G 400 
ie) 
é | 
2 380 
6s 
< 
fa) 
‘ 
© 360 
ind 
Ww 
(hs 
z 340 Wy Vy h V v7V 
5 y 
° 
= ae he 
Sars 20) = WAV 

300 

1944 1954 


1834 1844 1854 1864 1874 1884 1894 1904 1914 1924 1934 
Fig. 1.—Ten-year means of the distribution value a’. 
Changes in the course of b’ are also prominent, and even more complex than 
those observed with a’, the diagram showing clearly that the swing in the mean 


is again becoming regular, following the departure observed between 1910 and 
1930. As will appear later, the effects of this disturbance are not so serious as 
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Fig. 2.—Ten-year means and harmonic curve of the distribution value b’. 


the figure might indicate. By comparison, c’ follows a simple course with a 
distinct and apparently uniform increase, the mean having increased from —67 
in 1839 to —45 in 1950 (both values approximate). 

The secular changes observed in the six distribution constants were then 
examined in more detail by fitting each series of 112 values with an orthogonal 
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polynomial of the fifth degree in time, and the significance of the polynomials 
re-tested on all the available data. The procedure adopted in this step may be 
illustrated by the calculations relating toc’. The following values were obtained, 
the unit being 10-* in. : 


Mean —56-07143 aw, —593-40 (a)? 352,123 -56 
Coefficient of Ist degree 367983 x, 68-06 (a)? 4,632 -16 
. cond 55 1-76860 2 42-99 (w,)2 -1,848-14 
‘9 » ord 9 0-25608 «, 7:56. (@;)* 57-15 
7 Math» >; 1-03557 a, 35-95 (w,)? 1,292.40 
- wet 2, —1-07097 a, —42-98 (a)?  1,847-28 


-40 


=50 


¢’ (1073 IN.) 


-80 
1834 1844 1854 1864 1874 1884 


1894 1904 1914 1924 1934 1944 1954 


Fig. 3.—Ten-year means and linear regression of the distribution value c’. 
The quantities v7,,.- -, x, are orthogonal and normal linear functions of the 


112 values of c’, obtained from the corresponding quantities in the first column 
by multiplying the coefficient of the term of degree r by 


(Qr-1).112.113..., ..(12-497))! 
} P10 ee tet) 


and a, +--+ a, represent the several components of secular change in the ¢' ~ 
sequence. The last column gives the squares of these functions. The total 
variation of the c’ values from their mean may be divided into two portions : 


(1) a sum of squares associated with regression on time, and due to a 
comparatively simple temporal trend predominating over the random 
fluctuations, 

(2) the remaining sum of squares which may be attributed to random 
annual variation, 


and the first of these components may be partitioned further to give the individual 
‘ contributions of the terms of the several degrees to the total for regression. 
The analysis of variance given in Table 2 establishes the strong significance 
(P<0-01) of the linear term, thus confirming the feature noted in Figure 3. 
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Table 3 provides a summary analysis of all six distribution constants, the 
unit being 10-3 in. 

No significant changes have occurred in a’, d’, e’, and f’, which thus merely 
fluctuate with large standard deviations about their respective mean values. 
This confirms the previous findings with respect to a’, d’, and e’. With f’, 
however, the original analysis indicated an apparently significant parabolic 


TABLE 2 
ANALYSIS OF VARIANCE OF THE C’ SERIES 
| 
sare Degrees | Sum of | Mean Variance 
poet stiom ec of Freedom Squares Square Ratio 

| 
Linear component 1 4,632-16 | 4,632 -16 6-94 
Quadratic ,, I 1,848-14 1,848-14 n.s. 
Cubic 39 ] 57-15 57-15 Be 
Quartic Es 1 1,292-40 | 1,292-40 | ns. 
Quintic ‘ oe 1 1,847-28 | 1,847-28 n.s. 
Deviations from regression . . 106 70,714-30 667-12 

Total ox at 111 80,391 -43 


component, but this result had been treated with caution since the f’ series had 
shown a considerable departure from normality. It is of some interest to see 
that, with more extensive data, this term now degenerates to non-significance. 


The significance of the linear term in the course of c’ is a new feature, and 
the remaining significant effects, namely, the quadratic and cubic components 


TABLE 3 


SUMMARY POLYNOMIAL ANALYSIS OF RAINFALL DISTRIBUTION VALUES 
Unit: 10-%in. 


a’ b’ oy d’ e fies 

Mean .. oe sis 345-35 14-80 —56:-07 — 2-72 15-67 — 3:28 

oy ye ae .. | — 45-22 | — 7-49 | 68-06 —16-98 —30-87 15-94 

Be 0 is aus 17:46 62-70 42-99 —12-63 —23-20 22-72 

4 als as .. | — 72-95 | —64-85 7°56 14-91 32-91 —27:55 = 

cat en a Bhan ANC INE CVSS 35-95 3-02 | —21-84 | — 6-49 

6 a a sie 65-14 19-22 —42-98 11-88 1-20 —16:77 
Standard residual Ai 68-36 29-88 25°83 18-91 17°55 14-10 

t (106 deg. freedom) 5:24 22-97 1-52 9-45 2-46 


of the changes in 6’, confirm the conclusion drawn earlier. The analysis of the b’ 
Sequence was actually carried as far as the term of the ninth degree, but since 
coefficients of terms beyond the fifth degree are quite insignificant they have 
not been quoted. 

Oscillations in the course of b’ not associated with the polynomial were 
conspicuous, and it thus appeared desirable to test whether a harmonic series 
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would take account of them. The analysis was taken as far as the fifth harmonic, 
yielding the series 


14:804+-6-72 cos 0—5-00 sin 0-+2-46 cos 20+4-68 sin 20-+6-96 cos 30 
+5 -02 sin 30+4-89 cos 40—0-12 sin 40+3-96 cos 50+10-03 sin 50, 


where §—0 in 1839. The significance of this series is due to the fifth harmonic. 
The fitted curve is given in Figure 2, and evidently follows the oscillations not 
represented by the polynomial. For this reason, the harmonic series was used 
in place of the polynomial fitted to b’ in subsequent statistical tests. 


An attempt was made to provide a more precise test of the significance of 
the harmonic series fitted to the b’ sequence and the polynomials fitted to the 
remaining distribution constants, by subjecting the whole of the original data, 
comprising 6832(112 x61) six-day totals of rainfall to one comprehensive analysis 
of variance. With rainfall measured in inches, the primary subdivision of the 
total variation is as follows : 


Degrees Sum of 

Variation Due to of Freedom Squares 
Between 6-day means .. 60 159-3083 
Between years a ie 111 bh Mey Gri Wa 
Residual .. 7 aie 6660 1412-7703 
Total Pie 7 6831 1603 -8497 


In the further subdivision of these portions of the total variation, to show the 
contributions of the harmonic and the polynomials, the individual sums of 
squares must be placed on a comparable basis. This is accomplished by 
normalizing the distribution constant corresponding to the original polynomial 
of degree r using the factor 


((2r+1).61.62. . . (61+r))! 
fae 60,00... (61-1), 5 


or, more simply, by multiplying the appropriate sum of squares in the analysis, 
by the square of the above quantity. This test confirmed the significances 
obtained above, but, in the presence of such excessive annual variation, is still 
not sensitive enough to detect any other secular effects. 


The last line of Table 3 gives the results of tests of significance on the mean 
values of the constants, with the exception of a’. Apart from the mean value 
of d’, the remainder are significant and thus may be regarded as permanent 
characteristics of the season. The average seasonal distribution, represented 
by these mean values, is given in Figure 4, where it is contrasted with the means 
of the 6-day totals (on a per-day basis) and the distribution obtained by 
fitting the average 6-day totals with a harmonic series which takes. the form 


5-77 —3-38 cos 0—0-384 sin 6-+0-290 cos 20 —0-636 sin 296, 
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where §=0 at the mid point of the first 6-day interval in the year. This curve 
is identical with what would have been obtained if harmonics of this form had 
been fitted to the 61 values of each year, and averaged over the 112 years. 
Further discussion of the polynomial and harmonic representations is given 
below. 


IV. REPRESENTATION OF THE SEASON 

When the original investigation was reported (Cornish loc. cit.), Whipple 
(1936) criticized the representation of individual years of rainfall and the average 
annual seasonal distribution by means of polynomials. The polynomials were 
designed to represent individual seasons, and are appropriate for this purpose 
because they do not impose the condition of periodicity on the weather, which 
does not, in fact, repeat itself year by year. On the other hand, the average 
rainfall sequence, being periodic, is properly represented by a harmonic curve. 


120 


60 


POLYNOMIA 
seeneeeeens HARMONIC 


AVERAGE RAINFALL (1073 IN/DAY) 


20 


0 
JAN. 1 JAN. 31 MAR, 2 APR. 1 MAY 1 MAY 31 JUNE 30 JULY 30 AUG. 29 SEPT. 28 OCT. 28 NOV. 27 DEC. 31 


Fig. 4.—Seasonal variation of average daily rainfall. 


As polynomials had been used for the annual observations, it was a natural 
step to show how they represented the average Season, but at no stage was it 
claimed that they were designed for this purpose, or that their average was~ 
Superior to a harmonic series. Whipple stated “the 12 monthly totals would 
give twice as much information about the distribution of rain through the year 
as Six terms of the series of polynomials ’, but gave no reason why they should 
do so when fitted with a harmonic series. 


Instead, however, of using mean monthly rainfall, advantage may be taken 
of the finer detail supplied by the 61 six-day totals, since the superiority of either 
method of representation will be demonstrated more clearly with these totals 
than with the monthly means. The primary subdivision of the sum of Squares 
given in Section III forms the starting point. The contribution made by the 
average polynomial is 145-8501, and the sum due to the harmonic is 148 *2759, 
so that, after making allowance for the secular changes in the distribution 
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constants, the two curves can be properly contrasted in the following analysis 
of variance : 


Polynomial Curve Harmonic Curve 
Variation Degrees | Sum Variation Degrees | Sum 
of of Mean of of Mean 
Freedom| Squares | Square Freedom| Squares | Square 
: | | 
Polynomial 5 |145-8501). 29-1700) Harmonic 4 148-2759) 37-0690 
Residual | 55 13-4582} 0-2447| Residual 56 11-0324; 0-1970 
Between 6-day | | 
means Bea 60 |159-3083| 60 159-3083 

Residual 6630 | 0-2114 


Neither mean square, 0-2447 and 0-1970, differs significantly from 0-2114, 
and consequently both curves represent the average sequence well. The 
harmonic gives slightly the better representation, since its residual variance is 
smaller (and it absorbs one less degree of freedom), but comparison of the 
respective mean squares does not substantiate Whipple’s estimate. The amount 
of information is the inverse of the variance, and the figures are 4-09 units for 
the polynomial and 5-08 units for the harmonic, the latter being only 25 per cent. 
greater. It must be emphasized again that the test has been made merely to 
examine the force of Whipple’s statement. 


TABLE 4 
TEST OF NORMALITY OF RAINFALL DISTRIBUTION VALUES 
Measure | 
of a b’ Ge d’ eo We Standard 
Departure Deviation 
Ii 0-2873 0- 1666 0-0400 0-0781 0:2398 | 0-3900 0: 2284 
Jo —(0-3400 | —0-1270 | —0-2474 0:3485 0- 4626 2-6497 0:4531 


V. FREQUENCY DISTRIBUTION OF a’, b’,. . . f 

All tests of significance employed are based upon the assumption of normality 
of the distribution constants a’, b’,..., f’: Table 4 summarizes a test of 
normality, and shows the measures of departure with standard deviations 
appropriate to a normal distribution. These tests confirm the results previously 
given, f’ again being the only quantity to show a significant departure from 
normality ; the positive value of g, indicates a symmetrical departure such that 
the apex and two tails of the distribution are increased at the expense of the 
shoulders. 

VI. CoRRELATIONS OF THE DISTRIBUTION CONSTANTS 
It has been observed that in the South Australian environment intra-station 


correlations of rainfall for subdivisions of the season are very weak, and in this 
connexion it is of some interest to compare these observations with correlations 
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obtained from the extensive Adelaide record. The distribution constants have 
been calculated from uncorrelated functions of time, so that if rainfall at any 
time of the season is correlated with rainfall at any other time, the relation should 
appear on correlating them. After making allowance for secular changes, the 
correlations were determined and their inverse hyperbolic transformations 
zg=tanh-1r, where r is the correlation coefficient, are presented in Table 5. 
The variate 2 is very nearly normally distributed, each value in the table having 
a standard deviation of 0-:0958. Judging the data as a whole, the covariation 
is undoubtedly real (y?=81-35 with 15 degrees of freedom), but obviously from 
the individual values of z the correlations are all very weak, a result which 
confirms the observations made for stations distributed throughout the winter 
rainfall zone in South Australia. 


TABLE 5 


INTER-CORRELATIONS OF RAINFALL DISTRIBUTION VALUES 
Values of z=tanh-!7: standard deviation 0-0958 


a’ b’ Cc | d’ e 
b/ 0- 02536 | 
ce —0-5565 0-02709 
d’ 0-006209 —0-2769 0- 06659 
eo" 0+ 2420 0-1539 —0-2536 | —0-03694 
a —0- 2665 Q-1121 0-2785 —0- 06205 —0-2030 


VII. CHANGES IN THE RAINFALL SEQUENCE 

To express in simpler form the changes in the rainfall sequence represented 
by the secular trends of b’ and c’, the data were next presented from another 
standpoint. Examination of the monthly records disclosed that the main 
fluctuation seemed to concern the date of incidence of the winter rains, and it 
therefore appeared desirable to ascertain to what extent the oscillation in this 
date and the mean date of attainment of the yearly maximum of rainfall would 
account for the disturbances observed. In addition, there was definite evidence 
that spring and early summer rains had advanced toward the end of the year. 


Consider the total rainfall of any two successive periods of 183 days. If the» 
date dividing them falls in the spring, the second will generally contain the 
smaller quantity of rain, and vice versa if the day of division falls in the autumn. 
When daily differences of such totals are taken, a Sequence of values should be 
obtained which changes sign regularly twice per rainfall year, first in the winter 
from negative to positive, and secondly in the summer from positive to negative. 


These differences were determined for each day of the year in the 112 years 
of observations. With the exception of several years, the change of sign in 
winter and summer was defined very clearly. In exceptional years, the 
differences alternated in sign for short periods of varying lengths before definitely 
adopting the opposite sign, and in such cases the day of zero difference was 
obtained by smoothing the series with successive 10-day means. 
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The date in the winter at which the preceding 6 months had received as 
much rain as the 6 months following may be regarded as an empirical median 
of the rainfall sequence, and, in the original investigation of the changes in the 
mean value of b’, two quartiles were located, one on either side of the median, 
between each of which and the median, one-quarter of the rainfall of the year 
surrounding the median date, had fallen. To these dates, three others corres- 
ponding to the octiles 2, 3, and ~ have been added. These additional figures 
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Fig. 5.—Ten-year means and harmonic curves of the octiles of the rainfall year, with linear 
components in the dates from the median onward. 


serve to provide more detail of the changes expressed by b’, but their principal 
use is to illustrate more clearly the linear trend represented by c’. The whole 
series is given in Figure 5 by plotting 10-year means of the several dates, and 
superimposing the harmonic curves fitted to the original data. 

The six graphs all agree with the course of b’. The periods closely 
approximate each other, and the movements are in phase, but the displacements 
are in opposite directions, which must necessarily follow from the physical 
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nature of the coefficient b’. The abnormal behaviour of the latter between 1910 
and 1930 is reflected in all the curves of Figure 5, though not nearly to the same 
degree in the first quartile and third octile.* The reason for this is that the 
curves of Figure 5 are based on the rainfall year, which is a natural unit, whereas 
b’ is dependent upon rain falling in the calendar year. There is definite evidence 
also from the curves of the first quartile and third octile that the course of b’ 
is again becoming regular. 

The changes expressed by 6’ are quite distinct from those of ¢’, and represent 
a regular oscillation, of which the period and amplitude are approximately 23 
years and 30 days respectively, in the dates of incidence of the winter rains and 
attainment of the yearly maximum of rainfall. This oscillation has been 
confined principally to a portion of the seasonal distribution, for the date of the 
minimum has remained practically constant throughout the 112 years, the 
section exhibiting greatest movement being that extending from April to 
November. 

The amplitude of cycles occurring after 1910 is gradually reduced in the 
curves from the median date onward, and in the seventh octile has been almost 
entirely eliminated. This is undoubtedly due to the progressive change repre- 
sented by ¢’ ; evidently some considerable time had to lapse before the cumulative 
effect became dominant, because the first three oscillations are clearly defined. 
The linear components in the curves from the median onward are all strongly 
significant, and are given in Figure 5. As the diagrams indicate, the changes 
expressed by c’ have been confined to the latter half of the season, and amount to 
protraction of the later rains, the median, fifth octile, third quartile, and seventh 
octile having advanced by 11, 21, 24, and 17 days respectively in the period 
under review. The record is too short to permit any definite statement regarding 
this remarkable feature of the data, but it probably constitutes portion of a 
long-term oscillation, of which all that can be said at the moment is that the 
period (if it is periodic) is not less than 225 years. 

The mutual agreement of the curves substantiates the view that a shift of 
date, regardless of quantity of seasonal precipitation, provides an adequate 
description of the changes in progress. In absolute terms, neither the amplitude 
of the cyclic movement, nor the total extension of the season, is great, but 
relative to a season of short duration such as occurs over a large proportion of 
the winter rainfall zone in South Australia, they may well assume considerable. 
significance, particularly from the standpoint of agriculture. 


VIII. ConcLuDING REMARKS 
Whipple (loc. cit.) was the first to draw attention, in publication, to the 
extraordinary coincidence of this oscillation in the rainy season, with the alter- 
nation, from cycle to cycle, of the magnetic polarity of sunspots in both solar 
hemispheres, at sunspot minima. 


* It will be observed that the median and quartiles of Figure 5 do not agree with the curves 
given previously (Cornish loc. cit.). When the original calculations were conducted, an error was 
made in finding the median date abcut 1900, which was automatically transmitted to the two 
quartiles and became progressively worse. This has now been rectified. 
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The latter phenomenon, now well known from the work of Hale and others, 
was first observed in 1912 (see, e.g. Chapman and Bartels 1940). Sunspots 
generally occur in pairs, the two spots being of opposite polarity. During any 
11-year spot cycle, the polarities of the leading spots are usually the same for all 
pairs on the same side of the solar equator, but of opposite polarity on the other 
side. At the commencement of each new cycle there is a reversal of polarity, 
between leading and following spots in the pairs, and between northern and 
southern solar hemispheres. The two types of 11-year cycle, designated as 
P and EF cycles, occurred as follows : 


P Cycles E Cycles 
1843-1856 1856-1867 
1867-1878 1878-1889 
1889-1901 1901-1913 
1913-1923 1923-1933 
1933-1944 1944— 


During a P cycle, the polarity of the leading spot of a pair in the northern 
hemisphere of the Sun is the same as that of the magnetic pole in the southern 
hemisphere of the Earth. Comparison of these intervals with those obtainable 
from Figure 5 shows how closely seasons having progressively early winter rains 
correspond with the P cycles, and seasons having progressively late rains 
correspond with the E cycles. 

The oscillations in the Adelaide records must be due to secular changes in 
the latitudinal paths of anticyclones (with their attendant cyclones) across 
southern Australia, superimposed on the normal seasonal variation. Kidson 
(1925) demonstrated the pronounced seasonal variation in the latitude of the 
mean monthly tracks, and attempted to relate latitudinal departures from 
normal, at various longitudes, ranging from 120 °H. to 170 °E., to variations 
during the sunspot cycle. He made no differentiation of the cycles, as indicated 
above, so that the opposing changes noted herein have probably tended to annul 
each other, at 138 °E., the approximate longitude of Adelaide. In the absence 
of Kidson’s original data, and later observations in convenient form, it is not 
possible to examine this point further. 

The presence of a progressive change in the season at Adelaide agrees with a 
general observation made recently by Deacon (1953). Deacon’s evidence was 
derived from mean differences in summer temperature, summer and winter 
precipitation, and barometric pressure between the two epochs 1880-1910 and 
1910-1940, for stations in south-eastern Australia, and he concluded that a major 
climatic change has been operating progressively since 1880 (the earliest record 
he used), contemporaneously with changes occurring in the northern hemisphere. 


The gradual advance in the latter half of the season at Adelaide also agrees 
with an increase in late spring and early summer rainfall at other stations as 
found by Mason (personal communication 1953). 
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SHORT COMMUNICATIONS 
THE CAPACITANCE OF AN ANCHOR RING* 
By T. 8S. E. THoMAst 


The surface generated by the circumference of a circle which is rotated 
about a coplanar axis not intersecting the circle is usually called an anchor ring. 
Its capacitance in free space will depend on the radius CP =r of the generating 
circle (Fig. 1) and the radius OC=R of the centre of the generating circle. The 


AXIS 


Fig. 1 


solution of Laplace’s equation in toroidal coordinates is discussed by Hobson 
(1931). Hicks (1881) has shown that the capacitance C is given by a formula 
involving a convergent infinite series the terms of which contain toroidal 
functions. The formula is 


= \ c= r wale 5 3s 
0=28) 1 (Z)4 P, Pup eat eee (1) 


where 


j= dv S 

n J 9 (cosh w—sinh wu cos yynte 
Cunt) a: Fe ge ey Ser co (2) 
n= Jy (cosh w-+sinh w cosh v)" +? 


cosh w=R ie 


* Manuscript received December 7, 1953. 
+ Dominion Physical Laboratory, New Zealand. 
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These integrals are the same as the Laplace and Heine integrals for Legendre 
functions of the first and second kind and order n—}. When n=—0 and n=1 
the integrals can be transformed into formulae involving complete elliptic 
integrals of the first and second kind, K and E, to modulus k where 


K’ and EH’ signify the same integrals to modulus k’ where k’?=1—k?. The 
formulae are : 


2H 2(K’ —E’) 
Je = -—— = es ee 
VS Vie “1 / ki J 


When the first two terms in the expansion have been found, the remaining 
terms can be found by successive applications of the recurrence formulae : 


Pi=oVik, Oy -eVEn \ 


(2n +1)P,4,—4n cosh u P,+(2n—1)P,1=0, «-+-0-- (5) 
(2n+1)Q,,41—4n cosh u Q,+(2n—1)Q,1=0. «.----- (6) 


As C is proportional to R when r/R is constant, it will be sufficient to compute 
C for R=1 and different values of r/R. The results are given in Table 1. Terms 
in which Q,/P,,<0-0001 were neglected. In the table C is given in c.g.s. electro- 
static units, n +1 is the total number of terms used in the expansion, and X the 
sum of the terms for which n>1. 


When k21 the elliptic integrals can be obtained from the formulae 


Kein Ge \Ki= Kae eee (7) 
Rain Qe yhe. Bo eee (8) 


as tables giving the values of the constants K,, K,, Hy, FE, to a high degree of 
accuracy have been prepared by Airey (1935). 
When k’ is small enough K’—EL’ is best obtained from the expansion 


1 ats 15 
Lew 708 = 12, ree 14 eee 16 
K wat | +5gh/t4+ ioek ++] a eee (9) 


Integrals which could not be found from Airey’s tables were obtained from 
Dwight’s tables (1941). 


If only the first two terms are of importance the formula 


pn yg SEF pra) 8K" 
C=2VR = tie love aioe a .. (10) 


can be used. The error in using this is given by X in Table 1 and it will be seen 
that the relative error is less than 1 per cent. if r/R<0-46. When only the first 
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term is significant, elliptic integrals can be eliminated by the approximations 
kK =In 8R/r, K’=7/2, and (r/R)?<1. The approximate formula thus obtained is 


TR 
C= In (8R/r)’ 60 GOS nS Go CO Orta 56 a AG ( 1 1 ) 

The relative error in using this is less than 1 per cent. if r/R <0-12 and less than 
4-5 per cent. if 7/R<0-30. 

When 7/R> 0-30 the relative error is less than 1 per cent. when the linear 
equation 
OS AUS en dea IES Uk Renee orange (12) 
is used. 

When C is divided by D, where D=2(R-++1) is the outside diameter, it is 
found that C/D increases very gradually from 0-381 when 7/k=0-30 to 0-426 
when r/R=0-80, so the simple rule C=0-4D will give the capacitance with an 
error of less than 6 per cent. if 7/R>0-30. It is of interest to note that in this 
case the capacitance is about four-fifths that of a sphere of the same diameter. 


TABLE | 
r/R | Gi n+1 XG 
(¢.g.8., 6.8.) — | 

0-05 0-616 1 as 
0-10 0-722 2 = 
0-15 0-800 | 2 = 
0-20 0-868 2 ss 
0-25 0-932 3 0-0009 
0-30 0-992 3 0-0019 
0+35 1-050 3 0-0037 
0-40 1-106 3 0- 0060 
0-45 1-161 4 0-0105 
0:50 1-216 4 0-0166 
0-60 1-323 5 0-0409 
0-70 1-429 uf 0-080 
0-80 1-534 7 0-163 
0-90 1-638 10 0-350 
1-00 1-74 = ae 


In the case of a full ring with r= the Hicks formula cannot be used. 
However, as a full ring is the inverse surface of an infinitely long cylinder, a 
formula can be found by Kelvin’s method of inversion (Smythe 1950). 


The surface density on an earthed cylinder due to a point charge on the 
axis is known (Smythe 1950), and from this the surface density at corresponding 
points on a freely charged anchor ring can be found, together with the potential 
of the ring. The total charge is then found by integrating over the surface of 
the ring. In this way the capacitance of a full ring is found to be 

al “exp (—p,2)de 


OAS Oa o VAR? +22 ? 
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where 2u,R is given by the roots of Jo(2u,k)=0. On substituting z=2F sinh o 
this becomes 
a sl me : 
OE peed, exp (—2u,R sinh o)dp: ..... (13) 
PR OANG ae 
This result is given as a problem by Smythe. As J,(2u,f) is alternatively 
positive and negative the terms in the series will also alternate. It is obvious 


that | exp (—2u,R sinh ¢)d¢ is always less than i exp (—2u,Re)dp =1/2u,R 
0 

and that the difference diminishes as s increases. The first four terms have been 
evaluated by numerical integration and it is found that the relative error is less 
than 1 per cent. when s>3. The series can be summed by Euler’s transformation 
for a slowly converging series and, using the approximate formula for the 
integrals when s>4, the capacitance of a full ring is found to be C=1-74K. 
This agrees with the value obtained by extrapolating the tabulated values of the 
Hicks formula. 
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ON THE PHOTODISINTEGRATIONS °Li(y,d)*He AND ®*Li(y,t)?Het 
By HE. W. TItTERTON{ and T. A. BRINKLEY{ 


In an earlier communication (Titterton and Brinkley 1952) evidence was- 
given of the forbidden nature of the reaction *Li(y,d)*He—1-54 MeV. Since 
that date Glenn (1952) has published a cross section measured at H,=2-76 MeV. 
Based on finding two events in a photographic emulsion loaded with the separated 
isotope ®Li he gives a figure 


Gy ee (4 4) XL ORS Cm aes pee ne eee (1) 


which is compatible with our limit 


Oo. 76 <(8 +2) x 10-80 em?. Sony Glo Okan ORY wD (2) 


+ Manuscript received January 28, 1954. 
t Research School of Physical Sciences, Australian National University, Canberra. 
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Our measurements at 17:6 MeV using *Li-loaded emulsions irradiated with 
y-rays from the 440 keV “Li(p,y) resonance have now been extended. A new 
lower limit for the cross section for the 17-6+14-8 MeV components of the 
spectrum can be given as 


0(17.6+14.8) < (2 +2) SO Oc CLMe ae me. Seavert er orents (3) 


This value is derived by assessing the irradiation in terms of the ?C(y,3a) 
events found in the emulsions and accepting the cross section for this reaction at 
17-6 MeV as 2°4X10-28 cm? (Glattli, Seippel, and Stoll 1952). 


These low cross-section values are an interesting example of the isotopic 
spin selection rule AT=-+1, not zero, for electric dipole transitions in a self- 
mirrored nucleus. In the experiments only 7 =1 states of the SLi nucleus can 
be formed by electric dipole transitions and these cannot break up into the two 
T=0 constituents («+a). They could, however, break up into 7=% con- 
stituents, for example (p-+-°He), (n-+5Li), and H+ °He) or into (4H +?H +°H). 
The first two of these reactions have been observed (Titterton and Brinkley 
1951) but, to date, the reactions 


6Li(y,t)®>He—15 -9 MEY. = oe erste 8 (4) 
and 


qi ytAen 47H 8-4 MeV © 40-6042. (5) 


have not been reported. 

For this reason, in the present experiment with ‘Li-loaded emulsions 
irradiated with the 17-6 and 14-8 MeV y-rays, a search has been made for the 
first of these reactions (4). It is energetically possible only with the 17-6 MeV 
component of the spectrum when it would yield events with a *He track of 3p 
range collinear with a triton of range 8 u. No events have been observed and 
again a cross-section limit can be obtained in terms of the 12C(y,3«) cross section.. 
It is 

617,6°Li(y,t)?He <(6 +4) x10-* em?. 


Such a low value of the cross section in the neighbourhood of the threshold is 
to be expected. 


We wish to thank our observers, Mrs. M. Strautmanis and Misses S. Miller 
and L. Velioniskyte, who carried out the microscope work on this problem. 
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DELAYED DISINTEGRATION OF HEAVY FRAGMENTS* 
By FRANcoIsE A. BrisBoutt and V. D. HopPERy 


Two examples of the delayed disintegration of heavy fragments somewhat 
similar to those observed by Danysz and Pniewski (1953), Tidman et al. (1953), 
and Crussard and Morellet (1953){ have been found in this laboratory. They 
were observed in Ilford G5 400 » emulsions flown at 90,000 ft. 


The first event is shown in Figure 1. <A heavy fragment (Z=3 or possibly 4) 
is emitted by a large star containing 2 minimum tracks, 2 grey tracks (grain 
density between minimum and 5 xminimum) and 15 black tracks. The heavy 


* 
VERTICAL 


a SOp 


Fig. 1.—Event showing delayed disintegration of a heavy fragment (Z=3) emitted from star A 
and producing star B after traversing 370 in the emulsion. 


fragment has a track length of 370 uw and reaches within 70 u of the end of its 
range. If it has a charge of Z=3, its kinetic energy is less than 25 MeV when 
it produces the second star B which has two additional tracks. Of these, one 
Short track is 15 » long and the second track has a grain density 3 x minimum. 
Certain identification of these tracks is not possible although scattering measure- 
ments suggest that the faster track is probably a proton of energy 90 MeV. 
If the other track carries the rest of the charge of the incident nucleus it will 
have a charge of 2 or 3. 


* Manuscript received March 1, 1954. 
{ Physics Department, University of Melbourne. 


¢ Note added in Proof.—Since this article was submitted, three further events of a similar 


‘type have been observed and are discussed in a recent review by Professor C. F. Powell in Nature 
173: 469 (1954). 
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The visible energy release of event B taking into account the binding energy 
of the emitted particles will be greater than 70 MeV. In order to conserve 
momentum one or more neutrons may also be emitted. If it is assumed that a 
single neutron balances the visible momenta and the heavy nucleus comes to 
rest before producing star B, the total energy will be 230 MeV. If more than 
one neutron is emitted, the total energy will be somewhat less but will still be 
greater than 100 MeV. 


What appears to be a V-decay event occurs at a distance of 250 u from star A 
and is shown at C. The two singly charged tracks cannot be identified but 
have grain densities of 43-2 and 533. The difference in grain density seems 


3 Say = SOU =| 


Fig. 2.—Delayed disintegration of a heavy fragment (Z =2) emitted from star A and producing 
star B before it reaches the end of its range in the emulsion. 


too large to explain the event as the scattering of a single particle. The tracks 
are not coplanar with the origin of star A so if event C is connected with star A 
it cannot be completely represented by the V$ or V° decay. Stars of this type 
are rarely observed in the nuclear emulsion but it might be merely a coincidence 
that it is observed close to star A. It is recorded here in case other such events 
are observed near stars containing heavy fragments which show delayed dis- 
integration. 

The second event is shown in Figure 2. Here the fragment (Z =2) is emitted 
from star A which has 2 minimum tracks, 3 tracks between minimum grain 
density and 5 xminimum, and 19 other tracks. The heavy fragment track 
has a length of 250 p and does not reach the end of its range before producing 
the second star B. If the heavy fragment is an «-particle, its energy at star B 
is 30 MeV. The additional tracks at star B are produced by singly charged 
particles, one of which must be heavier than a meson. 
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The total energy released in star B must therefore be greater than 150 MeV 
since there must be an additional uncharged particle emitted to balance momenta. 


A summary of the data for the two events is given in Table 1. 


TABLE 1 
SUMMARY OF DATA FOR THE TWO EVENTS 
| 
Event Track Z Energy | Momentum | Grain Angle to 
(MeV) (MeV/c) Density Track 1 
First : fans <25 <600 Black 
J) <(35) | <(900) 
4) | Wee 4-3 180 Black 113° 
| ERG) (9) (350) 
Sf lp 90 420 3-0 x min. 101-5° 
‘NG Ilr 12 56 
Second 1 2 30 500 Black 
‘ JS lp 90 420 3-0 x min. 8° 
= \ ix 12 56 
3 lp 80 400 4-1 min. 35° 


The lifetimes of the heavy fragments which disintegrate have been estimated 
as >9 x10-1!2 and 6 x 10-1? sec for the first and second event respectively. These 
observations are not inconsistent with the view proposed by Danysz and Pniewski 
(1953) that the heavy fragments observed contain V? particles among their 


nucleons and these have a lifetime in the nucleus greater than 3 x10~-™ sec. 
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COMMENTS ON A PAPER BY E. G. BOWEN ENTITLED 
“THE INFLUENCE OF METEORITIC DUST ON RAINFALL”. 1* 


By W. C. SWINBANKT 


In a paper recently published in this Journal E. G. Bowen (1953) hag 
proposed that meteoritic dust is an important factor in stimulating rainfall. 
This hypothesis is advanced as a result of a study of daily rainfall statistics 
over a long period for Sydney and other places which reveal features, it is claimed, 


* Manuscript received February 22, 1954. 
+ Section of Meteorological Physics, C.S.I.R.O., Melbourne. 
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not readily explainable in terms of known meteorological processes. It is then 
argued that these characteristics are attributable to dust entering the atmosphere 
during meteoric showers. 


The speculation that some extraterrestrial influence other than solar might 
affect rainfall is so important that a critical review of the evidence leading to 
any such proposal is called for. 


In effect the paper raises two issues for consideration : do the rainfall data 
presented contain such unexpected features as to demand special explanation 
and, if they do, is that offered by the author acceptable? It is proposed here 
to discuss the paper under these headings, and it will be contended that, for the 
first part, some of the evidence is inadmissible and the remainder inconclusive, 
and, for the second, the supposed influence of meteoritic dust is groundless. 


The author begins by presenting diagrams showing the total rainfall at 
Sydney, day-by-day, for January and early February, for two consecutive 
40-year periods. Attention is drawn to a marked ‘ peakiness ’’ in the distribu- 
tion, in particular in respect of two dates, common to both periods, and a third 
which occurs only in one. In fact if the two periods are combined this last is 
effectively removed. Bowen states that the pattern shown in the diagrams is 
repeated year after year, and it is this which, in part, leads him to seek the 
explanation in meteoric showers. But this is not so, for the peaks are due to a 
few days of heavy rain and not to a greater frequency of rain on these particular 
dates. This point is important and will be referred to again. 


Significance in the magnitude of the peaks is then implied by comparing 
them with the standard deviation of the remaining fluctuations from the mean. 
Departure from normality, however, often extreme, is commonplace in meteor- 
ological statistics, and the normal distribution is not applicable as a standard 
for the consideration of such an element as rainfall, for obvious reasons. A 
more plausible approach would be to examine the distribution of the logarithm 
of the rainfall. When this is done it is found that there is no significant departure 
from normality, and this in itself is an interesting feature.* 


When reference is made to Figure 1 of the paper it becomes clear that a 
rainfall approaching 10 in. in one day, which is not unknown in Sydney, will 
dominate the statistics over the whole 40-year period and elevate that date to a 
major peak in the rainfall pattern. Examination of the data does, in fact, 
show that the peaks in the diagrams are due to heavy falls of this nature. But 
this feature of daily rainfall statistics has long been known and the heavy falls 
of rain that cause them can readily be explained by accepted dynamic processes 
and current theories of rain formation. 

The most important link in the argument is the claim that many stations 
over a wide area show peaks of similar magnitude to Sydney’s on ‘“* nearly the 
same days”. This is the crux of the case and, if really established, would 
undoubtedly point to some influence on rainfall hitherto unsuspected. Bowen 


* And shows that the marked troughs are as important a feature of the distribution as the 
peaks. They cannot be attributed to the absence of meteoritic dust. 
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states that the synchroneity of peak dates applies to many places, but presents 
data from eight only for January and early February in a diagram showing a 
grouping of peak dates, the interval between the groups being about 9 days and 
the spread of each group about 5-6 days. With such an interval and spread it 
is obvious that many stations would fit into the grouping pattern, though their 
peaks might be due to quite unconnected causes. 

Though not stated, it is implied that the data shown for the eight stations 
are typical of those for the many places referred to. But the only three places for 
which this type of rainfall statistic has been found in the literature, Melbourne 
(1872-1948), Madras (1891-1940) (Ramakrishnan 1953), and Nagapattinam in 
south-east India (1901-1950) (Ramakrishnan and Narayanan 1953), all fail to 
conform. 

And, if the Sydney period (1900-1949) used in Figure 3 had been extended 
to 1951, a fall of 224 points on January 18 in that year would have caused this 
date to emerge as a major peak, midway between the groups for the 13th and 
23rd. 

Furthermore, it is well known that as storms move they may cause rainfall 
intensive enough to provide major peaks at different places on successive days 
over an interval of several days. Clearly such events cannot fit into a pattern 
showing marked grouping of rainfall peaks at intervals of about 9 days. 

Altogether it would seem that the most that can be said for this section is 
that the inference is doubtful, and that the case for synchroneity of peak dates 
must remain open until Figure 3 has been supplemented by the inclusion of 
many more stations. 


In the second part of the paper the author presents evidence to show that 
the claimed peculiarities in rainfall at Sydney and other places, particularly the 
grouping of peaks, can be explained by the accession of dust to the atmosphere 
during meteoric showers. 


Bowen states that meteoric showers have been chosen as a likely explanation 
because they recur year after year on the same dates. But recurrence alone 
would not cause the variation in rainfall pattern from one year to another, which 
is due to a few occasions of heavy rain. Now there is also great variation in 
the intensity of meteoric showers. If they exert the influence claimed it should 
be possible, by considering sufficient places, to demonstrate a tendency for 
rainfall peaks to be established in years of intense showers. The evidence 
Shown points against this, for it is stated that rainfall peaks at different places 
are due to heavy falls in different years. 

The relationship between meteoric showers and rainfall peaks shown in 
Figure 4 can, at best, only be described ag slender, and almost certainly without 
significance. It affords no support for thé assertion that peaks follow showers 
at Sydney after an interval of 29 days. (Note that the peak for January 31 
does not appear in the 1859-1901 period.) 


Consideration is next given to the physical processes by which meteoric 
particles might influence rain formation, and Bowen suggests that they might 
provide condensation nuclei, though their composition is uncertain. He quotes 
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a likely concentration of one particle per cubic metre, and this should be compared 
with the number of droplets in the average cloud, which is of order 108/m’. 
It is true that modern ideas on rain formation envisage the dominating influence 
of a relatively few large nuclei, but even so this concentration seems altogether 
-too meagre and one cannot agree with the author that ‘“‘ meteoritic dust exists in 
adequate quantities. ..”. 

Having claimed an interval of 29 days between meteor showers and rainfall 
peaks (as evidenced by Fig. 4) Bowen then states that this period agrees with 
the time of fall of the meteoritic particles into the upper troposphere. Calculation 
shows that, for a 4u. diameter particle of assumed density 2 -0, the time is in 
fact about 50 days. Estimates published in the literature vary from about 50 
days for the larger particles to a year or two for the smaller ones. In view 
of these long periods, and their range, it is clearly fruitless to seek in the time of 
fall support for an explanation of rainfall peaks which occur at approximately 
10-day intervals. 

It is important to note that, in consequence of the great range in time of 
fall of the different sized particles compared with the interval between showers, 
variations in their concentration in the upper atmosphere will be very much 
reduced in the upper troposphere. This tendency will be strongly supported 
by the influence of turbulence. Variations in concentration, such as it is, at 
these levels are in fact more likely to be caused by atmospheric motions and to 
be quite unconnected with meteor showers. 

This review has so far been concerned with matters directly emerging from 
Bowen’s paper. There are other considerations which also point to the unlike- 
lihood of meteoritic dust affecting rainfall in the manner claimed. The peaks in 
the rainfall pattern, it has been stated, are due to heavy individual falls which, 
in the case of Sydney, may exceed 10 in. and elsewhere even more. Now the 
total amount of precipitable water held in the atmosphere is a small number of 
inches, one or two say in the latitude of Sydney. In order to produce 10 in. of 
rain, therefore, the whole troposphere must be replaced, by vertical movement, 
something more than five times. For tropical places this figure could be increased 
to 10 or more. Even if one is prepared to accept that meteoritic dust can upset 
the colloidal stability of the upper troposphere, it is inconceivable that it can 
also influence dynamic processes on this scale. Indeed it seems likely that, if 
the dust is to influence rainfall at all, it would be in respect of frequency and 
not intensity. On the average about 2 days in 5 in Sydney are rain days and 
therefore over a period of 40 years there would be indication enough of any such 
effect. But none has been shown, and Bowen himself states that the peaks are 
not due to more frequent rain on those dates. 

One other line of evidence can be drawn from the after effects of such 
enormous eruptions as Krakatoa (1883), Mont Pelé (1902), and Katmai (1912). 
Brilliant sunsets and unusual twilight glows on a world-wide scale long after 
these events, particularly in the case of Krakatoa, indicated the continued 
presence in the atmosphere of tiny volcanic dust particles. A measure of the 
size of the particles was afforded through the frequent appearance of the corona 
round the sun called Bishop’s Ring, the angular width of which corresponded 
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to a particle size of about 2 diameter. This is comparable with the size of 
meteor particle quoted by Bowen, and their persistence for many months is 
confirmation of the times of fall for such particles given above. It is not certain 
that the. voleanic particles were the same as the meteoritic dust, but it is known 
that their compositions have much in common, and one would be as likely as 
the other to act as condensation nuclei. But examination of the rainfall data 
for many stations for a considerable time after Krakatoa reveals nothing unusual, 
and no reference to any of these eruptions affecting rainfall has been found in 
the literature. 


References 

Bowen, E. G. (1953).—Aust. J. Phys. 6: 490-7. 

RAMAKRISHNAN, K. P. (1953).—Indian J. Met. Geophys. 4: 123-44. 

RAMAKRISHNAN, K. P., and Narayanan, J. (1953).—Indian J. Met. Geophys. 4: 310-38. 


COMMENTS ON A PAPER BY E. G. BOWEN ENTITLED 
“THE INFLUENCE OF METEORITIC DUST ON RAINFALL”, 2% 


By D. F. Martynt 


In this Journal Bowen (1953) has recently put forward evidence purporting 
to show that “there is a marked tendency for heavy falls of rain to occur on 
certain days rather than on others, and for this pattern to be repeated year 
after year ’’. It is claimed that these days of heavy rain coincide (within a 
margin of variation of +2 days) in many parts of the world, and a theory is 
put forward explaining the supposed phenomenon in terms of world-wide concen- 
trations of dust produced by the impact of known meteor showers on the 
atmosphere. He suggests that debris from these meteors, partially disintegrated 
by atmospheric friction at heights of about 100 km, filters down to the tropopause 
in about 29 days, where it activates or “ seeds ” rain clouds, so producing heavy . 
rainfall. 

One purpose of this note is to show that Bowen has produced no real evidence 
of the existence of the world-wide phenomenon he describes ; that the various 
rainfall peaks he selects are due to one or two local cyclones ; and that it is possible 
to “‘ establish ” peaks on any calendar date by following his methods. 


Analysis of Rainfall Data 


It is notorious that of all meteorological data available for statistical analysis 
rainfall measurements are the least Satisfactory ; these can and do fluctuate 


* Manuscript received March 3, 1954. 
{ Radio Research Board, C.S.I.R.O., Canberra, A.C.T. 
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wildly from day to day, and from place to (nearby) place ; one hour of torrential 
rain may profoundly alter the run of statistics collected over many years. 
Therefore, before basing conclusions upon rainfall data it is doubly essential to 
apply the tests of “ reality ” which modern statistical theory has given us: 
this, unfortunately, Bowen does not do. 

To illustrate in a simple way the erroneous conclusions which may be drawn 
from inadequate treatment of rainfall data it is proposed first to examine 
statistics for Sydney, over the period 1902-1944, for one day, January 13. 
This day (Bowen 1953, Fig. 1 (b)) gives the greatest aggregate rainfall of any 
January day over the 43-year period : its total rainfall, summed over 43 years, 


TABLE 1 
SOME EXCEPTIONAL RAINFALLS IN QUEENSLAND, NEW SOUTH WALES, AND VICTORIA DURING 
JANUARY 1911 


| | Normal 
| Rainfall for January 
Place | District Date One Day Rainfall for 
(points) One Day 
| (points) 
January 

West Leichhardt | Q. (Upper Western) 8 798 11 
Cloncurry , Q. (Lower Carpentaria) | 9 845 14 
Muckadilla | Q. (Maranoa) | 10 407 11 
Kenilworth | Q. (Moreton) 11 911 25 
Hebel | Q. (Warrego) 12 450 5 
Sydney N.S.W. (Metropolitan) | 13 | 708 12 
Eden _N.S.W. (South Coast) md yh 665 10 
Walhalla Vic. (Gippsland) sf | | 552 10 


is 1140 points (11-4 in.). It is readily calculated from Bowen’s diagram that 
the mean aggregate daily rainfall, averaged over all January days, is 470 points. 
Thus January 13 has more than double the average for January days, and is 
accounted a significant peak (his Table 1 and Fig. 3) derived from an excess of 
yain “repeated year after year ” on this particular date. 

Now consider the rainfall on January 135 of one year only, namely, 1911. 
On that one day; according to Hunt (1912), 708 points fell in Sydney. Deducting 
this one fall from the 43-year ageregate leaves only 432 points to be credited 
to the remaining 42 January 13ths. Thus over 42 of the 43 years this date 
receives less rain than the January daily average, though classed by Bowen as a 
peak rainfall day of major significance. 

It seems difficult indeed to derive any worthwhile conclusion from data so 
variable and so limited, and impossible to attach significance to daily peaks 
which, contrary to the quoted statement, do not derive from a repeated yearly 
pattern, but are built of one major fall. In fact, it should be possible by such 
methods, and judicious choice of place and epoch, to “ establish ” peaks of rainfall 
on any chosen date. We now do this (for a limited number of days), not only 
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as a reductio ad absurdum, but because in the process light is thrown upon the 
true origin of such peaks. Using Hunt’s (loc. cit.) rainfall figures for Australia 
during January 1911, Table 1 has been prepared. For each selected day (between 
January 8 and 14), a place was located which had received more than 35 times its 
average daily fall. It is then virtually certain that each of these places will 
exhibit a prominent peak on this calendar day, when the data of 43 years are 


Fig. 1.—Centres in Queensland, New South Wales, and 

Victoria which successively have notable rainfall peaks 

on January 8, 9, 10, 11, 12, 13, 14 for the period 1902-1944, 

each the result of one heavy fall produced by the travelling 
cyclone of January 1911. 


summed. It can be seen from the table that the rainfall figures of West Leich- 
hardt (Upper Western Queensland), if examined by Bowen’s method for 43 
years, will show a peak on January 8, Cloncurry on January 9, and so on down 
to Eden (N.S.W.) and Walhalla (Vic.) which peak on January 14. The daily — 
march of the sites of excessive rainfall from Carpentaria southwards is interesting 
(Fig. 1). As one might expect, a travelling cyclone was associated with all these 


heavy falls ; its track (Hunt 1912) follows closely in time and place the track of 
Figure 1. 
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Clearly, daily rainfall peaks derived from data covering only 50 years 
merely reveal the dates on which one or two active cyclones visited the selected 
region. The evidence of Table 1 shows that peaks can be obtained for any 
chosen day simply by searching the rainfall figures of stations in the vicinity of 
a cyclone particularly active in any of the chosen years. The period J anuary 
8-14 has been here chosen for illustrative purposes since during this week the 
centre of the cyclone of 1911 was over the Australian mainland and could be 
followed from day to day. However, this cyclone produced very heavy rainfall 
in Australia for at least a fortnight, as the following two quotations from Hunt 
(1912) show : 


‘* Monsoonal Depressions (of January 1911).—The first of these 
influences (1st to 17th) was one of the most noteworthy monsoonal rain- 
storms on record. Starting in the Gulf of Carpentaria, it moved very slowly 
southward over the district at the head of the Gulf, thence through central, 
eastern, and south-eastern Queensland into the central eastern parts of 
New South Wales. Over a wide area on either side of its central track in 
Queensland and New South Wales continuous and heavy rains fell, and in 
Northern Queensland some phenomenal falls were recorded, e.g., Port 
Douglas, 1954 (for forty-eight hours to 9 a.m. 2nd); Granada, late Donald- 
son, 2780 (for forty-eight hours to 9 a.m. 9th). The average annual rainfall 
at Granada, it may be noted, equals 2266. The rains also extended to the 
Straits and very heavy falls were recorded in Gippsland.” 


‘* Weather Notes—January 1911. Queensland.—In the closing days 
of last year a disturbance developed off Port Darwin, and, having caused 
very heavy rain in the far north of Northern Territory, travelled in an 
eastward direction to the Gulf of Carpentaria where it lodged, with practically 
no change of position, until the 5th. Up to that date the influence of the 
approaching rainstorm co-operated with a tropical disturbance to the 
north-east of Cooktown, and general heavy rain fell in consequence 
throughout the Peninsula and Northern Coast Divisions, among the more 
notable registrations being 420 points at Fairview, 720 at Cairns and 1164 
at Port Douglas to 9 a.m. 2nd; 1197 points at Cairns to 9 a.m. 3rd, and 
700 at Ingham and 989 at Innisfail to 9. a.m. 4th. On the 5th the monsoonal 
storm began to move definitely on a south-easterly course till the centre 
reached the vicinity of Emerald whence it bore more and more southerly, 
finally passing into the north-eastern regions of the neighbouring state. 
Rain of a widespread and generally heavy nature attended the passage of 
this famous disturbance throughout the entire length of Queensland, and 
only that part of the state lying to the westward of a line joining Camooweal, 
Isisford, and Hungerford escaped substantial benefit. The registrations 
at many of the stations over which the centre of the disturbance passed 
were of a quite phenomenal and, in several instances, unprecedented 


nature.” 
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It is clear that this one cyclone produced rainfall peaks in local parts of 
Australia on each day from January 1 to 14 in the statistics for the period 
1902-1944. This finding is entirely inconsistent with Bowen’s conclusion that 
meteoritic dust tends to produce heavy rainfall all over the world on January 
12-13. His remarkable histogram (Fig. 3, loc. cit.), with three major groupings 
around certain dates, is not evidence of a natural phenomenon ; it demonstrates, 
as does Figure 1 above, that for statistically short periods (say 50 years) sites 
may be selected, from the wealth of world-wide data available, which will show 
rainfall peaks near any particular day or group of days. It should be observed, 
also, that, since he deals with sites and epochs yielding 2-4 peaks per month, 
and allows a margin of -+-2 days for coincidence, there is an even chance that a 
peak in any newly chosen locality will ‘‘ coincide ” with a peak already found. 


Local Weather Singularities 

Nevertheless, although no evidence appears of world-wide calendar days of 
excessive rainfall, it should not be assumed that in local regions there is not a 
tendency for certain weather singularities to recur on or about the same dates 
each year. The Indian monsoons provide striking examples of such regularities : 
the European “summer monsoon ”’ of early June is less marked, but equally 
real (Brooks 1946). 

Folk-lore of the older countries contains numerous suggestions that abnormal 
weather tends to recur at certain times of the year. In Europe there is 
‘‘ Blackthorn winter ”’ at the end of March, the ‘‘ Ice saints’ of May 11-13, 
the ‘Old wives’ summer” of late September, ‘‘ St. Luke’s summer ”’ in mid 
October, and the “Christmas storm’. These legends were ignored by 
meteorologists until Buchan (1869) published a paper entitled ‘‘ Interruptions 
in the regular rise and fall of temperature in the course of the year’”’. Buchan 
believed that he had found (for Edinburgh) six short periods of cold spells and 
three abnormally warm periods. Buchan’s work aroused great interest, and his 
‘* hot ’’ and ‘‘ cold ”’ spells are still frequently referred to by laymen, particularly 
in Scotland. 


In recent years Brooks (loc. cit.) has published a statistical examination of 
annual weather ‘‘ singularities ’’ in Western Europe, made in the British 
Meteorological Office in 1941-1942, obviously with a view to possible military 
application. In this study Brooks examined one of the most fundamental of- 
weather phenomena, the pressure distribution. After careful statistical investi- 
gation he concludes that at least part of European folk-lore, and a part of 
Buchan’s conclusions, are well founded. For example, he finds, from 52 years’ 
data, a high probability that early January will be stormy (cyclonic), mid 
January quiet (anticyclonic). It is intrinsically likely that weather instabilities 
should appear regularly at this time of the year in Western Europe. To quote 
Brooks: ‘‘In winter the land masses, and the air over them, cool rapidly, 
while the surface of the ocean stays relatively warm. <A pool of cold air collects 
over Europe, retained in place for a time by friction with the surface. Ultimately 
this pool becomes unstable and breaks out towards the Atlantic as a stream of 
cold air, after which the process begins again. Since solar radiation varies 
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little from one year to another, the growth of the pool of cold air to the point 
of instability might be expected to take about the same time in different years, 
so that the alternations of warm and cold periods in Britain should recur at or 
near the same dates.” 

I suggest that the “ British Rainfall ”’ data displayed in Figure 2 of Bowen’s 
paper agree with Brooks’s findings for this region. Bowen’s data are confined 
to the years 1919-1949, whereas Brooks covers the period 1889-1940; both 
authors find a rough 10-day cycle, a stormy period early in January, and a fine 
spell in mid January. In view of the general agreement between Bowen’s 
British rainfall cycle in January and the British storm cycle previously found by 
Brooks, there is no reason to doubt the physical reality of the former, in spite 
of the apparent inadequacy of the 30 years’ rainfall data used. The explanation 
undoubtedly lies in the fact that Bowen’s data, in this instance, are derived from 
all the rain-gauges in Britain ; the paucity of years is substantially compensated 
by the abundance of observers ; his ‘‘ wet days ”’ are those on which heavy rain 
was recorded anywhere in Britain. 

In concluding this brief discussion of Bowen’s British rainfall statistics, 
which, for the reason just given, appear much more soundly based than those 
used for the southern hemisphere, it is important to point out that these stormy 
periods in Britain are, as in Australia, associated with the normal travelling 
cyclonic disturbances which bring storms and rain to any part of the world. 
There can be no question of cosmic dust releasing heavy rain on any particular 
day or days of the year, as Bowen suggests; during their whole lives such 
cyclones bring storms and rain to the regions they traverse. The fact that 
Bowen’s “‘ wet day ” cycle agrees with Brooks’s cyclone cycle shows that no novel 
process of rainmaking is required. Energy of at least 104 ergs must be supplied 
to create a cyclone; this vast amount (much greater than has been released 
in all nuclear explosions to date) cannot come from a sprinkling of dust; it 
comes from the solar furnace. 


Noctilucent Clouds and Meteoritic Dust 

Bowen concludes by demonstrating pictorially a correlation between 
Vestine’s (1934) data on the occurrence of noctilucent clouds and Lovell and 
Clegg’s (1952) data on meteor showers, as detected by radio means. On the 
limited meteor data available in 1934, Vestine had concluded that these clouds, 
which occur at a height of about 82 km, were probably composed of cosmic 
(i.e. non-terrestrial) dust. This conclusion is intrinsically likely, since meteors 
disintegrate near this level owing to friction with the atmosphere. Moreover, 
82 km is a level of temperature inversion (Martyn and Pulley 1936) at which the 
atmosphere becomes dynamically stable. In the lower atmosphere the concen- 
tration of smoke and haze at such inversion levels is well known. Applying 
Lovell and Clegg’s data Bowen has considerably improved Vestine’s correlation 
of cosmic dust showers with noctilucent clouds. It is now virtually certain that 
noctilucent clouds are the visible manifestation (by reflected sunlight) of the 
deposition of a tenuous layer of cosmic dust at great heights. As it settles 
slowly through the turbulent atmosphere below 82 km this dust layer will be 
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rapidly dissipated and spread out over great depths. Its gradual arrival in the 
weather region of the troposphere must be spread over weeks or months, and 
could have no world-wide effect on the rainfall of any particular calendar day. 
But this point needs no belabouring in the absence of real evidence that world- 
wide rainfall singularities exist. 
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ON THE COULOMB AND HULTHEN POTENTIALS 
By 8. T. Ma* 
[Manuscript received February 26, 1954] 


Summary 


This paper contains the results of two investigations. (i) The Hulthén potential 
is considered as a modification of the Coulomb potential. The transition from the 
former to the latter is investigated. (ii) The zeros of the Fredholm determinant for 
the Hulthén potential are calculated from the first two terms of its power-series expan- 
sion. These approximate results are compared with the exact values. 


I. INTRODUCTION 

It is well known that the general theory of scattering is not immediately 
applicable to the case of the Coulomb potential because it decreases too slowly 
as the distance increases (Mott and Massey 1949). In order to apply the general 
theory to the scattering by the Coulomb field, modifications of the Coulomb 
potential have been considered in the literature. A procedure introduced by 
Gordon (1928) consists in cutting off the field at a large distance R and making R 
go to infinity in the final result. Another procedure consists in replacing the 
Coulomb potential by the Yukawa potential, and subsequently making the 
exponential factor approach unity. Gordon’s treatment leads to closed 
asymptotic expressions for large values of R. Treatment along the other line 
has been carried out by the method of Born approximations. 

An object of the present paper is to investigate the use of the Hulthén 
potential (Hulthén 1942, Rosenfeld 1948) as a modified form of the Coulomb 
potential. Since the wave equation for the S-states can be solved exactly in 
the case of the Hulthén potential, we are able to trace the transition from the 
modified to the true Coulomb potential without making approximations. 

A second issue that concerns us in this paper is the determination of discrete 
bound states from the zeros of the Fredholm determinant for a scattering problem. 
This has recently been done in work on field theories (Fubini 1953 ; Green 1954). 
In field theories it is often the case that the Fredholm determinant can be 
evaluated only in the form of a power series, and the first few terms of the series 
alone can be computed without excessive calculations. It is therefore of interest 
to see whether reasonably good results can be obtained for bound states by 
considering just the first few terms of the Fredholm determinant. 

As a test, we consider the case of the Hulthén potential. We shall calculate 
the zeros of the Fredholm determinant from the first two terms of its expansion, 
and compare them with the zeros of its exact form. Tt will be seen that the 
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approximate calculation, rough as it is, gives reasonably well the general trend 
of the zeros for coupling not too strong, although the numerical agreement 1s not 
good for the binding energies of the bound states. 


Il. TRANSITION FROM THE HULTHEN TO THE COULOMB POTENTIAL 
We write the wave equation for the S-states in the form 


a\? 
(4) +] u(r) =U(r)u(r), sone aoate ahekeharete (1) 


where k2 is the total energy EH divided by h?/8x?m and U(r) is the potential 
energy V(r) divided by the same factor. In the case of the Hulthén potential, 
U(r) may be written in the form 


For positive-energy continuum states, k is a positive real number. The 
solution of (1) that has the asymptotic form e—” is (Jost 1947) 


fk yt) =e Ea, 05.082). e oe = we eer (3) 
where F is the hypergeometric function (Magnus and Oberhettinger 1949) with 


a—(¥) 1 (1 ae et, Sates. CM (4) 


and 
EO TUES US Song baile aie eae me apeleraters! Meera ieee (7) 


The value of f(k,r) at r=0 is 


LN) uUCHO em gc an sa (8) 
or 
- Tc) 
{\=pagaragy cc (9) 
or 
me eee 
f(,0)—= MN gay ttt (10) 
with 
(2 
v= a(4—nu). (n=1, Does ‘ =) Religare (11) 


The matrix element S(k) of the S-matrix for an S-state, which is connected with 
the phase d(k) by the relation 
S(k)= 628®),. Sanction ee (12) 
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is given by 
_ fk) 
BM rye ee (13) 
or, on account of (9), 
Ta +a*) (1 +5*) P(e) 
S(k)= re inte (14) 


For each positive real y, there is a bound state with the eigenvalue 


hyn 
7 a (15) 
The corresponding wave function is given by (3) with k =—iy,, 
i IE Reis ees nas (16) 
nN 
oy pee HE es en Be (17) 
The first two normalized wave functions are 
1\[, /a2—p2\]3 
u(r) =(4) >( 5 a )| eal a Tate eet Aceon Ath 0 (18) 


u(r) = ( al [x(a2 —16 v2) (1 —2) E a (2+2) (1 -a| env", 


Le 
V( ES a Soe Na AL RINE NET (20) 
b uttin. 
Ve : 8x2mZe? 
= Fig ee (21) 


and making py. approach zero. For small wu. we have 


T(i+a*) 4, 
Td +a) SSO (i COE Ue cates (22) 
where 
iA 
ri) 
S'(k)= = Laces (23) 
r(i+z) 


is a familiar expression in the theory of Coulomb scattering, and O(u%) Means a 
term that vanishes as p» tends to zero. Also, 


PA +b*)T(c) 
Pd +5)r(e*) 
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with (Jahnke and Emde 1945) 


r 
ott)=(;) In (=) O(n) eyade eee (25) 


‘Thus 
S(k) = 8S GOGO Tenses tee ees (26) 

with w(k) given by (25). This result is similar to the previous result of Gordon 
(Gordon 1928 ; Moller 1946), which is given by (23), (25), and (26), with 1/R 
instead of w. 

Equations (25) and (26), which are valid for small u, may also be useful 
if one uses the Hulthén potential to represent a screened Coulomb potential. 

In the limit »=0 we see from (11) that y, becomes simply 4/2n. There 
are then an infinite number of bound states having the energy spectrum 
E,, =—h?)2/3272mn? of an electron in the Coulomb field. It is easy to verify 


n 


that the normalized wave functions (16) and (17) pass over to the normalized 
Coulomb wave functions of the 1s and 2s states respectively. 


TIL. APPLICATION OF THE FREDHOLM THEORY TO THE HULTHEN POTENTIAL 
According to the Fredholm theory of integral equations (Whittaker and 


Watson 1946), the integral equation 
B 
X(s)=Y(s) +a] Ks UX (Gi, ieee pice (27) 
A 
under certain general conditions on the kernel AK, has the solution 
B 
X)=¥) +4] DS UVAG It. 6 Wane eee (28) 
A 


if the Fredholm determinant D does not vanish. If the kernel K is such that D 
vanishes, there exists a solution of the homogeneous equation 


B 
X(s) =f Fst) X00 eee re ee (29) 


The solution of (1) that describes a state of positive energy h?k?/8x2m in 
the scattering problem satisfies an integral equation of the form (27). The ™ 
kernel K(r, 7’) satisfies the differential equation 


(4) + Kir )SU@ D7) ~<a. eee. (30) 


and the integral term »| K(r, 7’ )u(r’)dr’ varies as exp (ikr) for large r. The 
0 


Fredholm determinant D is a function of } and k. Since we are concerned with 
the dependence of D on k rather than on A, we shall denote it by D(k) from 
now on. Corresponding to any k such that | 
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there is a wave function u(r) satisfying the homogeneous integral equation 
woy=af ACR eA CAT | ie i eee rar ee (32) 


There is no real & that satisfies (31). If & is an imaginary number, iy, the 
wave function u(r) varies as e~Y" for large r and thus describes a bound state of 
energy —h?y2/8x2m when y>0. There may also be complex zeros of D(k) 
which correspond to complex energies of radioactive states. 


According to the idea of analytic continuation adopted by Heisenberg in 
the theory of S-matrix (Heisenberg 1946 ; Moller 1946 ; Jost 1947), bound and 
radioactive states are connected with imaginary and complex values of & satis- 
fying the equation 

Fit Our ga oe ee (33) 


That equations (31) and (33) give the same results for the problems under 
consideration here can be seen from the identity 


proved by Jost and Pais (1951). 
In the case of the Hulthén potential, the Fredholm determinant is known 
in closed form on account of (34). The zeros of f(k) or D(k) are all purely 
imaginary. There are no complex zeros that correspond to complex energies.* 
The power-series expansion of D(k) may be obtained by expanding f(k) in powers 
of A or from the general formula of the Fredholm theory. As already explained 
in Section I, it is our intention to compare the zeros of the first two terms of 
D(k) with the exact zeros. 
Expanding in powers of A and retaining only the first two terms, we obtain 
from (4) and (5) 
Ti +a) =1— ase 


2ik iD yp ( 2ik 
— recs] fy ae ad Peed Ni Bs eee co any 36 
rasran(ee 28) 0 
where © is Euler’s constant and Y’ is the logarithmic derivative of the factorial 
function (Jahnke and Emde 1945). Substituting in (9) and using (6), we 
obtain, up to the term linear in A, 


* In this respect the Hulthén potential is different from the square-well potential or the 


following potential : 
Viry=Vo (tsu<t<t2) (Vo 9); 
=) (r<r, or >1). 
The complex energies for the last potential are known from the Gamow-Condon-Gurney theory 
(Moller 1946). According to Blatt and Weisskopf (1952), there exist complex energies for the 
square-well potential. 
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Let —iyn (n=1, 2,. . .) denote the zeros of the right hand side of (37). 
Let 


with y, given by (11), and let , be similarly defined in terms of yn. We have 
then 


Each positive wv, corresponds to a bound state. 


We give below some numerical results for the first three zeros of the Fredholm 
determinant calculated from (39) and (40). 


(i) A=—p 
ci——2, Ly = —5/2, t3—=—10/3 ; 
v,=—1/2, U_= —7/4, L,=—17/6 ; 
a, = —0-24, = —1°8, © = —2°8. 
(iii) A=u 
£,=0, Ly = —3/2, L5= —8/3 ; 
#v,=1, %.=—1:°7, £3 = —2°8. 
(iv) A=2u 
Ud, ,=—1, l,=—1/8 ; 
%1=4-3, o=—1-% %3—=—2°7. 


We have confined our attention to real solutions of (40). Since the exact form_ 
of f(k) has no complex zeros, it is probable that its approximate form has no — 
complex zeros either. 


The general trend of the above approximate results seems to be as good as 
can be expected, although the numerical values for the binding energies of 
bound states are not accurate. The agreement becomes very bad, of course, 
in the case of strong coupling. For a very large value of \/u, (39) gives many 
‘bound states, but (40) only one. 
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Note ADDED IN PROOF 


A. The above results calculated from (40) are encouraging, and suggest 
that one might attain quite good accuracy by using the expansion of f(—iy) 
up to the quadratic term, namely 


: Oise Oe a ears 
f(—iy)=1+ 4-1 +(4) (ty) hee s mea (41) 


As may be easily verified, 


f(y) =—| 224], Ee eas (42) 
oO]  [¥w@ystey” [eX 2/6 
ji —i)— [LOte] | PO! jPerer |, (3) 


where #=2y/y. and the function ‘Y” is that of Jahnke and Emde (1945). There 
is, however, a simpler method which has been used in Adelaide for improving 
the accuracy, as Professor H. 8. Green kindly informed the writer. Applied to 
the problem considered here, the simplified method amounts to dealing with a 


modified form of f(k), namely, 
FM) HP(ROONP, eevee cence ee ess (44) 
where o is chosen such that the quadratic term in the expansion of f,(—1y) 


vanishes, so that, to this degree of accuracy, 


flee 
a 


Pe, cane une (45) 


372 Ss. T. MA 


Let —iy, denote the zeros of f, and #”=2y"/u. One then gets, using (42) 
and (43), the equation 


AG [LY (an) +72/6] [La +O] UP _ 
rf [Fiend Fae) _ | Few +2) ELON a Se (46) 


"2 
p @p 


DroL. B: McCarthy of the University of Adelaide has obtained numerical values 
for the first zero 7; of (46). For our cases (iii) and (iv), his results are 7} = —0-1 
and #;=1:15 voavecttvely. which are much better than the results #; obtained 
from (40). 

B. Application of the Fredholm theory to scattering problems has recently 
been investigated in several papers. In particular, Dr. P. Swan of the University 
of Melbourne has called the writer’s attention to his recent work on the reduction 
of the Schrédinger and the second order linear integro-differential equation to 
Fredholm’s equation. Our present paper differs from these papers in that we 
are mainly concerned with a bound-state problem. 
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ELECTRON SCREENING AND THERMONUCLEAR REACTIONS 
By E. E. SALPETER* 
[Manuscript received April 21, 1954] 


Summary 


In the interior of stars most atoms are ionized, but the electrostatic potential of a 
bare nucleus induces a spherically symmetric polarization of the surrounding electrons 
and nuclei. The effect of this screening charge cloud on the rate of thermonuclear 
reactions is investigated for the case of complete ionization of all atoms. 


The charge distribution and potential of the screening cloud is calculated for two 
limiting cases where the electrostatic interaction energy between neighbouring nuclei is 
small or large compared with the thermal energy (weak or strong screening). The 
charge cloud is also investigated for intermediate strength of screening, for nuclear 
species which are rare and have a large charge. 


Under most stellar conditions the impact parameter for a thermonuclear collision 
is much smaller than the radius of a screening cloud. For such cases, a simple formula 
is given relating the increase in the reaction rate to the potential of the screening cloud. 
Numerical values are presented for a few typical reactions. For conditions typical for 
the interior of ordinary main sequence stars the increase in the reaction rate is fairly 
small, usually less than a factor of two. 


I. INTRODUCTION 
The rates of many thermonuclear reactions, which can take place under 
various conditions in the interior of the Sun and stars, have been and are being 
calculated.t These reactions can be pictured as follows. At the high temper- 
atures in stellar interiors all (or practically all) the atoms are ionized. Two 
bare nuclei (of charge Z, and Z, respectively) collide with each other with relative 
kinetic energy EZ, arising from the thermal motion of the gas. For the two nuclei 
to undergo a nuclear transformation they must approach to distances of the 
order of 10-13 cm (nuclear radius). As the particles approach each other they 
experience a Coulomb repulsion and the Coulomb barrier (electrostatic potential 
for a separation of the order of a nuclear radius) is very large compared with the 
mean thermal energy k7. An important factor in the reaction rate then is the 
barrier penetration factor, the probability of the nuclei approaching sufficiently 

closely for the nuclear forces to come into play. 


The reaction rate is proportional to the following integral 
| dE [Bte—2/'7] P(E) onue.(£). Peres. (1) 
0 
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The first term in this integrand is the Maxwell-Boltzmann distribution factor 
(probability of kinetic energy being #). The second factor P is the barrier 
penetration factor which depends very strongly on H and on Z,Z,. The last 
factor opuc, is a purely nuclear factor which depends on the details of the inter- 
action after barrier penetration and usually (but not always) varies fairly slowly 
with LH. 

In the usual calculations of reaction rates the barrier penetration factor 
P(#) in (1) is evaluated by assuming the electrostatic interaction energy between 
the two nuclei to be purely Z,Z,€?/r,,, the Coulomb potential between two 
positive unscreened charges. But in stellar interiors the gas density po is high 
and the average distance a between a nucleus and neighbouring electrons and 
nuclei is small. Each nucleus, even though completely ionized, attracts 
neighbouring electrons and repels neighbouring nuclei and thus polarizes the 
surrounding gas somewhat. The nucleus is then completely screened by a 
spherically symmetric negative charge cloud. The radius R of this charge 
cloud is of the same order as the interparticle distance a or larger, depending 
on the ratio of Coulomb repulsion between neighbouring charges to the mean 
thermal energy. Hence, when two nuclei approach each other in a collision, 
each of them carries its screening charge cloud with it and this screening affects - 
the interaction energy between the nuclei. We write the total interaction 
energy as 

Oc (7) = 2,256 To Ua). eae eee (2) 


The main aim of this paper is to discuss the screening term U(r,,) and its effect 
on the barrier penetration factor P. 


II. DEFINITION OF PARAMETERS 
We shall now define a number of dimensionless parameters representing 
the ratios of various physical quantities. 


(a) Impact Parameter and Radius of Charge Cloud 

The rate of a thermonuclear reaction depends on (1), which involves an 
integral over H, the relative kinetic energy of the two colliding nuclei. For all 
reactions likely to occur in stellar interiors the integrand of (1) has a fairly sharp 
maximum at a particular energy Emax. The exact value of Emax, depends on a 
number of factors, including the temperature, Z, and Z,, where the relevant 
energy levels of the resulting compound nucleus lie, etc. But in all cases of 
practical interest Hyax. is very large compared with the mean thermal energy 
kT, in most cases larger than 10k7. 


Let r, be the classical turning point for energy Epax, in the collision between 
two nuclei of charge Z, and Z,, defined by 


Paw = <.) gE eee ee (3) 


Let r, be the nuclear radius, that is, the distance where the nuclear attractive 
forces overcome the Coulomb repulsion. 
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Let a be a distance defined by the relation 
Ana3pNj=1; a=p-1/9(0-51X10-8 cm), ...-- (4) 


where o is the gas density in g/e.c. and Ny is Avogadro’s number. The distance a 
is a measure of the interparticle distance, an average Mass of 4a.m.u. being 
contained inside a sphere of radius a. Let Rf be the radius of the charge cloud 
surrounding a nucleus, that is, a distance beyond which an appreciable fraction 
of the nuclear charge is screened by the polarization charge cloud. We shall 
show in later sections that R is larger than a. 

Let us consider a case in which the classical impact parameter 7, is very small 
compared with the charge cloud radius R. The nuclear radius 7, is always very 
much smaller than r,. The barrier penetration factor P(E) essentially depends 
only on the expression 


N12 


for values of 7,. between 7, and r,, hardly at all on the potential for distances 
larger than r,. Now U(r,2) must be a function which is small for 7,,>R and 
which approaches a constant value Uy a8 72 becomes small compared with R. 
Further the value of U, will be of the order of magnitude of Z,Z,¢7/R. From 
this expression and (3) it follows that, for the case considered, 


max. 


Both in (5) and in the treatment of the nuclear factor, U(r,,) is needed only 
for 71,<7,- If the inequality (6) is satisfied, U (ry) can then be replaced by the 
potential at the origin, U,, which is independent of both # and 7,.. Therefore 
the penetration factor P and the nuclear factor onuc, for energy HE without 
gereening are equal to the correct factors with screening for an energy (H+ U,). 
The integral (1) is then replaced by 


| AB[(E+0,)!2e—BieLe— vk] P(H)onue(B). +++ (1a) 
0 


Since U, is much smaller than Emax. (but not necessarily smaller than kT) the 
term (H-+U,)* can be approximated by H}. The whole effect of screening in 
this case is then that the reaction rate with screening neglected has to be 


multiplied by the factor 
e—UolkT, 


Throughout this paper we shall consider only cases in which the inequality 
(6) holds. The problem is then reduced merely to evaluating U, for substitution 
into (7), without having to consider any details of the actual nuclear reactions 
involved. For most practical cases (6) is in fact satisfied. For the proton- 
proton reaction in the solar interior (the Sun’s main source of energy), for 
instance, Tnuc.~2 x%10-3 em, 7,~2 X10-" cm, a~10- cm and R~3 x10~° em. 
The effect of screening at extremely high densities, where (6) no longer holds, 
is discussed by Schatzman (1948). 


376 E. BE. SALPETER 


(b) Degree of Lonization 
Let the parameter J, be the ratio of the ionization potential of a K-shell 
electron in a hydrogen-like atom of charge Z to the mean thermal energy. We 
have 


Le? en ee 
il = (Jan pe a (8) 


where a), is the Bohr radius for such an atom and m is the electron mass. Through- 
out this paper we shall consider only cases for which the parameter J, for all 
relevant values of the atomic charge is very small compared with unity. 
Expressing the temperature 7 in units of 10®°K, we have 


Zz 
TSO 6 I” See ce (9) 


The problem is greatly simplified if the inequality (9) holds. All atoms are 
completely ionized and further we shall be able to treat the electrons by means 
of semi-classical approximations. In fact we shall find that our final results 
essentially do not depend on Planck’s constant (except indirectly, the results 
depending slightly on the degree of degeneracy of the electrons). 


For most cases of stellar interest the ionization parameter I, is indeed much 
smaller than unity, with one important exception, the reactions of the carbon- 
nitrogen cycle in the Sun and other main sequence stars. For these reactions 
I, is only slightly smaller than unity and the approximations of this paper are 
not very accurate. However, the effect of electron screening on these particular 
reactions has been discussed by Keller (1953) without assuming the inequality (9). 


(c) Strength of Screening Effect 

Let Z, be the larger of the two charges Z, and Z, of the two interacting 
nuclei and let 2 be the atomic charge of the main constituent of the gas (in 
most cases <=Z,). The nature of the polarization charge cloud surrounding a 
nucleus Z, depends on whether the screening is “weak” or “ Strong”. By 
“weak ”? screening we mean that the Coulomb interaction energy between this. 
nucleus and the nearest few electrons and nuclei of the gas is small compared 
with the thermal energy kT’. In this case the average positions of surrounding 
electrons and nuclei are displaced only very slightly from each other. The 
polarization charge cloud will then have a large radius R, containing many 
electrons and nuclei, the small difference between total negative and positive 
charge being Z,. This case will be discussed in Sections IIT and IV. 


By “strong” screening we mean that the Coulomb interaction between 
the nucleus Z, and nearby nuclei z is large compared with kT. In this case the 
nucleus is surrounded in its immediate vicinity by electrons only, the nuclei z 
staying outside a sphere containing nearly Z, electrons which effectively screen 
the nucleus. This case is dealt with in Section V. The more difficult case of 


intermediate strength of screening is not treated exactly in this paper, but is 
discussed in Section VT. 
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(d) Degree of Electron Degeneracy 
Let & be the average number of electrons per atomic mass unit in the stellar 
Sas, 


where «; is the fractional abundance (by mass) of nuclei of charge z; and mass 
number A;. The Fermi energy of the electron gas is defined as the thermo- 
dynamic potential at zero temperature. It is 


- 213 (hla)? 


Ey 8x2m’ 


37 
ER, SEN, 2 213 — 
=e oremter= (FF) 
where a is the measure of interparticle distance defined in (4). Let D be the 
ratio of Fermi energy to the mean thermal energy kT. For all numerical work 
throughout this paper we shall express density in g/c.c. and temperature 7 in 
units of 10°°K. In these units 


D=(26-0(Ep)?/%eV](kT)4=0-30(Ep)? 47-1... .... (12) 


The Fermi energy E;, is given by (11) only when the electrons are non- 
relativistic, that is, when #, is much less than the electron restmass energy, 
which is the case for £o<10%. For €o>10°, equation (12) is replaced by 


pa PR otc e eae ste (12a) 


In Section IIL we consider the special case of the electron gas being non- 
degenerate, D<1. In Section IV the formulae are generalized for arbitrary 
values of D. All nuclei will be assumed to be completely non-degenerate, which 
is true for all but extremely high density 9. The case of a degenerate nuclear 
gas for extremely large ¢ is discussed by Schatzman (1948). 


(e) Ratio of Abundances and Charges 
The formulae derived in this paper for the two limits of very weak and very 
strong screening, hold quite generally for all values of Z, and Z, and any com- 
position of the gas. But for many (although by no means all) cases of stellar 
interest, one of the two reacting nuclei Z, has a very low abundance #, and a 
large charge compared with that of the other reacting nucleus and with the 
average charge z of the gas nuclei. 


For this special case, 
VA AS, Oe eS io oe ae (13) 


the problem of electron screening is simplified and numerical solutions are also 
presented for intermediate strength of screening in Section VI. The two earlier 
papers by Schatzman (1948) and Keller (1953) are mainly. concerned with cases 


for which (13) holds. 


378 EB. E. SALPETER 


III. WEAK SCREENING: ELECTRONS NON-DEGENERATE 

We shall now consider the case of the screening being ‘‘ weak ”’, in the sense 
discussed in Section II (c). For simplicity we also assume in this section that 
the electrons are non-degenerate and consider the main constituent of the gas 
to be atoms of atomic charge z and atomic weight A. Our aim is to calculate 
the interaction energy U(r), defined in (2), between nuclei of charges Z, and Z, 
at a distance 7. 

We now assume that Uj 4.(r) is of form 


Cat.(1) =Z Ze dio.) 5 do (7) (7), «eae (14) 


where (7), the part due to the screening cloud, is independent of both Z, and Z, 
(but does depend on z). We shall show later that this assumption is justified 
if the screening is weak. It should be remembered that U(r) represents a 
statistical average of the interaction energy. Only the two nuclei Z, and Z, 
are at a fixed separation 7, the position of all other nuclei being averaged over. 


Consider the nucleus Z, fixed at the origin and let V(r), 9(r) be the electro- 
static potential and electric charge density at a point 7, averaged over all particles 
except the nucleus at the origin. If U(r) is of the form of (14), depending on 
the charges only through the factor Z7,Z,, then the interaction energy of an 
infinitesimal ‘‘ test charge ’’ 3Z at the point r is ZZ ,e?U(r) and hence V(r) is 
Z,ey(r). Since V and ° are related by Poisson’s equation, we have 


V2Zrevtot.(”)] = —4r0(r) —47Z eS (r). .. 0... ee ~ (15) 


Another relation between | and ° is furnished by statistical mechanics, namely, 
that the density of particles (nuclei 2 or electrons) in a region in which each 
particle has potential energy U,(r).is the field-free density times the Boltzmann 
factor exp[—U,(r)/kT]. Since the potential energy of electrons has opposite 
sign to that of nuclei, their electric charge densities no longer cancel each other 
exactly and we have 


gry = (PME) exp | serpent erp | Saat Pal . ite 


Substituting the expression (16) on the right-hand side of equation (15) gives 
an inhomogeneous second order differential equation in v(r), the Poisson- 
Boltzmann equation. 


According to our assumption of weak screening, the exponents of the two 
exponential terms in (16) are small compared with unity for 7 of the order of 
magnitude of a or larger. We can then expand these two exponential factors. 
The first terms in the two factors cancel each other and we keep only the second 
term of each, linear in Z,. Substituting this approximation into equation (15) 
we get the linear approximation to the Poisson-Boltzmann equation, 


ete) e211 
vev(r) —inpm(“F) Z [+40]. oMastfeliar Siehione (Liga) 
The boundary conditions for (17) are imposed by the physical condition that 
U(r) represents the potential due to the screening charge distribution, which 
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has a finite radius and a total charge equal and opposite to that of the nucleus 
at the origin. Hence (r) approaches —r-! as r approaches infinity and 
approaches a finite limit (0) as r approaches zero. 


We define the ‘radius ’’ of the charge cloud, R, by 


rea( kT )( A _( AN PEL \ 
ree eae Ae) ela Ga te. aaa (18) 
The solution of (17) is then 

vrj=rte-"k—1); YO) . oneness (19) 


Our approximate equation and its solution, (17) and (19) respectively, are 
mathematically equivalent to those derived by Debye and Hiickel (1923) in 
. their theory for dilute solutions of electrolytes. A number of assumptions and 
approximations are involved in our derivation of (17) above. We shall now 
discuss the validity of these approximations.* 


(1) We have used a continuous (average) charge density 0(r) and in its 
evaluation have used the statistical Boltzmann factor exp [—U(r)/kT] for 
particles at the point r. For this procedure to be strictly valid many nuclei and 
electrons should be contained in a volume small enough so that e(r) and U(r) 
do not vary appreciably over this volume. Now the linear dimension of the 
charge distribution is of order R, the average distance between particles of 
order a. Hence our procedure is valid as long as a<R. For the case of weak 
screening which we are considering 2%e?/a<k7. It then follows from (18) that 
R is indeed large compared with a. 


(2) In our whole derivation we have treated the electrons classically and 
considered their charge density at a definite distance r from the origin. This 
assumes that we can specify the position of an electron to within a distance r 
without considering the corresponding Heisenberg uncertainty energy. The 
neglect of this uncertainty energy is justified as long as it is small compared 
with the mean thermal energy of the electrons. Hence our classical treatment 
is justified only for values of r larger than a critical distance 7pin,, Which is roughly 
given by 

h2[Br2mnrgyin, ~hL. seve ence eens ee 20) 
We are at present only considering cases where the ionization potential for an 
atom Z, and the Fermi energy of the electron gas are both small compared with 
kT. A comparison of (8) and (11) with (20) then shows that the limiting 
distance ‘in, is much smaller than the Bohr orbit a, and also much smaller 
than a, which in turn is smaller than R. 

(3) As was discussed above, we have expanded the two exponential factors 
in (16), keeping only the first two terms in the expansion. Since tot, is of 
order r-! for small distances, this linear approximation is valid for r larger than 
r,, where (Z,2¢?/r,) ~kT for nuclei z. For the case of weak screening 1, is small 


* See also the discussions by Fowler and Guggenheim (1949) and by Keller and Meyerott 
(1952). 
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compared with R, the distance from which most of the screening effects stem. 
For the electrons one finds, using (8) and (20), that r, is not only smaller than R, 
but also smaller than /min,- 


(4) In deriving the Poisson-Boltzmann equation we have assumed that the 
interaction energy between two particles has the form of (14), with (7) 
independent of Z, and Z,. The solution (19) for Y(r), obtained by means of the 
linear approximation, satisfies this requirement, R depending only on 2, but 
not on Z, and Zs. 

Our final answer for the screening potential between nuclei Z, and Z, is 
then 

Uo __(4,4€") 


— ha (RT) =0-1882,2,0p'T 2", . 6. (21) 


where 
CH +2)A. 


The conditions of validity for (21) are that (9) and (12) be satisfied and that 
the screening is weak. More exactly, the weak screening condition requires the 
interaction energy between nuclei Z, and z at separation RF to be smaller than 
kT ; that is, the expression (21), with Z, replaced by z, must be smaller than 
unity. 


TV. WEAK SCREENING: GENERAL CASE 


We first introduce a trivial generalization of the work of the preceding 
section. We consider the gas as made up of different nuclear species of charge 2; 
and mass number A,, their fractional abundance (by mass) being a; The 
average number of electrons per a.m.u. is then the quantity &, defined in (10) 
(instead of the z/A of Section III). The first exponential factor in (16) is then 
replaced by a sum of exponentials, one for each nuclear species. Expanding 
these exponentials as before, the first terms again cancel the first term from the 
electron factor. The second terms are quadratic in z; and finally in (17) the 
expression 2?/A is simply replaced by ba ,24/A,. 

v 


The effect of electron degeneracy is slightly more complicated. We consider 
now the case of arbitrary degree of degeneracy, but weak screening. It should 


be noted that it is still possible to have a degenerate electron gas but weak ~. 


screening if, and only if, the inequality (9) is satisfied. We again want to 
consider the electron charge density o,(7) at a point 7 and to neglect the corres- 
ponding uncertainty energy which is roughly (h/27r)?/2m. This neglect is 
justified if the uncertainty energy is much smaller than the average electron 
kinetic energy, which is of order H,~(h/27a)?/2m, if the electrons are degenerate. 
This is the case if 7 is larger than a. We again will be most interested in distances 
of the order of R, again large compared with a, which justifies our procedure. 


Let f(y) be the Fermi-Dirac function, 


f(n) =| dp wt[ele=0 1a eee (22) 


4 
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and D be the ratio of the Fermi energy H, to k7. For the field-free case the 
thermodynamic potential »=7kT of the electron gas* is determined by the 


equation 
ROT) = BD cn nie 8 See (Dis) 


If electrons near the point r experience an interaction energy U,(r), the 
electron density will no longer be uniform throughout space but will adjust 
itself such that the total thermodynamic potential is uniform. The ratio of 
the actual density to the field-free density is then f(y—U,(r)/kT)/f(q), where 
nis still given by (23). If the screening is weak and if a<r~R, then U,(r)<kT. 
We can then use a Taylor expansion for the expression f(j7—U,/kT). Retaining 
only the first two terms in this expansion, the ratio of actual density to field-free 


density becomes F f 
ALG pe 
if [eee Fin eae (24) 


where f’ is the first derivative of f(y). This expression is our generalization of 
the linear approximation (1—U,/kT) to the Boltzmann factor, which we used 
in Section III. 
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Fig. 1.—The quantity f’()/f(n), to be substituted into equation (24), 
plotted against the degeneracy parameter D; 


The factor f’/f takes on simple forms in two limiting cases. For extreme 
non-degeneracy, D<1 and 7 is negative and very large. In this case f’/f becomes 
equal to unity and the expression (24) reduces to the expression of Section IIT. 
For extreme degeneracy, D>1, 7 approaches D and f'/f approaches (3/2D). 
In this case the polarization of the electron gas is negligible compared with that 
of the nuclear gas. For intermediate values of D, 7, and then f’/f were obtained 
from (22) and (23), using the numerical tabulation of the Fermi-Dirac function 
given by McDougall and Stoner (1938). The results of these numerical calcula- 
tions are given in Figure 1, the quantity f’(y)/f(m) being plotted against D. 


* See, for instance, Mayer and Mayer (1940). 
B 
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Our final formula for U,/kT7 is then still (21), but with the quantity ¢ now 
having the general form 


foc Me & i 
cal aa +(f )an6| 4 9S aera. Eee (25) 


V. STRONG SCREENING 

We shall now investigate the screening charge cloud surrounding a nucleus 
Z, imbedded in an ionized gas in the limit of strong screening. We shall see 
later that the radius F of the charge cloud in this case is approximately (37,/£)1/8a. 
The condition for strong screening is then that the Coulomb repulsion between 
charges Z, and z (average charge of gas nuclei) at distance R be large compared 
with kT. For the sake of simplicity we restrict ourselves slightly more to the 
case where this Coulomb energy is also considerably larger than the ionization 
potential for charge Z,. We shall show that the electron density is then 
essentially uniform, which simplifies the problem greatly. 


We thus assume the following conditions to apply : 


2 
Z2€ 


221 4< z 


37, \ 1/3 
‘) aber Olea: (26) 


(ny r> (% 


where J, and & are defined in (8) and (10) respectively. From the first part of 
this inequality and (8) it follows that a<a,, and that 


Hence the Coulomb energy of an electron at distance a or greater is small com- 
pared with the Fermi energy and at distances less than a small compared with 
the corresponding uncertainty energy. It then follows from the discussion of 
Section IV that the electron density at all relevant distances from the origin 
differs only slightly from the field-free density. We shall therefore take the 
electron density to be uniform. 


The second inequality in (26) expresses the condition that the Coulomb 
repulsion experienced by nuclei z at distances between a and R is much larger 
than kT, unless a very large fraction of the charge Z, is screened by the electron 
cloud. For these distances then the density of gas nuclei is very small compared 
with the field-free density. We can therefore use the following approximate 
picture for the screening charge cloud. The nucleus Z , 18 surrounded by 
electrons of uniform density up to a sphere of radius R,, where 


1/3 
2, =(2) a ee ee (27) 


No nuclei z are present within this sphere and the total charge of the electrons 
inside the sphere is —Z,. Outside this sphere the nucleus Z, is effectively 
screened, the density of nuclei z also has its field-free value and there is no net 
charge density outside the sphere. 
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On this simple picture the total electrostatic energy of the system of nucleus 
Z, and its surrounding electron sphere is 


ine cae (28) 


Wie =i ae E1373 762 

where the first term is the interaction energy between the nucleus and the 
electron cloud and the second term is the electrostatic self-energy of the electron. 
cloud. When two nuclei, Z, and Z, respectively, approach each other in a. 
collision, each of them carries its own electron sphere with it until the two spheres 
interpenetrate. When interpenetration occurs the gas nuclei rearrange them- 
selves, the density of electrons still remaining uniform. For intermediate 
distances of approach the shape of the electron cloud is rather complicated. 
But for distances between the nuclei small compared with R, and R,, the electron 
cloud is again spherical and of the same radius as the electron cloud for a nucleus 
of charge (Z,+2Z,). 

As was discussed in Section II, we are interested only in the interaction 
energy between the two nuclei and their charge clouds for separations less than a 
and therefore less than R, and R,. On our present approximation the screening 
contribution to this energy is simply the interaction energy (28), for a nucleus of 
charge (Z,+Z,), minus the sum of the equivalent energies for the two nuclei. 
Z, and Z,. This screening potential is 


U 9e2 1/3 
Sue [(Z,+Z,)°3 Zi —Z3" 


—0-205[(Z,+Z.)®3—Z3°—Z3" (Ep) 22. «- (29) 


Numerically, the condition (26) can be written as 
Z,<o''3; 0-23Z7%2(EpVT4S1.  ...--- (26a) 


Besides assuming this inequality we have made some further approximations. 


(1) As in previous sections we have used continuous charge densities. 
Since the number of particles making up the screening charge cloud is now only 
of order Z,, the fluctuations omitted in this treatment may not be negligible. 


(2) In reality the electron density is not completely uniform, but slightly 
larger near the central nucleus. Similarly the density of gas nuclei does not 
jump discontinuously from zero inside the radius R to the field-free value just 
outside, but changes gradually over a certain ‘‘ skin-depth ”’. But the more 
strongly the two inequalities in (26) are satisfied, the more nearly uniform is. 


the electron density and the smaller is the ratio of skin-depth to radius tes 

(3) In the strong screening case the screening cloud surrounding a charge 
(Z,+Z,) is no longer a linear superposition of the clouds for charges Z, and Z,, 
the radii of the clouds being different. We have neglected all dynamic effects. 
ensuing from the rearrangement of the gas nuclei, which may in fact not be 
negligible. (29) may therefore not be a very accurate approximation. 
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VI. NucitEt oF Low ABUNDANCE AND LARGE CHARGE 

We have so far considered the general case of arbitrary abundance and charge 
of the nuclei Z,. For this general case we have seen that the use of the Poisson- 
Boltzmann equation is not self-consistent for intermediate and strong screening, 
largely due to the non-linearity of its solution. For the case of strong screening 
we derived an approximation independent of the Poisson-Boltzmann equation, 
but its accuracy is limited by the non-linearity of the screening potential and 
by the small number of particles involved in the charge clouds. 

As was pointed out by Keller and Meyerott (1952), these difficulties are 
removed if the abundance of the nuclear species of charge Z, is low and if Z, 
is much larger than Z, and 2 (equation (13)). Since Z7,>Z, we need only 
consider the interaction of the nucleus Z, with the charge cloud surrounding the 
nucleus Z,, without explicitly considering the charge cloud around Z,. In this 
approximation the radius Ff, of the charge cloud does not alter during a nuclear 
collision, even if the screening is strong. We are then justified in neglecting 
the dynamic effects of the rearrangement of gas nuclei, mentioned in Section V. 
Since the abundance of the nuclei Z, is low, their average distance from each 
other is large compared with the radius of their charge cloud. We can then 
consider the charge cloud around a single such nucleus. Since Z,>z2, we can 
also neglect the charge cloud around all nuclei z. In this case the condition of 
linearity (14) is no longer required for the validity of the Poisson-Boltzmann 
equation. Finally, the charge cloud contains at least Z, electrons, even for 
strong screening. Since Z, is large, our peace of fuctuutious from average 
distributions is justified. 

Keller (1953) has described numerical methods for solving the Poisson- 
Boltzmann equation for arbitrary screening strength, if the inequality (13) 
holds. For the sake of simplicity we shall consider here only cases satisfying 
two further conditions: (1) the bulk of the gas consists of only one type of 
nuclear species of charge 2 and mass A, (2) the electrons are degenerate or 21. 
In either case the departure from uniform density is much smaller for the 
electrons than for the nuclei z. We thus take the electron density to have its 
field-free value. : 

Writing the electrostatic potential at distance r from the nucleus Z, as 
Z,el/r+Vir), the Poisson-Boltzmann equation becomes 


N,§ 2 Ze 
VV (r)=4n2e 1 exp re Bs: vin]. seo) 


The exponential term in parentheses arises from the Boltzmann factor for the 
nuclei, the constant term from the assumed uniform electron density. Making 
the substitutions 

ze AkT r Zy2e? 


ree . 2 _ 
gr te oN te Ree 


Lr 
equation (30) takes the form 


F 
Vay (a) =1—exp ks Aci Y(o)| SHR IL Rakes Sate (31) 
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The boundary conditions for (31) are that Y(«#) approaches a finite value at the 
origin and approaches —F/«# as # tends to infinity. 


Following the discussion at the beginning of this section, we assume that. 
the interaction energy U, for a collision between nuclei Z, and Z, (to be 
substituted into (7)) is simply Z,eV(0). Hence 


Uy 4 
k Zz 


SCs en ae ate (32) 


Y(0) is the value at the origin of Y (a), obtained by solving (31) for the appropriate: 
value of the parameter F. Numerically, 


2.1/2 
2,20 


DEO aa 


Equation (31) has simple analytic solutions in two limiting cases. Tf F<1, 
it is 


This solution is identical with our approximation for weak screening, derived 
in Sections III and IV. The factor @ of (21) and (25) is here z2/A?*, appropriate 
if the electrons are degenerate or if z>1. If F>1, the solution becomes 


oe A ta 
¥()=—— PPt for «<(3F)!’, 
(35) 
Y(a)=—~, for «> (3F)}’3. 
This solution is identical with our approximation for strong screening, derived 
in Section V. The quantity U, is then given by . 
3 
os Boao: V/A ZA Z zor! (36) 


2771213 : 
i 9 ze 0-34 Ties ee 


If we expand the expression in parentheses in (29) in powers of (Z,/Z,) and 
retain only the lowest order term, (29) reduces to (36). 

Equation (31) was solved numerically for a few intermediate values of the 
parameter F. It was found convenient to transform this equation into one 
involving y(7)=aY(«). It is 

d?y ( (Ff | ) 3 

Le 26 Secs ate 7 

dx? ie exp (37) 
with the boundary conditions y(0)=0 and y approaching —F as # tends to 
infinity. The expression wanted is Y(0), the first derivative of y(«) at the origin. 
For each value of F separately, Y(0) was found by trial and error, the equation 
being integrated from the origin outwards with different guesses for Y(0). This 
procedure was continued until y for large w approached —F for a particular 
value of Y(0). 
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A graph of Y(0) v. F is given in Figure 2. A few numerical results follow ‘ 
for F=1-5, the numerical result for Y(0) is about 0-98, as compared with 1- 5 
on the weak screening approximation and 1-36 on the strong screening approxi- 
mation ; for F=0-25, Y(0) is 0-21, as compared with 0-25 on the weak screening 
approximation ; for F=15, Y(0) is 5:7 as compared with 6-3 on the strong 
screening approximation. 
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Fig. 2.—The ratio of the exact value of Y(0) to its weak screening 
and strong screening approximations, as a function of F. The 
curve W gives Y(0)/F, the curve S gives Y(0)/1-04F?. 


VII. SomE NUMERICAL EXAMPLES 
We conclude this paper with a few specific examples of nuclear reactions, 
which are of importance in different types of stars. According to (7), the effect 
of electron screening consists solely in multiplying the reaction rate by a factor 
exp (—U,/kT). We give below numerical values for the exponent (—U,/kT). 


(a) Proton-Proton Chain 


This reaction chain provides the main energy source for our Sun and for all 
cooler main sequence stars. The reaction determining the rate of energy 
production involves the collision between two protons. The rate of this reaction, — 
without any screening correction, is the most accurately known one of all 
thermonuclear reactions of stellar interest. It is therefore important to calculate 
the effect of screening fairly accurately. Fortunately the screening for this 
reaction in the interior of main sequence stars is quite weak and the ionization 


‘potential of hydrogen very much less than kT. Equation (21) should therefore 
‘be a good approximation. 


(i) Approximate central conditions in the Sun are ep=100, 7=13. From 
(8) the ionization parameter I, is about 0-01, which certainly satisfies the 
inequality (9). The solar interior consists mainly of hydrogen, with the 
abundance of helium, we, of order 0-2 or less. From (12) the degeneracy 
parameter D is about 0-5. From Figure 1 the factor f’/f is about 0-90. Hence 
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tC, defined by (25), is about 1-38(1—0-12ay,). Finally, using this value of C 
and putting Z,—Z,=1 for the proton-proton reaction, (21) gives 


Seine Oh: hee ee (38) 


(ii) For a typical red dwarf star (a main sequence star cooler than the Sun) 
approximate central conditions are p=100, 7=8. In this case D=0°8, f'/f=0°8, 
and (=1-34. Equation (21) then gives a value of about 0-11 for —U)/k?. 


(b) Carbon-Nitrogen Cycle 

This chain of reactions provides the energy source for the hotter main 
sequence stars. The reaction determining the rate of energy production is one 
involving the collision between a nitrogen nucleus (Z,=7) and a proton. 

(i) We first consider a case for which an accurate numerical computation 
has been carried out by Keller* (1953), namely for p=122 and T=11°6. In 
this case the ionization parameter J,=0-68. Since this value is not very small 
compared with unity we should not expect the formulae of the present paper 
to be very accurate. With the gas mainly consisting of hydrogen, D=0-64 
and f’/f=—0-85. Using the weak screening formula (21) we get —U)/kT =0-50. 
Keller’s accurate value for this quantity is 0-43. 

(ii) The actual conditions in the deep interior of a star which derives its 
energy from the carbon cycle involve lower densities and higher temperature 
than in the above example. Hence J, is somewhat smaller and the screening 
slightly weaker and (21) should be a reasonably good approximation. Conditions 
typical of the interior of Sirius, say, are o=80 and 7=20. In this case I, is 
about 0°34, D is about 0-3, and f'/f almost unity. (21) then gives 
—U,/kT =0-19. 

We can conclude from these few examples that the effect of electron screening 
on the rate of energy production in all main sequence stars is fairly small, less 
than a factor of two in most cases. 


(c) Formation of *®Be 

The more luminous main sequence stars convert hydrogen into helium at 
such a rapid rate that their central regions may be completely without hydrogen 
after a lifespan much less than the age of our Galaxy. The subsequent life 
history of such a star is not yet completely understood but it is likely that the 
core of such a star, consisting almost entirely of helium, will contract and both 
density and temperature will increase. When a temperature of 1 to 2 «108 °K 
is reached, helium begins to be transformed into carbon and heavier nuclei. 
The first step in these processes is the formation of the short-lived *Be nucleus 
from the collision of two «-particles. The heavier nuclei are then built up 
by successive radiative captures of «-particles, starting from 8Be (a,y)?C. 

We give now values of the quantity Uo, the screening energy, for the collision 
of two helium nuclei in a gas consisting largely of ‘He. The order of magnitude 


* See also Schatzman (1954). 
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of densities in stellar interiors at very high temperature is not yet known, so we 
consider a few different values. 

(i) p=104, 7=150: The ionization parameter I, is negligibly small, 
E=z/A is 4, the degeneracy parameter D=0-58, and f’/f is about 0-87. The 
parameter C is then about 1-20 and (21) gives a value of 0-048 for —U,/kT. 


(ii) p=108, 7=150: The electrons are highly degenerate (D>10) and 
f'/f is practically zero, C practically unity. Equation (21) gives a value of 0-40 
for —U,/kT, but, since this number is not very small, our weak screening 
approximation is probably not very accurate. 


(iii) p=108, 7=150: The electrons are highly degenerate (relativistically) 
and their density is practically uniform. The screening is fairly (but not very) 
strong. Hence (29) should give an approximation which is fairly poor, but at 
least better than (21). The result is —U,)/kT=1-9. 


(d) Formation of Ne 


We take as our final example the collision between an oxygen nucleus and 
an a-particle. The reaction 1°O (a,y)?®Ne is one in the reaction chain beginning 
with the formation of *Be. We again consider a gas consisting mainly of helium 
at a temperature of 1-5 x108 °K. 


(i) e=104, 7=150: In this case the screening is still reasonably weak. 
The calculation proceeds as for the collision between two «-particles (Example 
(a) (i)) with Z, being 8 instead of 2. This gives a value of 0-19 for —U,/kT. 


(ii) p=10%, 7=—150: The screening is neither weak nor strong. But the 
electrons are highly degenerate, the 1*O nuclei are rare and their charge at least 
fairly large compared with that of an «-particle. The conditions of Section VI 
are then satisfied. Equation (33) gives a value of 1-64 for the parameter F. 
Figure 2 then gives a value of 0-65 for Y(0)/F. Since Z,=z2 we find 
—U)/kT =Y(0) 1-1. 


(ili) p=108, 7=150: Again using ‘ile and Figure 2, we find F—16-4 and 
—U,/kT =6-1. 
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OPTICAL DIFFRACTION EFFECTS PRODUCED BY AMPLITUDE 
AND PHASE CHANGES IN THE WAVE FRONT 


By G. H. GoDFREY* 
[Manuscript received May 10, 1954] 


Summary 


The diffraction which occurs when certain areas of the wave front undergo changes 
of amplitude or phase or both, relative to the rest of the front, may be readily treated 
by a method which is virtually a generalization of Babinet’s principle. Applications 
to both Fraunhofer and Fresnel diffraction are given and include phase gratings, stria- 
tions, haloes, phase contrast techniques, zone plates, and holograms. 


I. GENERAL PRINCIPLES 
In the general Fraunhofer diffraction problem, a spherical light wave 
converging on or diverging from a point passes through an aperture. For the 
present purposes a simple aperture will be defined as one or more transparent 
areas in an opaque screen ; and the real or virtual diffraction pattern on a plane 
through the centre of convergence or divergence is assumed known. The 
transparent and opaque parts of such an aperture will be referred to by their 
areas o, and op, and the region intercepted by the full cone of rays by its area o. 
Tf, in the general case now to be considered, the area o is again divided into two 
parts co, and o,, either or both of which may transmit light with changes of 
amplitude and phase, the arrangement will be called a phase amplitude aperture. 
Let co, and o, transmit fractions ri: and r3 respectively of the light incident on 
them, and o, produce a lag in phase ¢ relative to o,. Particular cases are the 
pure phase aperture, 7,=7r,.=1, o #0, and the pure amplitude aperture, p=0. 
It will be shown that the diffraction pattern due to the phase amplitude aperture 
can now be expressed in terms of the corresponding simple aperture. 
Suppose the wave functions due to the simple aperture, to its complement, 
and to the aperture of the lens be represented by 


Q,=A,e74:, O,=A,e—s, O=Ae Ss, sense (1) 


where A,, A,, and A are amplitude factors and A,, A., and A the corresponding 


phases. Then 
OHO, Og oo ceed ence se eneeees (2) 


With modifications of amplitude and phase the equations corresponding to (1) 


become 
Qj =r, 4,e-1t®), Og=r,4,e-4s, 0 Ao the ee (3) 


where ’ is the wave function for the phase aperture. Then 


CRCR Oe oR pO ca a: (4) 


* Division of Physics, C.S.I.R.0., University Grounds, Sydney. 
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and by elimination of r,A, and A, with the aid of (1), (2), (3), and (4) 


Q! =A’e—id’ =r, A eA. +9) +7,(Ae-iA—A,e-iAi), =... (5) 
or 
A’e-itd’-A) =r, Ae-itA-A) — A (7, —re-19). ww. ee (6) 
From (6) 
A’ cos (A’—A,)=r,A cos (A—A,)—r,4, +1A, Cos 9, h es (7) 
A’ sin (A’—A,)=r,A sin (A—A,)+7,A, sin 9, 
and 


(A")2 =r A2 +(r2 +73 —2r,7%. COS 0) At —2{r5 cos (A —A,) —ryr, cos (A—A, —9¢)}4 A, 


Let C=A cos A, S=A sin A, C,=A, cos A,, S;=A, sin A,. Then (8) becomes 


(A’)? =e A24 (r? Ly? 2711s COS 0) Az —2(r3—ris cos 9)(CC,+88,) 
21a OS 8,0) Sito — Sees 2 ee eee ee ne (9) 


C, 8, C;, and 8, are proportional to the integrals employed in the theory of 
diffraction, and usually expressed by the same symbols, for calculating the 
illumination at a given point of a diffraction pattern. They are well known for 
a rectangle, a circle, a diffraction grating, and other simple cases. In terms of 
the illuminations H’ and E,, (9) may be written 


E/E, =A’?/AT=(ri4+13—2r,7, cos ©) +{7r3 42 —2(r2 —"rr, cos ~) (CCO,+88,) 
s-27,raein-o(O0, S80) At, O42 eee ae (10) 


When C=S=A=0, that is, at points where the diffraction pattern due to the 
lens alone has minimum (zero) values or at points sufficiently far from the 
geometric image of the source for this assumption to hold, (10) gives 

ae 
BE, \A, 

Equation (11) shows that, in the region to which it applies, the diffraction 
pattern due to a phase amplitude aperture igs everywhere the same as that due 
to the corresponding simple aperture but with the illumination altered by the 
factor (ri+r3—2r,r, cos @). Thus for a pure phase aperture with o=7 there 
is a fourfold amplification. Babinet’s principle in its simple form is a particular 
case obtained by putting r,=0, r,=1. 

The above results also apply to Fresnel diffraction patterns, OC and S then 
being the corresponding integrals expressible in terms of Fresnel integrals. 
However, equation (11) is then restricted in application to the same extent as 
Babinet’s principle when used in connexion with Fresnel diffraction (Wood 
1911, p.2239). 

It may be noted that, in the general case in which there are n phase amplitude 
apertures o, introducing phase changes p, (s=1, 2,. . ., m) relative to a common 


background or reference aperture and absolute amplitude changes r,, equation (5) 
is replaced by 


2 
=ri+r3 —=21iT, COS |) Seer ieee (11) 


sA7 : N 
OQ! =A'e-iN’ yr Ae-iA + YA @—iAs (re —ing <7) eee 12 | 
s=1 
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where r, is the amplitude change introduced by the background. This is 
equivalent to 


A’e-id’ =r AeA + 5 Gale © ae ee (13) 
s=1 
where 
qs sin 0.=r, sin Qs Me 
sche = eee ae a mR (14) 
Thus 
A’ cos A'=r,A cosA+A, cos Ag, | 15 
ea hee ain AAG inte ) 
giving 
(A’)2=7242+A2+2r,44, cos (A—Ag), «+++: (16) 
where 
A’ cos Ag= = A,q, 608 (0,+A,), 
a Cire (17) 
A’ sin-A,= 2 A,q, sin (0,+A,), J 
s=1 
and 


(A')2= © A2get+ DX A,Agg.d4 08 (foe eA eA (1S) 
s=1 8,k=1 
s=/-k 


Two particular cases of interest, which will be referred to later, may be mentioned. 
When all the apertures are pure phase apertures so that r,=r,=1 equation (12) 
takes the form 


A’e-i’ =Ae“A 425 A, 
: ’ s=1 


sin #° e—Agt+ e272, .. (19) 


the upper or lower sign being taken according as sin (¢,/2) is positive or negative. 
When all the apertures are pure amplitude apertures so that o,=0, we have 


s=n 
A’e-id’ =r AeiA+ YA, | 1,—Te | e-KA,+o), 2... (20) 
s=1 
where «=0 or x according as 7,—r, is positive or negative. If for one of the 
phase amplitude apertures o, the phase and amplitude factors @, and r, vary 
continuously over its area it is obvious that the contribution of this aperture to 
the summation term in (12) is 


[Pe —iAy(r,e—!?p —1,) 6 py 


where the integration is taken over the area c, and P and A, are functions of 
the position of the element do, and of the point at which ©’ is required. 


II. APPLICATIONS 
In applying equations (9) or (10) to any particular problem it is only 
necessary to know the values of the integrals CO, S, C,, and 8S, (which correspond 
to the case in which 7, and Tr, are unity and is zero). However, it should be 
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pointed out in connexion with Fraunhofer diffraction that the integrals 0, and 
S, depend on the position of the area o, as well as its shape and orientation but 
in such a way that a displacement of o, in its own plane without rotation does 
not alter C7 +87. Thus, as is well known, such a displacement does not alter 
the diffraction pattern of a simple aperture except as regards the phase A, 
associated with it. In the case of a phase amplitude aperture, however, the 
pattern is modified by such a displacement (except at points at which equation 
(11) applies), as is seen from (9). It should be noted further that when an 
aperture is symmetrically placed with regard to the incident wave the integral 
S or S,, as the case may be, is everywhere zero since it represents the integral 
of an odd function. At the geometric image, even when Symmetry is absent, 
S and Sj are zero and O and C, (or A and A,) proportional respectively to the 
areas o and o, since all rays reach the focus in the same phase. 

Examples will now be considered which have been worked out by other 
methods, generally from first principles, but which may be considered as simple 
applications of the above formulae. 


(a) The Phase Grating 


A phase or laminary grating (Wood 1911, p. 211) consists of a series of 
transparent strips, alternate strips being of equal width and producing a phase 
change differing from that of the other strips by a constant. When used to form 
spectra one set of alternate strips of such a grating represents collectively o, 
and the other set the complementary area do, Application of (10) and (11) 
gives all the effects described qualitatively by Wood (1911, p. 211). In particular 
when 7, =r,=1 and for a particular wavelength for which =z there is a fourfold 
intensification of the spectra at points where (11) applies. If, in addition, the 
widths of the strips are all equal the illumination of the central image is zero 
for this wavelength. These results are deduced, in the first place, for a point 
source and the principal axis of the pattern but they apply equally to the case 
of a line source parallel to the laminae. : 


(b) Effects of Striae in a Lens on the Illumination in the Image Plane 

Striations in optical glass introduce a phase change in the light passing 
through them. If this phase change is uniform they would act as phase apertures 
in the sense used here. This assumption of uniformity may seem to introduce 
an over-simplification but we shall show that it is the mean value of @ over the 
striation which is important. Suppose a lens has a circular aperture of radius R 
and a single uniform striation in the form of a narrow transparent strip of length a 
and breadth b, so that r, =r, =1, then S=0 and C=A at all points of the image 
plane. For a centrally placed striation, 


5,=6; 
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at points on the major axis of the diffraction pattern, k being given by 


2 
k= = 
where 0 is the angle between the optic axis and the line joining the centre of the 
lens to the point in the image plane at which the illumination is required. 

The values of C? at the geometric image, first minimum, and second 
maximum of the diffraction pattern due to the lens alone are proportional to 
1, 0, and 0-017 and occur respectively at points for which 0 has the values 0, 
0-61 A/R, and 0-81 A/R. The corresponding values of 8 are zero. For a large 
striation such that ab/R?=0-1 and =z equations (9) and (21) give for the 
Ulumination at these three points the comparative figures 0-87, 0-004, 0-005. 
For g=1 radian and ab/R?—0-04 the corresponding figures are 0 -9873, 0-0002, 
and 0-0160. Frangon (1948a), using a direct method applicable to his particular 
problem, considers the effect of a striation which introduces a phase change 
which varies with the displacement x from its major axis in accordance with the 
relation goc(1+cos 2ra/b). His corrected results (Francon 1948b) for a 
striation of the same dimensions as in the last example and producing the same 
average phase change are, for the three points mentioned, 0-9852, 0-0001, 
0-0195, so that the effects are not very sensitive to the distribution of phase 
change across the striation. 

The effect of a striation, however, depends to some extent upon its position, 
the diffraction pattern being unsymmetrical for a striation which is off centre 
except when =x. Thus in the first example, if the striation is displaced 
through a distance f/2 from the centre, the illumination at the first and second 
points is unaffected but at the third it is increased to 0-033. 


(c) Haloes ete. . 
Consider a large number, n, of diffraction apertures, represented collectively 
by o,, similar as regards shape and orientation, but randomly spaced. At 
points sufficiently far from the geometric image equation (11) is replaced by 


EY =n(rit+13—2r yr, COS @)ey, 0... eee eee (22) 


where ¢, is the illumination produced by a single aperture. At the geometric 
image itself the illumination is given by 
EB’ =r3B + (ri +73—2r,r, cos 9)ne, —2(ne,E)*/2(r3 —ry15 cos <0) Mabe (a) 

In the special case where p=7 and each of the constituent areas is 1/2n of the 
area of the lens, the diffraction pattern is intensified at points away from the 
geometric image by a factor 4n, as compared to the effect of a simple aperture, 
and the illumination at the geometric image is reduced to zero. The haloes 
obtained with transparent disks by R. W. Wood (1911, p. 254) may be treated 
in this way. A phase grating with random spacing behaves in a similar manner. 


(d) Phase Contrast Techniques (Zernike 1942) 
The object of these techniques is to render visible, by means of a microscope 
or similar optical arrangement, details which may be described as pure phase 
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apertures (r;=",=1, 940). Suppose that, instead of receiving the diffraction 
pattern of such an aperture (i.e. the detail to be examined) on the plane conjugate 
to the original point source, the wave characteristics (amplitude and phase) 
associated with the diffraction pattern are so modified in passing through this 
plane as to correspond at all points to those due to a pure amplitude aperture 
(r; A’, 9=0). Then an optical system, placed so as to receive the light passing 
through this plane and focused on the detail, will image it as such an amplitude 
aperture. The resulting image will have what is called bright contrast if the 
ratio R=r,/r, is greater than unity and dark contrast if # is less than unity. 
If « is small, the wave characteristics for the pure phase aperture in the off- 
centre part of the diffraction field where 4 =0 are, from (6), given by 


A’e A’ —Ay) — —ipA,=| 9 |A,eFin?2 


in which the upper or lower signs are to be taken according as ¢ is positive or 


negative. Thus 
A’ =|, 9 |4,, A =Ay-En/2. 


For the pure amplitude aperture in the same region we have, from (6), 


A’e—iA’—A,) =(r, —r,) A, 
or 
A’=|7,—r,|A, and A’=A, or A,+7, . 


according as 7, > or <r,. Thus for a positive value of 7,—r, the phase at all 
points of the off-centre diffraction pattern for the pure phase aperture is in 
advance of that for the pure amplitude aperture by -t7/2 according as ¢ is 
positive or negative and (taking 37/2 as equivalent to —7/2) vice versa for 
7,—Yr, negative. Again the amplitude at all such points due to the pure phase 
aperture bears the constant ratio | ¢ |/| 7; —r, | to that due to the pure amplitude 
aperture. Thus the required correspondence exists for any given value of 
@, 7, and r, at all points in this part of the pattern. 


~ For the central part close to the geometric image the phase due to both 
types of aperture is approximately A, or A and the amplitudes for the two cases 
respectively are, from first principles or by (6), approximately A and. 
r,A,+r,(A—A,). Thus, to establish for all points of the pattern in the two cases 
a constant difference of phase and a constant ratio of amplitudes, it is necessary 
to introduce the small correcting plate used in phase contrast techniques to 
intercept the rays reaching the vicinity of the geometric image of the point 
source. This plate should produce a phase change in the transmitted light of 
+7/2 and have an amplitude transmittance ¢ where 


noe bs eee a 
7,A,+7,(A —A,) | Ts iF OUCMOMONC Oe Onno OkOec ( ) 
or 
ot || 


o,R (G04) oR ’ ntact A ; Dios: Sete (25) 
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the contrast being bright or dark according as the phase change introduced is 
of the same or opposite sign to that of g. The value of the ratio R determining 
the contrast is thus related to t by 


to +9(o—o,) co) 
Ti ee ace ee ee ae 
tot oo, tp (28) 
the upper or lower sign being taken according as the plate introduces a phase 
change of +7/2 or —n/2. 
Maximum contrast is obtained when R=oo or 0, i.e. when 


ley CG: 
t=—9 or t—=——+ 
ph = Q, 


for bright and dark contrast respectively. For values of t large compared with 
these the approximate form of (26) holds. 


When the detail to be examined consists of a number of pure phase apertures 


introducing small phase changes ¢, relative to a common background it is readily 
shown by means of equations (19) and (20) that (26) is replaced by 


= cA, oe RD oa 
R, Li So,0, des Gi tthe (28) 
The integral form for X¢,c, is of use when ¢ changes continuously in any part 
of the detail. 


(e) Zone Plate with Phase Reversal (Rayleigh 1902) 

The applications so far considered have been concerned with Fraunhofer 
diffraction. This and the next are examples involving Fresnel diffraction. 
For all such applications (except as mentioned in connexion with equation (11)) 
the aperture co, extends effectively from the boundary of o, to infinity. 
Similarly o is a region of space of infinite extent. 

For a zone plate illuminated by a divergent beam from a point source the 
light is so concentrated at the focal points of the plate that A is negligible 
compared to A,. Thus, if the opaque parts of the plate are rendered transparent 
but produce a relative phase change of 7, substitution of 7, =r,=1, p=, A=0 
in (8) gives (A’)?=4 47 so that the focal properties of the plate are intensified 
fourfold. 


(f) The Hologram (Gabor 1949, 1951) 
If a small object (o,, 7, ¢) be placed in a divergent wave from a point source 
the wave function associated with the diffraction pattern is obtained from (5) 
by setting 7,=1, namely, 
Q’=A’e—i4’ = AeA _ A fet _pe-tAit+oy, (29) 
Tf co, is sufficiently small, Aj is negligible, so from (8) 
A’—A*?—2AA,[cos (A—A,)—r, cos {p —(A—A,)}]. .. (30) 
Now suppose a photographic plate is exposed to the diffracted wave and then 
developed by reversal, or its equivalent, with an overall gamma of 2. Then the 


396 G. H. GODFREY 


developed plate or hologram, as it is called, will have an amplitude transmission 
proportional to (A’)?. If the plate is replaced in its original position but with 
the object removed, so that the direct light from the source falls on it, the wave 
function Q” in the plane immediately behind the emulsion will, except for a 
constant of proportionality, be represented by 


Q" —A'2Ae—iA = A?[ Ae-iA —A,fe-iA: —r,e—e +A) +¢—i@2A—A)) —r,ee—2A +AD¥), 


eR ee ee or (31) 
that is, by 
Q” = A2Q! —A?A,{e-i@A-Ad) —peil@—-2A tan eee eee eee ee (32) 
or 
OQ A29- 2A O'* APA fei: 7p 6 NOTA a. oops iar (33) 


where Q’/* is the conjugate of Q’. 


The interpretation of (32) is simple. If it were possible to disregard all 
but the first term on the right, Q” would be proportional to Q’ for a uniform 
source. Thus from Huyghens’ principle the disturbance everywhere behind the 
plate would be just as though the object were restored to position and the plate 
removed ; in other words, in the original location of the object there would be a 
virtual image which could be viewed with a suitable optical system. Actually 
what is seen is an imperfect image the defects being due to the remaining terms 
in (32). 

To interpret the alternative expression given by (33) we again consider 
only the first term on the right of the equation. It should then be noted that 
in both (32) and (33) the time or phase origin is the same. Treating first the 
case in which the object is initially nearer to the source than to the photographic 
plate, suppose the source to be formed by a wave converging on the point where 
it is located from the side remote from the plate. Consider now an object in the 
converging beam at a position which is the mirror image of the original object 
(o,, 71, @) in reference to a spherical surface located in the plane of the photo- 
graphic plate and concentric with the source. Then it may be shown 
(Appendix I) that this object has the same diffraction pattern (as regards 
amplitude) in the plane of the plate, and hence the same hologram, as the original 
object. Thus the hologram reconstruction must contain as an alternative to 
the virtual image described by (32) a second inverted virtual image behind the 
source in this position. When phase relations are taken into account the 
complete expression for the wave function associated with the diffraction pattern 
of the second object (Appendix I, equation (A4)) is 42e—-2iAQ’”, thus accounting 
for alternative (33). When the original object is closer to the plate than to the 
source a similar argument applies. However, in this case the mirror image 
which constitutes the secondary object is on the side of the plate remote from the 
source and this object would produce the same diffraction pattern in the plane 
of the plate with a light beam converging on the position of the original point 
source from the opposite direction. The wave function associated with this 
pattern (Appendix I, equation (A7)) is A%e4Q’, The conjugate quantity 
A%e—2iAQ)’* occurring in (33) now represents a wave front leaving the hologram 
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and converging on the location of the secondary object to form a real image 
of the original object. This image may be viewed by means of a short focus 
optical system such as a microscope with the aid, if necessary, of phase contrast 
(or similar techniques). Again the neglected terms in (33) represent defects 
of the image which are thus seen to be present in the case of all the images 
reproduced by the hologram. 


(g) Other Applications 

Zernike (1948) has described the Fraunhofer diffraction pattern due to a 
slit covered with a transparent layer of strongly absorbing metal with a narrow 
scratch in the centre of the slit. Obviously equation (8) contains the complete 
theory of this experiment, the amplitude factors A and A, referring respectively 
to the slit and scratch as simple apertures. The effect of varying the slit width 
and the position of the scratch may easily be observed with the aid of an optical 
bench. 

Zernike (1948) has also described the existence of fringes within the geo- 
metrical shadow of a straight edge when the diffracting screen is slightly trans- 
parent. Again referring to equation (8), A and A relate in this case to the 
unimpeded wave from the source and A, and A, to the pattern produced by the 
corresponding opaque screen. Thus within the shadow the term in Aj is 
negligible and the fringes referred to arise from the variations in the coefficient 
of AA,. For example, if the effect of ¢ is neglected this coefficient is proportional 
to cos (A—A,) or sin A, since A has the value 7/2 (Preston 1928). The variations 
of sin A, are readily obtainable from Cornu’s spiral or a table of Fresnel’s integrals. 


Similar but modified effects to those just mentioned are produced by 
diffraction at the edge of a transparent lamina when phase changes are introduced 
(Wood 1911, p. 250) and the same equation gives the analysis. 
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APPENDIX I . 
Equivalent Diffraction Apertures 
Suppose light converges on the point O (Fig. 1) in the direction B’O and 
is diffracted by an aperture AB. It will be shown that, if MX is a spherical 
surface concentric with O and further from AB than is O, the diffraction pattern 
produced on MX is the same as would be produced by an aperture A’B’ which 
is the mirror image of AB in respect of the surface MX. 


Cc 
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Consider two conjugate points P and P’. Since all optical paths from 
P to P’ must be equivalent we have for any point X 


PX +P’X=PM+P'M, 
or 
POM POX SP Zea nn tet cee ane (A1) 


Thus light from P’ reaches X in a phase which is as much ahead of the phase 
in which it reaches M as the phase with which light from P reaching X is behind 
the phase with which it reaches M. Let the absolute value of this difference 
be A,. Further, let the phase of light on reaching M along the path POP’M 
lag behind that at O by an amount A. Then the phase with which the light 
diffracted by an infinitesimal area at P will reach XY is A—A,, whilst the phase 


Fig. 1 


with which the light diffracted by the conjugate element at P’ will reach X 
is A+A,, A being a constant for all positions of P and P’. The amplitudes of 
the diffracted light reaching X from the two conjugate elements at P and P’ 
respectively are equal since the flux through them is the same. Denoting these 
amplitudes by a,, the resultant wave functions at X due to the apertures AB 
and A’B’ are represented by 


OQ =Za,e —(A—Ay) —e-iAYa ein, oo... (A2) 
Q! =Xa,e-WA+An) —e-iAYa e-iAn, 1.2... (A3) 

Therefore 
Oi6-BhQs) Uputaeatneeieede (A4) 


where Q* is the conjugate of Q. 


Thus the amplitudes of Q’ and Q are the same at all points and the diffraction 
patterns due to the two apertures are identical in shape and position. Obviously 
these relations are reciprocal, that is, equation (A4) holds when AB and its 
image are interchanged. 


When the aperture AB is closer to MX than to O as in Figure 2, a similar 
conclusion may be drawn but with the following modification. The aperture 
AB gives the same diffraction pattern on MX, for light diverging from O, as 
its image A’B’ for light converging on O. To prove this we note that equation 
(A1) is replaced by 

P'X —P'M=PX —PM, 
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which follows from the fact that waves from P reach M and X respectively 
with the same phase difference as if they had originated from the image P’. 
Thus, if we consider two wave trains, one converging on O and the other diverging 
from it, then, at the instant when both trains are in phase at O, the phase of 
both at MW will be the same (A say); but at the same instant the phase at X of 
the waves diffracted by P and P’ will be (A—A,) and (A-+-A,) where A, corresponds 
to the common path difference. 


Fig. 2 


Hence in place of (A2) and (A3) we have for the diverging wave 
Q=Za,e—"A-An) —e Ada, cian, ............ (A5) 
and for the converging wave 


Q’ =Da, eA +An) —eiAda eiAn, 6. eee ee (A6) 
or 
mV Man Uy net nc nee Md ae eee (A7) 


It is obvious from (A7) that A’B’ and AB produce the same diffraction 
pattern on MX. 

It may be pointed out that the conjugate of 2’ as defined by (A7) would 
represent a wave front converging om A’B’ to form a real image of AB. Ti a 
device could be placed in position MX which would impart to a beam from O 
transmitted through it a wave front defined by ({2’)* such a real image would be 
formed. The hologram succeeds partially in producing this effect. 

When YX is sufficiently distant from O the diffraction screen MX may be 
plane. On the other hand when the diffraction screen passes through O (Fraun- 
hofer diffraction) the above principles cease to apply. 


ere) 


“THE INFLUENCE OF THE CATHODE MATERIAL ON MEASURED 
- BREAKDOWN STRENGTHS OF SOLID AND LIQUID DIELECTRICS* 


By J. J. O’DwvERt 
[Manuscript received April 5, 1954] 


Summary 


An outline is given of a general method of accounting for the effect of electronic 
and ionic space charge in the breakdown of solid and liquid dielectrics. Detailed 
calculations are performed for a special model of both a liquid and a solid dielectric, and 
the results are compared with recent experimental work. Exact calculation is not 
possible, but it is shown that for some substances an effect due to cathode material may 
well be measurable, and the factors influencing such an effect are examined. 


I. INTRODUCTION 

The intrinsic breakdown strength of certain dielectric materials has been 
calculated by Fréhlich (1937, 1939, 1947). The materials treated have been 
ionic crystals in the ‘‘ low temperature ”’ region, and “‘ amorphous dielectrics ”’. 
The latter term refers to the model assumed for the electronic structure of the 
dielectric and is taken to include ionic crystals in the ‘‘ high temperature ”’ 
region and various solids and liquids of more complicated structure. Attempts 
to measure this intrinsic breakdown strength experimentally are complicated 
by the fact that the theory takes no account of the finite size of the dielectric 
specimen, the finite rise time of the applied voltage, or the effect of electrode 
materials. 

Various authors have discussed this latter effect, but opinions differ both 
as to its existence and to its mechanism presuming that it exists. Oakes (1948) 
obtained a significant difference between measurements on the electric strength 
of polythene using silver and graphite cathodes. von Hippel and Alger (1949) 
have performed experiments on the breakdown strength of potassium bromide 
(in its high temperature region) with gold, mercury, steel, and potassium bromide 
solution as cathodes, and claim much larger effects of this kind; it should be~. 
mentioned, however, that in the experiments by von Hippel and Alger the 
specimens with different electrode material were not conditioned in the same 
way so that the interpretation of the differences as due to electrode material 
cannot be considered as established. More recently Calderwood, Cooper, and 
Wallace (1953) have measured the breakdown strength of ionic crystals which 
were very carefully prepared and annealed. They found no significant difference 
in the breakdown strength of potassium chloride at room temperature using 
alternately graphite and silver electrodes ; and a difference that was just about 
significant using graphite and potassium chloride solution alternately as cathodes. 


* Based in part on E.R.A. Report L/T 263. 
{ Division of Electrotechnology, C.S.I.R.O., University Grounds, Sydney. 
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Similarly, Cooper and Grossart (1953) found no significant difference in the 
breakdown strength of potassium bromide using gold, graphite, and potassium 
bromide solution alternately as cathodes. This is in opposition to the earlier 
reported results of von Hippel and Alger. 


Similarly, experimental results on the breakdown of dielectric liquids’ are 
conflicting. Various workers have measured the effect of different cathodes on the 
breakdown strength of n-hexane. Using a conventional sphere-sphere electrode 
system Edwards (1951), Salvage (1951), and Goodwin and Macfadyen (1953) 
all report the existence of such an effect while Lewis (1953a) reports that the 
effect does not exist. However, in further experiments using a point-plane 
electrode system, Lewis (1953b) found that the cathode material influenced the 
breakdown strength if the plane was the cathode, but that there was no measur- 
able effect if the point was the cathode. The cathodes used in these experiments 
have been aluminium, chromium, silver, nickel, platinum, phosphor-bronze, 
and steel, and in all cases in which the existence of the effect is reported the 
measured breakdown strength increased with increasing cathode work function. 

It is the purpose of the present work to interpret the possible influence: of 
the cathode material on measured breakdown strengths, on the assumption 
that each material possesses an intrinsic electric strength. In the calculations 
below it is supposed that the specimen of dielectric under test is placed between 
two parallel metal electrodes and the applied potential altered so slowly that 
the charge distribution may always be assumed to be in a steady state. In 
approaching this steady state a space charge will have been built up in the 
dielectric, which will be so distributed as to give continuity of current across 
the specimen. The variation of potential will not be linear, and under certain 
conditions the maximum value of the field strength may be considerably greater 
than the average field strength. It is assumed that breakdown will occur 
when this maximum field strength exceeds the intrinsic breakdown strength. 


II. GENERAL METHOD OF SOLUTION FOR CERTAIN SOLID DIELECTRICS © 

We consider now solid dielectrics in which the current is purely electronic. 
Continuity of current requires that the current of electrons leaving at the anode 
be equal to that entering at the cathode ; the former is determined by the 
conductivity of the dielectric near the anode, and the latter by cold emission 
from the cathode into the conduction band of the dielectric. This can be 


expressed by 
; NE) Soak pws Jat. Sb AUS. (1): 


where F, and F, are the fields near the cathode and anode respectively, « repre- 
sents parameters of the metal and the dielectric which are relevant to cold 
emission, and o, is the conductivity of the dielectric near the anode. The 
electronic space charge will be distributed to give the highest field strength near 
the anode and the lowest near the cathode. Near breakdown (1) thus becomes 


Ke; %) =o, 


so that ’ . 
iga=E (GG yy) MEE Mem ss ee see oe (2) 
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thus determining the field near the cathode just before breakdown. The 
quantities o* and F* are the conductivity and field strength just before intrinsic 
breakdown. 

The conductivity of the dielectric will be increased by an electronic space 
charge, or a strong field applied to it, or both (cf. Frohlich 1947) and we may 


write 
GC BAS (Gig, “Weg BONG sa is wine Ces ae Se (3) 


where o, is the conductivity in the absence of a field, n is the space charge 
electron density, and ® represents parameters of the dielectric. . 
Continuity of current gives 
Fo=const. 
STF a i yok Nel ctl aloe hie oe incur Bae (4) 
so from equations (3) and (4) we have 
eR AC PN JE adh RRR REE IPE oi RS (5) 


Poisson’s equation can be written 


where x is the position coordinate measured from the cathode. The variables 
are separable, so that integration of (6) gives 


BET Oye Ey ee ee ee (7) 


with the use of the boundary condition (equation (2)). If the anode and cathode 
are a distance d apart, then we can write for the apparent fractional decrease 
of breakdown strength 


F 
D=1—3, 
where 
di. Gemma ean ee ee (8) 
| Fda 
Fy=-2 2, 


III. CALCULATIONS FOR AN AMORPHOUS DIELECTRIC 

Since the detailed manner of variation of the number of conduction electrons 
with field strength is not known for a dielectric in its low temperature region 
(due to unsolved problems connected with internal ionization and recombination 
processes), we shall perform the explicit calculations for the case of an amorphous 
dielectric only. In this sense the term “ amorphous ” is taken to refer to the 
model of the electronic structure introduced by Frohlich (1947). The electronic 
energy levels consist of a continuum of conduction levels immediately below which 
isolated shallow traps cover a range AV ; there are in addition deep traps whose 
energy is an amount W below the lowest of the shallow traps. For this model, the 
conductivity as a function of field strength has been calculated by Frohlich, and 
his results will be required below. 
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Using a method similar to that given by Mott and Sneddon (1949) we can 
derive a Fowler-Nordheim type equation for the current emitted by the cathode 
into the conduction levels of the dielectric as 


e t 
= ny 3/2 
Jae exp ( ake ler), Sete (9) 


where K?=8m7zx?/h?, e and m are the electronic charge and mass respectively, 
h is Planck’s constant, and 9 is the amount by which the energy of the lowest 
conduction level in the dielectric exceeds the energy of the top of the Fermi 
distribution in the metal. From equation (2) then 


sF , 
Z : exp (—4x¢>/er") SON f Fs esené (2a) 


from which we can now find F;, which is required as a boundary condition for 
the solution of the differential equation. 
The number of electrons in conduction levels in the dielectric can be written 


N (T)=k,(L)(N +n) exp ie aia Fh, See (10) 


where 7 is the electronic temperature (assuming that electron-electron collisions 
are so much more frequent than electron-lattice collisions that an electronic 
temperature is attained—not necessarily the same as the lattice temperature 75), 
k, is a factor which varies slowly with 7 compared with the exponential term, 
N is the number of trapped and conduction electrons, and the number of 
space charge electrons. (It is assumed in the derivation of (10) that WV is very 
much less than the total number of deep traps (cf. Mott and Gurney 1949).) 

If there is no field and no space charge the electronic temperature will 
equal the lattice temperature and 


7 zm): 
‘T; 
Combining equations (10) and (11) and treating k, as constant, we have for 
the ratio of the conductivities 


N (2) =ky(Ly)N exp i. 


Ww Ww 
- 2 =(14%] exp (— iT a. Sis eae Syomegeacksrs (12) 


Frohlich (1947) has shown that 
ip ie erat 
ki. Gr AV’ 
provided that /<F* and where T, is the steady electronic temperature built 
up under the influence of a field /. Equations (12) and (13) then give 


Substituting (3a) into (4) gives at once 


n F* WwW F?)) 
WOR exp jp (tas) Met terere sere tease (5a) 
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Using (5a) in (6) and separating the variables we find 


. il ar ‘ 
"anNe | pe ( "(1 cay 


FP jay\) Fa) 5 


For values of /<F* the exponential can be well approximated by two terms 
and elementary integration gives 


Ve oe iy AV Peasy 
c= a In e 1) Eley -1) In (Fat Sy t1)): .. (14) 


The quantity (1+AV/W) is of order unity, so for /<F* the first term of 
(14) will be very much greater than the second. Neglecting this second term 
and applying the boundary condition F=F, at «=0 when breakdown is about 
to commence at the anode, we have 


a (z= as) exp leas a) MP (7a) 


which gives the field strength at any point when the dielectric is about to break 
down. Performing the averaging and substituting in (8), we have for the 
apparent fractional decrease of breakdown strength 


F*—F;, ae ( 4nNed ey 
 4AnNed W Ned AY, 
_ F*_F, 8 
aaa: f exp ( &)|, sul IRS ee (8a) 
where we have written 
Ww 
B=4rNed i (15) 


as a parameter which has the dimensions of a field strength and is characteristic 
of the specimen under test. . 


IV. GENERAL METHOD OF SOLUTION FOR LIQUID DIELECTRICS ~ 


We consider now a liquid dielectric in which the electronic current emitted 
from the cathode is 


where again « represents parameters of the metal and dielectric which are 
relevant to cold emission. 


The liquid molecules will be ionized by the electrons and the steady state 


field distortion will be due to the space charge of both electrons and positive 
ions. Poisson’s equation will then be found to take the form 


ar dF 
aiaeg ld Be Or Gee re (17) 
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where § again represents parameters of the dielectric specimen under test (e.g. 
its size and shape, the mobilities of electrons and positive ions, and ionization 
and recombination coefficients). If (17) can be integrated the result will be 


jails Soa eee eee (18) 


where =F, when «=0 has been introduced as a boundary condition. Using 
(16) in (18), we have immediately 


2a aot a ee ee cee (19) 


In the case of the liquid dielectric the lower mobility of the positive ions as 
compared with the electrons will result in the field strength being greatest near 
the cathode and falling away towards the anode. Breakdown will thus occur 
when F',—F* so that the breakdown field at any point is 


Hos 8, Ts oe MeO code hp (20) 


The apparent fractional decrease in breakdown strength is then given by equation 
(8) as previously.* 


V. CALCULATIONS FOR A LiqguiIp DIELECTRIC 

The case of a liquid dielectric can also be made amenable to calculation if 
certain assumptions are made. It will be assumed that the electron current ie 
from the cathode produces positive ions by collision-ionization with a multiplica- 
tion coefficient 7 which will be strongly dependent on the field strength. Re- 
combination will be neglected as being negligible compared with ionization. 
Tf in addition the mobility of the electrons is very much greater than the mobility 
of the positive ions it can be shown that Poisson’s equation gives (cf. Loeb 


1939) 
dF 4niI, 4 (|. } 
Le eres 7 ) exp (| a) —exp pei ie 


NS 


where k, is the mobility of the positive ions. (This equation is standard for 
the case of discharge in a gas.) It can be taken that 


pang? Gia avail ce Aas. on ge (21) 


* Goodwin and Macfadyen (1953) combine equations (16) and (18) to produce a breakdown 
criterion. They do this by showing that, for sufficiently large Fy (average field strength across 
the specimen), no simultaneous solution for J, and Ff, can be obtained from these equations. 
This procedure, however, seems unsound for several reasons. Firstly, the possibility that the 
liquid possesses an intrinsic breakdown strength is ignored, and in view of the relative constancy 
of measured breakdown strengths it seems very probable that the concept of the intrinsic break- 
down strength applies to a liquid. This would be calculated as that field strength for which no 
equilibrium is possible between the rate at which the charge carriers in the liquid receive energy 
from the field and the rate at which they can transfer this excess energy to the bulk of the liquid. 
Secondly, the constants used by these authors in the Fowler-Nordheim equation correspond to 
values of @ for which not cold emission but thermionic emission would be the dominant effect. 
This is in the main due to the method by which they determine these constants from experiment 
by extrapolation of current v. gap length curves (for a given average field strength) to zero gap 
length. This is not permissible since the field distortion near the cathode is such that the average 
field strength in a large gap may be very much lower than the field strength immediately in 


front of the cathode. 
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over a wide range of field strengths (cf. Goodwin and Macfadyen 1953). Intro- 
ducing a new variable 


u = ie! | ee are (22) 
and a constant (with respect to «) 
we=[ Vigh tidy Gas vs see eee (23) 
we have from (17) ; 
HfFdF =— (exp uy —exp wads hoe 2 28R (17a) 


Integration and use of the boundary conditions yields 


16n1 
Nok. 


F*— Fi =— ‘(wexpUg—expu-+l). ...... (18a) 


Equation (16) will again be given by (9) as 


L,=aF? exp (-z) ] 
where 
pile Sh ork ales sneaebirecy olurg 16a) 
“~ 8xhg’ ! 
and 
4K @3!2 
= 3e 


Substituting in (18a) we find 


16naF® exp (—b/F.) 
Nok. 
Owing to the complicated form of this equation a simple expression for F as a 


function of #, cannot be obtained in general. However, in the vicinity of the 
cathode u<u,, so that we have with the use of (22) 


ers 


(wexp u,—expu+l). .. (19a) 


2 ’ @ 
Pin FA us exp = +u,) | Bia se npc oat (19b) 
+ c 0 


Assuming a trial solution for (19b) of the form 


YE => ON ac! 9) A SI ne Pe (24) 


for sufficiently small values of x we find 


For larger values of w a very approximate solution gives F x1/a#*, but, since 
the neglected effect of recombination will be becoming more important for larger 
distances from the cathode, it is reasonable to Suppose that the field strength 
becomes practically constant for sufficiently large values of w It is thus not 


. 
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possible to derive an accurate expression for the apparent percentage decrease 
in breakdown strength, but sufficient calculations have been done to show 
whether the mechanism discussed could produce a measurable effect. 


VI. Discussion 
(a) Solids 

If any effect due to the cathode material is to be measurable, equation (8a) 
shows that not only must the field near the cathode be significantly lower than 
the breakdown field, but also that the field must be maintained at a lower value 
than breakdown for an appreciable distance across the specimen. Thus, in 
addition to the obvious condition F;<F*, we must have a condition on 6 (which 
measures the ability of the dielectric to maintain a reduced field). Three main 
cases can be distinguished for which (8a) gives 


* 


f ; 
D=l—Fys i ba, 
*_F, 8b 
pa el exp ( EN, if B~F*,. (8b) 
D~0, if p> F*. 


It appears then that the conditions for a measurable effect of the cathode material 


reduce most simply to 
Pietro onl Ponte. tw ones (26) 


Before endeavouring to decide whether these conditions can apply to real solids 
we rewrite (2a) and (15) substituting numerical values for universal constants, 
and in the case of (15) assuming that W/AV~5. This gives 


*2 3/2 
1-55 x108 = exp (—s6 oe) SUG, ettinieerm ae (2b) 
q c 


and 
eat A pra taller c erate din Recirhtrs a ace (15a) 


in which 6, F,, and F* are in MV/cm, ¢ is in eV, o* in micromho em, N in 
electrons/c.c., and d in cm. 

Working on polythene, Oakes (1948) gives F*~5 with d~5 x10-%, from 
which data using (15a) and (26) we find V <10" if any such cathode effect is 
to be measurable. This seems a reasonable value for a substance such as 
polythene, and if F’.<F* the effect should be observable. Turning to (2b) 
we find that, on account of the extreme sensitivity of the exponential term to 
small changes in g and F’, a wide range of reasonable values can be covered. 
Thus the most that can be said in this case is that, for reasonable values of the 
parameters involved, the explanation given for the apparent decrease in the 
breakdown strength of polythene could be correct. 

Taking the experiments of Cooper and co-workers (Calderwood, Cooper, and 
Wallace 1953 ; Cooper and Grossart 1953) on alkali halides we find #*~1 for 
d~5 x10-2. This would require N< 2x10" if there is to be any measurable 
effect due to cathode material. This would appear to be very much too low a 
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value for the number of conduction and trapped electrons in an alkali halide 
at room temperature. It thus appears that an effect of the type discussed 
here would probably not be measurable in experiments on alkali halides—a 
conclusion which is in agreement with the findings of Cooper and his co-workers. 
It may be argued that the effect should be found in experiments on thinner 
specimens, but it seems from the figures that the thickness of the specimen would 
have to be reduced so much as to be impracticable. Furthermore, in the case of 
alkali halides, ionic currents and space charges would be expected to intervene, 
and their effect would be opposite to that of electronic currents and space charges 
in producing any cathode dependence of the breakdown strength. 


(b) Liquids 
From (24) the condition for a measurable effect of the cathode material will be 


y*a~l1, for x<d, S| 
OF eI RO ere Bie a cerae r (27) 
y*d>1, 


where y* is the value of y when breakdown is about to commence at the cathode. 
Using (25) and (27) and substituting numerical values for universal constants 
we obtain 


19-5 x10-8d ( ara 
= OND 4-66 cai ep Sesh teae: (27a) 
ok, ( \ 


where uq is the value of u qgWhen breakdown is about to commence at the cathode. 
(Note that equation (27a) may not be satisfied by indefinitely increasing d 
since then the neglect of recombination introduces serious error.) 

Owing to the extreme sensitivity of (27a) to factors in the exponential 
term no definite predictions can be made but it is interesting to investigate 
orders of magnitude. Thus the various experimental workers previously quoted 
give for n-hexane: F*~1MV/cm, d~5 x10-3 cm, k,~10-3 em? V-! sec-1, 
and 7~10* cm-! near breakdown. Substituting these values in (27a) we find 
that y*dz1 if @<1 eV, which is a most reasonable value. 

These calculations tend to support the opinion that the differences between 
the work of Lewis (1953a) (who found no.measurable effect of cathode material) 
and that of Edwards (1951), Salvage (1951), and Goodwin and Macfadyen (1953) 
(who did find such an effect) may be well due to differences in the polish and 
cleanliness of the cathode surface. This seems to be so since the precise value | 
of g is very critical and any variation of it (such as that leading to emission 
from spots on the cathode) would completely alter the situation. In addition 
some light is thrown on the experiments of Lewis (1953b) with a point-plané 
electrode system. With the point negative the non-uniformity of the field would 
be increased and the breakdown voltage decreased, while with the point positive 
the reverse would hold. This was in fact observed by Lewis, who concluded 
that the liquid was therefore stressed more highly when the plane was negative 
However, this is not necessarily so, since space charge effects of the type dinediaett 
above would modify the maximum field strengths calculated by Lewis 


in’ such 
a way as to render them more nearly equal. 
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THE RESIDUAL RANGE OF DELAYED PARTICLES IN EXTENSIVE 
AIR SHOWERS 


By V. C. OFFIcER* and P. J. ECCLES* 
[Manuscript recewed May 28, 1954] 


Summary 


The arrival times of the penetrating particles of extensive air showers relative 
to that of the electrons have been studied by means of short reaction time Geiger 
counters. A 50 channel hodoscope has been used to identify the penetrating particles 
and measure their residual ranges where these lay between 15 and 30 cm of lead. From 
observations on 782 showers of median density 70 particles m~? in which a penetrating 
component was detected, it was deduced that between 3 and 9 particles in 104 shower 
particles from showers of median density 28 particles m~*, have delays <5 x 10-8 sec 
and are able to penetrate 15 cm of lead. It follows that 81—94 per cent. of the delayed 
particles found by Jelley and Whitehouse (1953) without the use of absorbers, must be 
stopped by 15 cm of lead. This indicates a height of production below 0-8 km for at 
least half of these particles. 


Two of the penetrating delayed u-mesons were stopped in the lead, and their heights 
of production calculated to be L- one km and 4:7 ae km on the assumption that 


the delays were due to velocity differences. Thirty’ other u-mesons for which the 
individual time lags were not significant were also stopped in the lead and gave a mean 
delay indicating production below an altitude of 250m. The remaining 208 u-mesons 
which did not stop could not be assigned a height of production. 


One delayed proton was found in the total of 29 delayed events observed, and 
nine events could have been oblique particles lagging on the electrons by virtue of path 
differences. 


I. INTRODUCTION 

Some particles in extensive air showers can arrive at the plane of observation 
later than others if they have travelled from high in the atmosphere with a 
slightly lower velocity, or if their path lengths have been different. It is to be 
expected that the heavier shower particles, the mesons and nucleons, will have 
the largest delays. If a delayed particle is identified and its residual range 
measured as well as its delay with respect to the shower electrons, its height of 
production can be found provided the delay was due to a velocity difference. 
In this way it should be possible to find the distribution of the heights of produc- 
tion and energies at production for the low energy y-mesons in air showers. 
If, in a simple analysis, the fact that mesons traverse the early part of their 
path as 7 or heavier mesons is neglected, an overestimate of the height of 
production will result. 


Several previous investigations have been made into the delayed particles 
in air showers. McCusker, Ritson, and Nevin (1950) found no particles delayed 
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by more than 150 cusec (i.e. 150 x10-8 sec). Mezzetti, Pancini, and Stoppini 
(1951) found penetrating particles with delays between 10 and 120 cusec. The 
mean delay of particles able to penetrate 10 em of lead was found by Officer 
(1951) to have an upper limit of 2 cusec. This latter work has now been con- 
tinued after developing short reaction time Geiger counters. Recently Jelley 
and Whitehouse (1953) using a large unshielded liquid scintillation counter have 
found 0-6 per cent. of shower particles to have delays between 3 and 70 cusec. 
The distribution of delays could be represented by an exponential function with 
half the delays less than 10+ 2 cysec. Three large liquid scintillation counters 
have recently been used by Bassi, Clark, and Rossi (1953) to study the distribution 
of arrival times of both the electrons and the penetrating particles at sea-level. 
They found that at a given instant most of the electrons lie in a flat disk between 
1 and 2m thick, and the particles able to penetrate 20 cm of lead follow less 
than 3 m behind in a disk between 2 and 3 m thick. With widely spaced counters 
they studied the angular distribution of shower axes and the curvature of shower 
fronts. In the present work time lags arising from the inclination of showers or 
curvature of shower fronts are not important, since the counter tray spacing 
was only 2 m. 


II. APPARATUS AND PROCEDURE 

The showers were detected by a set of three Geiger counter trays arranged 
at the apices of a 2m equilateral triangle and connected in threefold coincidence 
with a resolving time of approximately 1 usec. Two of the trays were composed 
of short reaction time counters and connected to the two channels of the time 
interval measuring apparatus. One of the timing trays was shielded with 
15 cm of lead and the other was unshielded. The third tray contained ordinary 
counters and supplied pulses to the coincidence circuit only. Under the shielded 
tray were layers of lead and hodoscope counters for residual range measurement 
and penetrating event identification. A threefold coincidence caused the time 
interval between the pulses from the two timing trays to be recorded at the same 
time as the configuration of hodoscope counters discharged. 


The shielded timing tray, 359 cm? in area, consisted of 26 short reaction 
time counters with nickel cathodes 4:6 mm in diameter (Officer and Eccles 1954). 
The unshielded timing tray, 450 cm? in area, consisted of 30 short reaction time 
Maze-type counters with glass cathodes 5 mm in inside diameter. The unshielded 
third tray was 583 cm? in area, and consisted of 10 conventional counters 2 em 
in diameter. 

The small glass counters had anode wires of tungsten 0-004 in. in diameter 
mounted accurately on the axis of soft glass tubes of 5mm bore. A layer of 
‘““ Aquadag ” painted on the outside of the tubes and extending over 30 em of 
their length was connected to the negative voltage supply. Harthed guard 
rings of “ Aquadag” 1em from the ends of the cathode coating prevented. 
electrical leakage from the negative supply over the surface of the glass to the 
signal circuits connected to the anode wires. A coat of clear “ Glyptal ’” 
protected the insulating glass surfaces and the “ Aquadag’’. Six of these 
counters were mounted in a plane and sealed to the same quenching mixture 
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reservoir, a soft glass cylinder 4 cm in diameter and 43 em long. The processing 
included baking at 200°C under vacuum. The filling was 22-5cem of 9:1 
argon-ethyl formate mixture for the same starting and working voltages, 970 
and 1120 V, as for the nickel counters. All the counters in each tray were 
connected in parallel and provided with a single external quenching circuit per 
tray to prolong their life. Direct coupling to the quenching circuit made the 
anode wires 300 V above ground potential. 

The performance of the glass counters was similar to that of the nickel 
counters, although, as will be shown in Section 3 (a), the end effects were greater. 
The relative reaction time distribution for the two full trays, one of glass and one 


WN 


SQV 
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Fig. 2.—Counter and lead arrangement for residual range measurement, penetrating event 
identification, and timing. 


of nickel counters, had only slightly greater spread than that reported by Officer 
and Eccles (1954) for much smaller trays of nickel counters operated in parallel. 
The standard deviation of the distribution was 1-6 + 0-06 cusec. 


The two short reaction time trays were connected to the timing channels as 
shown in the block diagram of Figure 1. The timing apparatus was similar 
to that described earlier by Officer (1951), but brilliance modulation instead of 
radial deflexion was used to put the timing information on the spiral time base 
as outlined previously (Officer and Hecles 1954). 


Figure 2 shows the arrangement of the hodoscope counters around the 
nickel timing tray, and the disposition of the lead for shielding and residual 
range measurement. Counters joined by horizontal lines are connected to the 
same hodoscope channel. The rest have one hodoscope channel each. The 
individually connected counters gave information about the nature of the 
penetrating event, and the guard layers made the determination of residual 
range more certain. A hodoscope resolving time of 20 usec was used. Residual 
range measurements were confined to the 15-30 cm of lead interval, but caleula- 
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tion showed that mesons having these residual ranges and originating higher 
than a few kilometres above the apparatus, should have measurable time lags. 
A thickness of 15 cm of lead was chosen as the top shield, rather than the 20 cm 
thickness usually used to isolate the penetrating component of air showers. 
The aim was to detect as many as possible short residual range, possibly highly 
delayed, particles. The hodoscope was relied upon to reveal the cases in which 
these particles were accompanied by other phenomena. 

A simple shower density detector consisting of five counters connected to 
hodoscope channels was placed as shown in Figure 1. Its chief purpose was to 
enable an estimate of the number of hits scored on the unshielded timing tray 
to be made. This allowed recognition of cases in which an apparently late pulse 
from the shielded tray could be due to the selection of the shortest of several 
counter reaction times from the unshielded tray, rather than to a genuinely 
delayed single penetrating particle striking the shielded tray. 

The photographs of the cathode-ray tube trace and those of the hodoscope 
information displayed on neon lamps were correlated by means of message 
registers appearing in each photograph. The time intervals were read from the 
photographs of the spiral trace by projecting them on to a vernier reading 
circle, and measuring between the sharp trailing edges of the bright dashes 
produced by the timing pulses. 

The timing pulses were separated by an artificial delay to avoid overlapping 
when short intervals were measured, and they were both delayed sufficiently 
to enable time lags up to 30+ 10 cusec to be measured. The fluctuation in the 
length of time base available for measurement was due to the spread in the 
reaction times of the ordinary counters in the third tray. The time origin 
was found by placing the two unshielded trays on top of the lead shielding 
of the nickel tray, and recording the pulses produced by penetrating particles 
of the normal cosmic ray flux passing through the trays. Three to four hundred 
observations were required, and a time of flight correction was applied. The 
origin was determined in this way at intervals throughout the run, and a 
histogram containing the whole 2064 of these observations is shown in Figure 3 (a). 

During some of the origin tests the particles selected by the counter telescope 
were used to test the performance of the hodoscope. The main performance 
monitoring of the whole equipment was a daily routine of waveform checking. 
Since the spiral time base was generated from the output of a 1 Mc/s quartz 
crystal oscillator no time base calibration was required. 


III. RESULTS 
(a) The Abundance of Delayed Events 

A total of 782 showers was recorded in 1543 hr. The time interval histogram 
for all these showers, except a few in which a cathode-ray “ ghost image ”’ 
obscured the record, is shown in Figure 3 (b). The histogram of Figure 3 (a) 
contains all the time origin observations taken with single mesons passing through 
both timing trays. It is normalized to the same area as that of the shower 
histogram and its mean, after a 10-® sec time of flight correction, is taken as 
the time origin for the shower histogram. 
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The time intervals referred to this origin are the differences between the 
times of detection of the pulses from the two timing trays. Positive intervals 
indicate that the pulse from the shielded tray was the later, and negative intervals 
indicate that the unshielded tray gave the later pulse. 


It can be seen that the shower histogram has a greater spread than the 
origin histogram, especially at the base. If delays greater than 5 cusec are 
considered significant, 29 showers had significantly delayed penetrating particles. 
If exceeding 5-4 cusec, the extreme upper limit of the origin observations, is 
taken as the criterion of significance there are 23 significantly delayed events. 


There is also an extension of the shower histogram in the negative direction, 
but there is a similar tail on the origin distribution although it has a smaller 
fraction of the observations init. The extra negative lags could not be due to a 
genuinely delayed particle discharging the unshielded tray and a prompt penetrat- 
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Fig. 3.—Time origin and total shower time interval histograms. 
(a) Origin histogram, 2064 observations; (b) all showers histo- 
gram, 776 showers (one 24-9 cusec interval and two cases with one 
pulse only). 


ing one striking the shielded tray, if the total abundance of delayed particles 
is as found by Jelley and Whitehouse. Only one negative lag would be expected 
from this cause. By selecting with a counter telescope a beam of penetrating 
mesons passing through the ends of the counters in the unshielded tray, it was 
shown that the negative tail could be due to an end effect in the small diameter 
glass counters. The counter telescope arrangement used for the time origin 
observations gave a smaller probability for particles passing through the counter 
ends than did the shower arrangement. A similar test for end effect in the 
nickel counters of the shielded tray showed that the effect was less marked for 
these counters. The positive tail of the test histogram exhibited an almost 
linear decrease from 4 cusec to an upper limit of 7-3 cusec, whereas the negative 
tail found in the test of the glass counters had a similar shape to that in Figure 
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3 (a) and extended as far as —15-3 cusec with no indication that a limit had 
been reached. 

When the different end structures of the two counter types are considered 
it can be seen that the great difference in behaviour is reasonable. The sensitive 
length of the nickel counters is terminated by the 0-002 in. diameter anode 
wire entering a ‘‘ Monel’ capillary tube 1-7 mm in outside diameter with a 
hemispherical end. The nickel cathode cylinder is 4-6 mm in inside diameter. 
In the glass counters the sensitive length terminates more slowly. The 0-004 in. 
diameter anode wire emerges from the ‘‘ Aquadag ”’ coated cathode section of 
the 5mm bore glass tube and traverses a 1 cm uncoated length before passing 
through an earthed guard ring. The distribution of potential over the uncoated 
glass governs the form of the electric field at the ends. The larger capacity of 
the glass counters, resulting from the use of thicker anode wires, may also have 
an influence on the importance of end effects, and different discharge propagation 
velocities could result in different lengths of end section being affected. 

If exceeding 7-3 cusec is taken as the criterion for significance of delayed 
events, the result should be a safe lower limit to their abundance, as end effect 
delays of 7-3 cusec are rare even when a beam passing through the end section is 
selected. In fact, as will be shown in Section III (b), much of the positive tail 
below 7-3 cusec is due to multiple hits on the unshielded tray. We are left 
with a lower limit of 11 significantly delayed events. The upper limit remains 
at 29. Then from the expression for the rate of detection of showers containing 
significantly delayed penetrating particles, 


} KA~y(1 —e-5:A)(1 —e-S:Ae)(1 —e-S:A)dA hr, 
0 


where K =787, y=2-4, and S,, S., S; are the tray areas, the fraction ¢ of shower 
particles significantly delayed and able to penetrate 15 cm of lead lies between 
3 and 9 in 10%. The values of K and y are those given by Singer (1951). This 
calculation assumes that ¢ is independent of the shower density A. The ealcu- 
lated median density of the penetrating extensive showers detected is 70 
particles m~*, but it could be considered that the showers that would discharge 
the three trays if there was no shield were being searched for penetrating delayed 
particles. The calculated median density of these showers is 28 particles m-2~ 

The complete shower histogram contains one large negative lag of 
—41:1 cusee and two cases in which only the pulse from the shielded tray 
appeared on the trace. It is very likely these are due to late quenching circuit 
pulses from the unshielded tray. With only one quenching circuit to a whole 
tray of counters an occasional counter discharge will occur before the quenching 
circuit has fully recovered from the previous one, and therefore give rise to a 
delayed quenching pulse. Normally the quenching pulse arrives within the 
clipping time of the delay line clipper and is not resolved from the counter 
pulse, but a late quenching pulse should appear as a third pulse on the trace. 
However, since the coincidence circuit requires the large amplitude of the 
quenching pulse, the time base starts late on these occasions and only one or two 
pulses may be seen. Since the counting rate, 7-1 sec, in the heavily shielded 
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nickel tray was low, and that of the glass tray, 44-9 sec—!, very high, the effect 
was confined to the latter tray. Radioactive potassium in the soft glass (A. G. 
Fenton, personal communication), as well as lack of shielding, was responsible 
for the high rate. About 1 in 200 quenching pulses from the glass tray was 
observed to be late. It follows from this and the counting rates that 1 in 1240 
from the nickel tray would be late, and since there were only 782 showers 
observed the effect could not make a significant contribution to the delayed 
events. 
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Fig. 4.—Analysis of time intervals according to shower density and nature of penetrating event. 
(a) Density analysis ; (b) density analysis for single penetrating particle events ; (c) nature of 
penetrating event analysis. n is the average number of hits on an area equal to that of the 
unshielded tray in showers of density A. In (c) there were 17 observations in a miscellaneous 


group. 


Accidental coincidences were also insignificant. Calculation shows that 
the probability that there are no accidentals in the 782 showers is 0-6. 


(b) The Influence of Shower Density 
Figure 4 (a) shows an analysis of the shower results according to the density 
information supplied by the density detector group of counters. The calculated 
median shower density is quoted for each histogram and also the combinations. 
of large, medium, and small density detector counters discharged. The median 
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number of hits scored on the unshielded tray by showers of the stated median 
densities, detected or not, are also quoted. A progressive shift in the positive 
direction of the histogram mean values as the shower density increases is clearly 
shown. This effect is mainly responsible for the broadening of the total shower 
histogram of Figure 3 (b). The effect arises from the fact that in showers of 
high density the unshielded timing tray is hit by many more particles than the 
shielded tray which often receives only one hit. This means that the shortest 
of many counter reaction times is-chosen from the unshielded tray, giving an 
abnormally short reaction time and making the pulse from the shielded tray 
appear to be late. This effect has been noticed earlier by Officer (1951) and has 
been discussed more fully by Officer and Eccles (1954) for the case of simul- 
taneous hits. Here of course any spread in the arrival times of the particles 
will modify the effect. 


(ec) The Nature of the Delayed Events 

In Figure 4 (c) the time intervals are analysed according to the information 
on the nature of the penetrating events given by the hodoscope. Most of the 
positive intervals greater than 5 cusee are found in the single particle group. 
This group consists of cases in which a single penetrating particle hit the shielded 
timing tray and continued into the lead layers below. From the rarity of 
interactions produced in the lead by these particles they were identified as 
u-mesons. 

The positive intervals greater than 7-3 Cusec are divided about equally 
between the single particle group and the very oblique particle or photon group. 
In the latter group either no hodoscope counter at all or just one in the top lead 
cavity was discharged. These events could equally well be explained as long 
range photons from burnt out cascades in the 15 em of lead above (Greisen 1949) 
or very oblique particles. The photons should predominate, but it is possible 
that the significant time lags were produced by oblique particles that arrived 
late through having traversed a large component of path perpendicular to the 
shower axis. 

There was one significantly late event in the N-component group. In this 
event a particle with range greater than 30cm of lead produced secondary 
particles that could penetrate 10 cm of lead. Tf the particle was a y-meson it . 
would have required an energy of at least several kMeV, and could not have 
travelled sufficiently slowly to lag 32 cusec on the shower electrons even if it 
came from the top of the atmosphere. It was considered likely to be a proton 
which could have arrived from an altitude of 20 km with this lag and a residual 
energy of about 7 kMeV. 


It will be noticed that the very dense V-component group, in which most 
of the shielded counters were fired even under 30 cm of lead, shows an excess of 
negative lags. This is a density effect of opposite sign to the previous one 
because the shielded tray frequently received many more hits than the unshielded 
one. 

Figure 4 (b) shows the single particle group analysed according to shower 
density. As before the upward shift in the mean values with increasing shower 
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density is clear. It will be noticed, however, that there are both large and small, 
possibly significant positive lags in the low density groups where multiple hits 
on the unshielded tray would be very unlikely. 


(d) Residual Ranges and Heights of Production 
The delays of »-mesons relative to particles travelling with virtually the 
velocity of light have been calculated for various residual ranges in lead at 
sea-level and common starting heights. These delays, shown in Figure 5, 
could apply to delays of u-mesons relative to the shower electrons if it is assumed 
that the nuclear cascade, which gives rise to both the electrons and the mesons, 
has kept pace with the electrons down to the point of formation of the mesons 
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Fig. 5.—u-Meson delays with respect to a particle having virtually 
the speed of light plotted against their common starting height 
for various residual ranges in Jead. 


in question. The fact that the mesons will have traversed the early part of their 
path as z or heavier mesons has been neglected. These simplifications could 
lead to an overestimate of the height of production of a meson with given delay 
and residual range. : 

Of the particles with significant time lags only two were brought to rest in 
the lead below the shielded tray. Both had ranges between 25 and 30 cm of lead 
and both were considered to be p-mesons. The first had a delay of 
8-4-+1-6 cusec where the error quoted is the standard deviation of the time origin 
distribution, but the delay should be reduced by about 2:5 cusec as it came from 
the 710 particles m~*? shower density group. With as many as 32 hits on the 
unshielded tray its reaction time should be very small, and the time origin 
distribution under these conditions should be roughly rectangular extending 
from 0 to about 5 cusec, the approximate extreme value of the normal origin 
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distribution (Officer and Eccles 1954). With such a large number of hits the 
time required to collect sufficient charge for detection may be reduced as well 
as the electron drift time, making a somewhat larger correction miners If 
the lag is taken as 5-9-+1-6 cusec the height of production would be 1-:070') km 
above the apparatus, and the extreme range of heights 0-1-3-6 km if +5 ¢ usec 
is taken as the extreme timing error. 


The second particle came from a low density group and its lag of 
13-4 -+1-6 cusec needed no correction. Its height of production was 4-7 73:3 km 
with extreme limits of 1-4-13 km. 

There were 30 single particles without significant lags stopped* in the lead, 
their residual ranges lying between 15 and 30cm. They were all considered 
to be u-mesons. Eighteen of them came from low density groups and gave a 
mean lag of 0-4+0-5,cusec. It should be safe to say that the lag was less 
than 1-5 cusec and their mean height of production therefore less than 250 m. 


The mean lag for the whole single particle or u-meson group analysed in 
Figure 4 (5) is 0-8,+0-1, cusec. The negative lags in excess of —5 eusec were 
omitted, but if the positive lags greater than 5 cusec are also omitted there is 
still a positive mean lag of 0-5,-+0-1, cusec. This positive value could easily 
be due to the influence of the density effect, but the group with median density 
10 particles m~* should be free from this uncertainty. The mean value of this 
lowest density group is 0-4,-+0-4 cusec with the large negative lags omitted 
and —0-0,+0-3 cusec with the large positive lags also omitted. The fact 
that the standard deviation of this group, 3-0-+0°3 cusec is significantly greater 
than 1-6 +0-06 cusec for the origin distribution may be related to the thickness 
and spacing of the electron and meson shower disks found by Bassi, Clark, and 
Rossi (1953). 


IV. Discussion 

The present results show that between 3 and 9 in 10? air shower particles 
are significantly delayed and are also capable of penetrating at least 15 em of lead. 
“ Significantly delayed ’’ could be interpreted to mean that the particles have 
delays greater than 5 cusec on the average, provided the abundance of delayed 
particles does not vary too rapidly with delay in the region 0-10 cusec, the 
approximate extreme width of the time origin distribution. From the results 
obtained by Jelley and Whitehouse (1953) without absorbers, 47 in 104 shower 
particles are delayed more than 5 cusec with respect to the electrons. This 
means that between 81 and 94 per cent. of the delayed particles in air showers 
are absorbed by 15 cm of lead. The showers detected by Jelley and Whitehouse 


had about 1/3 of the density of the present ones, but they found no correlation 
between delay and density. 


* In the group of 32 particles recorded as stopped in the lead six could have been erroneously 
included through their having escaped from the ends of the hodoscope array. This was calculated 
from the zenith angle distribution of penetrating shower particles obtained from the hodoscope 


records, and to be published later together with other data on the penetrating component of air 
showers. 


DELAYED PARTICLES IN AIR SHOWERS 421 


The upper limit to the residual range of the bulk of the delayed particles 
thus obtained allows something to be learned about their height of production. 
If the particles are u-mesons and the delays due to velocity differences, at least 
half of them must have been produced below an altitude of 0-8 km, since Jelley 
and Whitehouse found that half of them had delays less than 10 cusec. Similarly 
at least three-quarters of them were produced below 2-7 km, but the present 
upper limit to the residual range would permit production of the highly delayed 
particles at almost any height. If the delays are due to oblique particles having 
very different path lengths from the electrons, a low height of origin would still 
be indicated. If the delayed particles are protons rather than y-mesons the 
heights of production would be very much lower, but it seems likely that J elley 
and Whitehouse would have obtained larger scintillation pulses had the particles 
been protons with residual range less than 15 cm of lead. 

The present results for u-mesons with residual ranges between 15 and 30 cm 
of lead also lead to low heights of origin, less than 250 m on the average. Little 
can be said about the heights of production of the 208 y-mesons that did not 
stop in the lead. The mean delay for the whole p-meson group 0-8, +01, cusec 
agrees with that found by Bassi, Clark, and Rossi (1953), but this may be a 
coincidence as their result should be free from the influence of multiple hit 
effects which are important here when dense showers are included. The mean 
of the 10 particle m-? shower density group should be free from multiple hit 
effects, but it lacks precision and could be consistent with Bassi, Clark, and 
Rossi’s result. 

Since Jelley and Whitehouse find 0-6 per cent. of shower particles with 
delays between 3 and 70 cusec, and it is known that about 1 per cent. of shower 
particles are penetrating p«mesons, it appears, when their results are combined 
with the present results, that the production of low energy mesons in air showers 
at low altitudes is about as great as the production of high residual energy ones 
at all altitudes. This is equivalent to an attempt at deducing the vertical 
distribution of meson production from measurements on residual ranges and 
delays alone. It would be valid only if all mesons travelled parallel to the 
shower axis and did not decay. In practice mesons produced at high altitude 
with low enough energy to have a large time lag and small residual range at 
sea-level, may diffuse towards the outer extremities of the shower or decay 
before reaching sea-level. Then an apparatus such as the present one, which is 
biased towards detecting showers near the core, might be expected to receive 
most of its low energy mesons from low altitudes. A false impression of the 
production at high altitudes would be obtained since only the high energy mesons 
would be received from those altitudes. It therefore seems desirable to locate 
the shower core in any such experiment. It might be found that the highly 
delayed particles become more penetrating as the distance from the core increases 
provided sufficient of those produced at high altitude survive. 


V. CONCLUSIONS 
In extensive air showers of median density 28 particles m-~ at sea-level, 
between 3 and 9 in 104 shower particles are delayed by more than 5 cysee with 
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respect to the electrons, and are able to penetrate at least 15 cm of lead. When 
this is combined with the results obtained by Jelley and Whitehouse it appears 
that 81-94 per cent. of the delayed particles in air showers are absorbed by 
15 cm of lead. As the delayed particles are likely to be mostly p-mesons, it 
follows that at least half of the delayed particles detected without absorbers 
were produced below an altitude of 0-8 km. 

In extensive air showers of median density 28 particles m-*, y-mesons 
having residual ranges between 15.and 30cm of lead have a mean height of 
production below 250 m. 

In a total of 782 observed showers two detected u-mesons were both 
significantly delayed and brought to rest in 25-30 em of lead. Their most 
probable heights of production were calculated to be 1-079°{ km and 4-775'3 km. 

One penetrating delayed proton was observed but it is likely that most 
particles in air showers delayed by more than a few cusec are u-mesons. 

It is likely that path differences rather than velocity differences caused 
some of the delays observed. 
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MOMENTUM DISTRIBUTION AND CHARGE RATIO OF yp-MESONS AT 
ZENITH ANGLES IN THE EAST-WEST PLANE 


By J. R. MoroneEy* and J. K. PArRy* 
[Manuscript received June 2, 1954] 


Summary 
The momentum distribution and charge ratio of the penetrating component of 
the cosmic radiation at sea-level have been determined over the momentum range 
0-24-58 BeV/e at a geomagnetic latitude of 47 °S. The measurements were performed 
in the vertical direction and at zenith angles of 30° and 60° in the eastern and western 
azimuths. 


An attempt has been made to calculate the sea-level spectra at these zenith angles 

on the basis of a simplified continuous production process. A comparison with the 

measurements indicates that, although the calculations describe the general behaviour, 

the quantitative agreement is unsatisfactory. The charge ratios measured at zenith 

angles in the western azimuth increase, and those in the eastern azimuth decrease, as 

the momentum decreases. This is explained as a secondary effect due to curvature of 

the meson trajectories in the magnetic field of the Earth. Information has been 

obtained on the dependence of the exponent n on the momentum, where n is defined 

by the intensity-zenith angle relation, Jg—I, cos” §. From the value 3:3 at 0-3 BeV/ce, 

n approaches zero at high momentum. The radiation is approximately isotropic above 

20 BeV/c. 

I. INTRODUCTION 

In recent years a number of careful studies (Wilson 1946 ; Caro, Parry, and 
Rathgeber 1951; Owen and Wilson 1951; Beretta et al. 1953; and others) 
have been made of the momentum distribution and charge ratio of the penetrating 
component of cosmic radiation incident in the vertical direction. However, no 
comparable information is available on the radiation observed at inclinations 
to the vertical. 

In an endeavour to extend the experimental knowledge in this region a 
measurement has been made of the momentum distribution and charge ratio 
of the penetrating component at angles of 30° and 60° in the east-west plane. 
The experiment was performed at sea-level at a geomagnetic latitude (Melbourne) 


of 47 °S. 


II. METHOD ‘ 
The spectrometer used to determine the momentum and sign of single 
charged particles has been. described previously (Caro, Parry, and Rathgeber 
1951). The particles are deflected in the air gap of an electromagnet and the 
extent of the deflexion is measured by trays of Geiger counters. Additional 
counters under 10 cm of lead identify the penetrating component. It should be 
emphasized that this technique discriminates against penetrating particles 
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accompanied by shower particles; an unambiguous interpretation is possible 
only for single particles. 

In order to cover the maximum momentum range, from the momentum 
cut-off imposed by the 10 cm of lead to the resolving limit of the instrument, 
the measurements are conducted at two values of the magnetic field. The 
momentum ranges covered at 1900 and 13,500 G are respectively 0-24-10 BeV/e 
and 1-3-70 BeV/c. At low momenta the measured spectrum is subject to 
instrumental distortion due to a magnetic cut-off effect. The results are 
corrected for this effect as described in the previous paper. 


III. RESULTS 
The results have been obtained in 10 separate measurements ; those taken 
at 13,500 G in the vertical direction have been published previously (Caro, 
Parry, and Rathgeber 1951) but are included here for completeness. Table 1 
gives the number of particles analysed in each measurement. The results 
of each determination were analysed using the methods discussed in the previous 


TABLE 1 
DETAILS OF THE TOTAL NUMBER OF PARTICLES RECORDED IN EACH MEASURE- 
MENT AND THE ABSOLUTE INTENSITY AT EACH ZENITH ANGLE 


Number of Particles 
Measurement Recorded Corrected Intensity 
(sterad~t em sec!) 


1900 G 13,500 G 
Vertical 3971 2127 (8-20+0- 26) x 10-3 
30 °EH. 1304 2797 (6-22+0-27) x10-3 
30 °W. 1523 1410 (6-12+0-24) x 10-3 
60 °E. 1230 1234 (1-90+0-09) x 10-3 
60 °W. 2168 1385 (1-83 +0-09) x 10-8 


paper, corrections for magnetic cut-off were applied, and the differential 
momentum spectra constructed. The particles were grouped into momentum 
intervals chosen to give adequate momentum resolution with good statistics. 
The weighted mean momentum of each interval was used in plotting the results. 
Each 13,500 G determination of the momentum spectrum was normalized to its 
1900 G counterpart by equating the number of particles recorded with momentum 
greater than 1:3 BeV/c. 

_ Since the instrument was inoperative for 20sec while each record was 
produced it has been necessary to correct the counting rate for this dead time. 
The absolute intensity at each zenith angle was computed from the known 
geometry of the counter telescope. These intensities are shown in Table 1. 

The differential momentum spectra of the positive particles, the negative 
particles, and the total penetrating component normalized to the correct absolute 
intensities are plotted in Figures 1 (a)—(e) for each zenith angle. The smooth 
curves are drawn through by eye and are intended to represent the best fit to 
the results. 
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IV. Discussion 
The penetrating component at sea-level is known to consist predominantly 
of w-mesons. An estimate based on the work of Mylroi and Wilson (1951) 
indicates that less than 0-5 per cent. of the penetrating particles recorded in the 
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Fig. 1 (a).—Vertical differential momentum spectra. 


vertical direction are protons. Other possible contributions are from high energy 
single electrons and z-mesons. Since only events in which a single counter under 
the lead is discharged are accepted for analysis, the contribution from high 
energy electrons may be neglected. Little is known of the intensity of high 
energy single z-mesons at sea-level but there is no evidence to suggest that this 


E 
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is appreciable. Since no calculation in the following section is accurate to better - 
than 5 per cent. it is felt that no significant error is made if, for the purpose of 

comparison with calculations, the penetrating component in all measurements is 

identified with the »-meson component. 
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Fig. 1 (6).—380 °K. differential momentum spectra. 


(a) The Total Spectra at Zenith Angles of 0°, 30°, and 60° 


(i) Introduction.—The smooth curves representing the differential spectra 
of the u-meson component in the five directions are shown together in Figure 2. 
It is apparent that the main effect observed is the increasing attenuation of the 
low momentum intensity with zenith angle. The differences between the spectra 
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measured in the eastern and western azimuths for a given zenith angle, and 
between all spectra above 20 BeV/c, are not considered significant when the 
statistical accuracy of the points is taken into account. Although at the latitude 
of this experiment a small east-west asymmetry is known to exist, 0-01 at 30° 
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Fig. 1 (c).—30°W. differential momentum spectra. 


and 0-03 at 60° (Burbury and Fenton 1952), the accuracy of the absolute rate 
determination was insufficient for this to be detected. 

A series of calculations has been made to determine whether the dependence 
of the total spectra on zenith angle can be explained solely in terms of the 
differing decay and momentum loss suffered by the p-mesons in. their paths 
through the atmosphere. The primary radiation, from which these particles 
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arise, is considered to be essentialy isotropic at the top of the atmosphere since 
the geomagnetic latitude, 47 °S, is at the knee of the latitude effect. In this 
section no account is taken of charge-sensitive phenomena within the atmosphere 
so that the u-mesons are assumed to follow straight paths to sea-level. 

The calculation falls into two parts; the tabulation of the survival 
probabilities and the derivation of a production spectrum which gives a reasonable 
and consistent description of the observed sea-level spectra. 
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Fig. 1 (d).—60 °H. differential momentum spectra. 


(ii) Survival Probabilities—Denote by w(a, po, 9) the probability that a 
-meson will survive to sea-level and be recorded with momentum pp, at a zenith 
angle 0 after production at a distance #) cm from sea-level, measured along its 


path. Then 
Gas (ean lz 
w(a 6)=e aaas’ =e 
(%, Po, 0) =exp =k =| 
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with p(#) representing the momentum in units of ye at the distance « cm along 
the path. The function p(x) may be evaluated by means of the range-momentum 
relation and a knowledge of the variation of absorber thickness along the track. 
A graphical representation of the distance-range relation, e=f9(R), was derived 
from pressure-altitude data provided by the Melbourne Meteorological Bureau. 
Here Rg cm? is the absorber thickness traversed to sea-level from #. The 
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Fig. 1 (e).—60°W. differential momentum spectra. 


numerical values of the function p(fe(R)) used in the integration were obtained 
from the tabulated results of a range-momentum calculation (Fenton 1952). 
The proper mean life + and rest mass p of the w-meson were taken as 
2-15 X10-* sec and 210 electron masses respectively, and the integral evaluated 
numerically at the zenith angles 0°, 30°, and 60°. A family of curves was. 
obtained for each angle describing the variation of survival probability with 
height of production in gem, at eight values of the sea-level momentum Pp. 


430 J. R. MORONEY AND J. K. PARRY 


(iii) Single Layer Production.—A reasonable description of the vertical 
spectrum has been found to be given by a process involving production at a 
single level near the top of the atmosphere (Euler and Heisenberg 1938 ; Janossy 
and Wilson 1946). When the decay of the mesons and the loss of momentum 
by ionization were taken into account, the production spectrum was shown to 
have the form of an inverse power law. Following the method of Janossy and 
Wilson (1946), a calculation was performed which indicated that the three 
sea-level spectra cannot be described simultaneously by a production process of 
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Fig. 2.—Zenith angle variation of the differential momentum spectrum— 
total hard component. 


this nature. Moreover, these calculations showed, in agreement with con- 
clusions reached by Sands (1950), that the mean height of production of u-mesons 
reaching sea-level with a particular momentum decreases with decreasing 
momentum. For an adequate description, some form of extended production 
must be considered. 


(iv) Hatended Production.—The simplest model of an extended production 
process has been proposed by Sands (1950) who assumes that the dependences 
of production on depth and on momentum are separable. _It is also assumed 
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that the production of mesons as a function of depth follows the same law as the 
absorption of the primary component. This is given by exp(—r/125) where 
ry gem is the depth from the top of the atmosphere measured along the path. 
As pointed out by Sands (1950) there is some justification for this separation 
at small values of 7, but at greater atmospheric depths, where a secondary meson. 
producing component may be appreciable, this assumption would break down. 


It is known that the momentum dependent part of the production function 
is given to a good approximation by an inverse power law for momenta above 
several BeV/c. The behaviour of the function at low momenta may be obtained 
by fitting the results. The production spectrum obtained in this manner has 
the form 

0-147(p)-*®. exp(—7/125) for p>17-6 ue, 
0-147(17 -6)-3°. exp(—7/125) for p<17-6 ue, 


where the intensity is in units of number of mesons (10% eV/c)-! cm~ sec™?. 
This spectrum differs from that found by Sands (1950). The spectrum derived 
by this author was based on observations of the low momentum intensity in the 
vertical direction at sea-level and at various altitudes. Although his spectrum 
is undoubtedly more reliable in the low momentum region it fails to give satis- 
factory agreement with the present results at high momentum. 


The sea-level spectra were calculated by integrating the product of the 
production spectrum and survival probabilities over the atmosphere. These 
calculated spectra are compared with the measurements in Figure 3. Since 
only the total y-meson component is considered it is felt that little error is made 
by combining the measurements in the eastern and western azimuths. The 
calculated spectra are normalized to the vertical observations at a momentum 
of 1:3 BeV/c. 

Although the agreement is better than that achieved assuming single layer 
production it remains unsatisfactory. From Figure 3 it is seen that the vertical 
and 30° distributions, which were used in deriving the production spectrum, are 
adequately represented but that the calculated intensity at the 60° zenith angle 
is approximately 50 per cent. too low over a considerable region. At this angle, 
meson production as described by the depth dependent function, is already 
negligible at atmospheric depths such that mesons reaching sea-level are produced 
with momentum above the cut-off value, 17-6 uc. 


A similar discrepancy was observed by Kraushaar (1949) who calculated 
the relative intensities of slow mesons at these zenith angles using a modified 
form of Sands’ production spectrum. The above calculations have assumed 
that the mesons preserve the direction of the primary particles, however, it is 
known that at low momenta an appreciable spread is introduced due to both 
Coulomb scattering and the meson-producing events. No quantitative informa- 
tion is available on the angular distribution of the emitted mesons as a function 
of their momentum. However, taking the results of Brown et al. (1949) to refer 
to low momentum mesons, an approximate calculation was made to determine 
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the effect of this spread on mesons of 0-6 BeV/c at sea-level. The calculation 
shows that this effect is of the right order to account for the observed dis- 
crepancy. At high momentum these considerations are less important and the 
original assumptions will not be greatly in error. 
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Fig. 3.—Differential momentum spectra. 


(b) The Positive and Negative Spectra and the Charge Ratio 
It may be seen from Figure 1 (a) that the positive and negative spectra 
obtained in the vertical direction have the same form and an approximately 
constant intensity ratio over the momentum range investigated. However, at 
inclinations to the vertical, Figures 1 (b)-(e), the positive and negative spectra 
differ in form and vary systematically as a function of zenith angle and 
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momentum. This effect manifests itself as large variations in the charge ratio 
(i.e. the ratio of the intensities of the positive and negative particles) and, since 
the results may be discussed more readily in terms of this quantity, we proceed 
to examine its behaviour. 

The charge ratio in a given momentum interval may be obtained directly 
from the results. In order to determine the behaviour of this ratio as a function 
of momentum it is necessary to compromise between good momentum resolution 
and good statistics. This has been achieved by splitting the 1900 G measure- 
ments into three momentum intervals and the 13,500 G measurements into four 
intervals. The details of the momentum range and mean momentum (weighted 
by the distribution of particles within the range) are shown in Table 2. The 
groups are arranged in order of increasing momentum, L denoting a low field 
group and H a high field group. At the limiting momentum in each measurement 
there is an appreciable probability of contamination with particles of the opposite 
sign due to the finite resolution of the equipment. In order to avoid any 
uncertainty in the interpretation of the results, small deflexions in which the 
possibility of contamination is present are excluded from the analysis. Further, 
a small correction (less than 3 per cent. in the extreme case) is applied to the 
vertical measurements of the charge ratio to allow for the protons present in the 
penetrating component (Mylroi and Wilson 1951). Noreliable data are available 
on this subject in the inclined directions but the subsequent error in the experi- 
mental charge ratios is expected to be less than 3 per cent. 

The experimental values of the charge ratio are summarized in Table 2 and 
displayed in Figure 4. The results obtained in the vertical direction are shown 
together with the curve, representing the best estimate from available data, 
published by Owen and Wilson (1951). The measurements by these authors 
‘and by Beretta et al. (1953) possess considerably greater statistical accuracy 
than that attained in the present investigation ; however, it will be shown later 
that our results agree satisfactorily with the work of these authors. 

The main feature of interest in the present investigation is the behaviour 
of the charge ratio at inclined directions in the east-west plane. Examination 
of Figure 4 shows that large deviations from the values recorded in the vertical 
direction occur at each zenith angle. Several features are immediately evident. 
In the western azimuth the charge ratio progressively increases with decreasing 
momentum, the magnitude of this increase being accentuated at the greater 
zenith angles. The reverse effect occurs at easterly zenith angles and for 
sufficiently low momenta a negative excess is obtained. 

Evidence of this phenomena has been obtained by several other authors 
(Groetzinger and McClure 1950 ; Beretta, Filosofo, and Sommacal 1952 ; Quercia 
and Rispoli 1953), all using magnetic lens techniques to separate the particles. 
Beretta and his co-workers made measurements of the positive excess of mesons 
with energies in the range 0°7-1-5 BeV, in the vertical direction and at angles 
of 45° to the east and west. Their results show a positive excess of 0-41 +0 025 
and 0 +0 -023 for the penetrating component in the western and eastern azimuths. 
These results correspond to charge ratios of 1-52-+40-04 and 1:0+0-03 
respectively. These authors explained their results in terms of the curvature 
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of the meson trajectories in the magnetic field of the Earth and concluded that 
the charge ratio at production is the same at these angles as in the vertical 
direction. The more recent experiments of Quercia and Rispoli (1953) were 
performed at a number of zenith angles, and their results show the general effect. 
Following the method of analysis proposed by Beretta, Filosofo, and Sommacal 
(1952), these authors could not explain the large residual fluctuations of the 
charge ratios and no definite conclusions could be reached. 
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Fig. 4.—Charge ratio as a function of momentum. 
© 1900G. @ 13,500 G. 
----- From Owen and Wilson (1951). 
——— Calculated. 


Since the experiment was performed at a geomagnetic latitude of 47 5 
it is extremely unlikely that an asymmetry in the primary radiation large 
enough to explain this effect could exist. However, due to the Earth’s magnetic 
field, positive and negative mesons recorded with sea-level momentum Po at 
zenith angle @ in the east-west plane will have trajectories of the form shown In 
Figure 5. It is assumed that, on the average, the primary component traverses 
the same atmospheric thickness (g em-2) in each case before producing mesons. 
Denoting by # the distance measured along the trajectory from the point of 
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observation to the production level, the charge ratio of the mesons at sea-level 
may be written as 


+ +p (at )-3 = 
{O10 Post) oH Pita IS ines Gerd ean 
0 


K+ 
W(%>yPo9) K-p(ay)- Ee 
where w(p, Po, 9) is the survival probability of mesons recorded at sea-level 
with momentum p, at the angle 0, p(#) is the momentum at production, and 
K*(p)-* and K-(p)-° are the production spectra of the positive and negative 
mesons respectively. It is known from the vertical measurements that the 
charge ratio at production, K+/K-, is a slowly varying function of momentum. 
For the purpose of this discussion it may be considered constant. 
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Fig. 5.—Meson trajectories in the Earth’s magnetic field. 


Reference to Figure 5 shows that in the eastern azimuth xj >. Conse- 
quently 


p(x0)>p(ao ) 
and 


w (x0 5 Pos 0) <w(ao , Po, 0). 


Therefore # <1 and decreases as a —ap increases. 


Since the radius of curvature of the trajectory at any point is inversely 
proportional to the momentum at that point, it follows that F decreases as Do 
is decreased or 0 increased. Similar considerations apply in the western azimuth. 
Here x <a so that F>1 and increases as Po is decreased or 0 increased. 


The preceding discussion explains qualitatively the behaviour of the charge — 
ratio in inclined directions. The vertical measurements are unaffected by the 
curvature since the trajectories of the positive and negative mesons are sym- 
metrical about the zenith giving #j =a) and hence F—1. It was pointed out 
by Beretta, Filosofo, and Sommacal (1952) that, in fact, all the meson trajectories 
are symmetrical about the zenith. Thus, for the charge ratios W+/H- and 
and £+/W~ the factor F =1 under all circumstances and the observed values of 
these ratios at sea-level give a measure of the mean charge ratio at production. 


The ratios W+/E- and E+/W- are collected in Table 2. The mean values 
shown represent suitably weighted averages over the spectrum. It is seen that 
those for W+/H- and E+/W- do not differ Significantly from the mean 
1-266 +0-035 recorded in the vertical direction. Examination of the individual 
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points indicates that, although large fluctuations about the mean value occur, 
there is no systematic variation with either zenith angle or momentum. A 
7° test has been performed to ascertain whether these deviations were consistent 
with that expected from random fluctuation of the points. The following 
measurements have been tested against the curve published by Owen and Wilson 
(1951): the vertical ratios, the 30° Wt+/EH- and H+/W-, the 60° W+/E- and 
E+/W-. The confidence levels obtained were 70, 90, 20, 50, and 8 per cent. 
respectively. All of these lie within the normal limits 5-95 per cent. Corres- 
ponding tests on the 30° W+/W- and H#+/E-, and the 60° W+/W- and H#+/E- 
gave the values 2, 2, 0-01, and 0-01 per cent., thus verifying the systematic 
deviation illustrated in Figure 4. 
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Fig. 6.—Variation of intensity [g with zenith angle @ at particular momenta, (a) to the 


east ; (b) to the west. 
Ig=I, cos” 6. 


As a final test, an approximate calculation of the charge ratios W+/W- 
and E+/E- was made by the method outlined earlier in the discussion. An 
approximate numerical evaluation of the path lengths xo and ay allowed ae 
of the factor F to be calculated. Assuming a value 1 -25 for the charge ratio at 
production the curves shown in Figure 4 with the 30° and 60° measurements 
were obtained. The reasonable agreement with this approximate calculation, 
together with the previous tests, allows the conclusion that the behaviour of the 
charge ratio at inclined directions is explained as a secondary effect due to 
curvature of the meson trajectories in the magnetic field of the Earth. 
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(c) The Intensity as a Function of Zenith Angle 
Previous work on this subject (Greisen 1942 ; Kraushaar 1949 ; Zar 1951 ; 
and others) has shown that in most instances the results could be fitted satis- 
factorily by a law of the form 
Te-=I, cos 0, 


where Ig is the intensity at a zenith angle 0. A value of n=2-1 for the total 
penetrating component was obtained by Greisen (1942). However, delayed 
coincidence and anti-coincidence experiments on low momentum mesons 
(Kraushaar 1949 ; Zar 1951) have shown that the value of n may be as high as 
3-3 in this region. No comprehensive measurements on the behaviour of n as a 
function of momentum are available. Although the statistical accuracy of the 
present measurements is not sufficient to provide a rigorous test of this expression, 
by assuming its validity the behaviour of the exponent » with momentum may 
be obtained. 

The intensity of the total penetrating component and the differential 
intensity at five values of the momentum are plotted against 9 in Figure 6. 
Figure 6 (a) refers to measurements made in the eastern azimuth and Figure 6 (b) 
to the corresponding measurements in the western azimuth. Values of n=2-1 
and 2-15 are obtained for the total penetrating component, in good agreement 
with previous investigations. However, for mesons of 0-3 BeV/c the values 
n=3:3 and 3-4 are recorded (compare Kraushaar (1949) and Zar (1951)) and 
as the momentum increases the value of n decreases until the sea-level radiation 
at these latitudes becomes substantially isotropic above 20 BeV/c. 
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HARMONICS IN THE SPECTRA OF SOLAR RADIO DISTURBANCES . 
By J. P. Wip,* J. D. Murray,* and W. C. Rows* 
[Manuscript received April 2, 1954] 


Summary 

The paper describes observations with a 40-240 Mc/s radio spectroscope leading 
to the discovery and preliminary investigation of harmonics in the spectra of sporadic 
bursts from the Sun. It is found that spectral features of bursts are commonly 
duplicated with a 2:1 frequency separation. The ratio is sometimes appreciably 
lower though apparently never greater. This and other features of the spectra are 
shown to support the hypothesis that the fundamental frequency corresponds to the 
natural plasma frequency of the corona in the vicinity of the source. By applying 
this result to a standard model of the corona, information on the position, velocity, 
and size of the sources is deduced. The results suggest that the generation of bursts 
may be associated with longitudinal plasma oscillations excited by fast streams of 
charged particles. 


I. INTRODUCTION 

Most of the energy that reaches us from the Sun at wavelengths in the 
radio spectrum between 1 and 20m does so in short-lived sporadic bursts of 
seconds’ or minutes’ duration and in occasional storms which may continue for 
days. Since its discovery by Dr. J.S. Hey in 1942, the intense variable radiation 
has been studied extensively on a world-wide scale. But its origin is still largely 
unknown. We know from the application of the theory of ionized media to 
optical data that waves of such length must originate entirely in the outer layers 
of the solar atmosphere. We know from radio observations that the sources 
of some of the greater bursts move outwards through several hundred thousand 
kilometres of the solar corona during the few minutes in which they are received. 
We know also that the radio disturbances have a general association with visible 
activity, particularly large sunspots and. solar flares. The experimental work 
which led to the present paper was undertaken with the object of looking for 
further clues on the physical nature of the radio disturbances. 


The experiment consists of observing the spectrum of the high intensity 
radiation, as a function of time, over a wide continuous range of frequency. 
The range extends from 40 to 240 Me/s, that is to say between wavelengths of 
1-25 and 7-5m. Some previous spectroscopic observations were made in the 
range 70-130 Mc/s (Wild 1950a, 1950b, 1951; Wild and McCready 1950) ; 
experience gained in this work emphasized the importance of extending the 
frequency range and helped to shape the design of the present experimental 
programme. 


* Division of Radiophysics, C.S8.I.R.O., University Grounds, Sydney. 
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On November 21, 1952, some four months after the start of regular observa- 
tions, a large outburst of radio noise was recorded which revealed a new 
phenomenon. The record showed that spectral features in the lower part of 
the observed range were unmistakably duplicated at about double the frequency. 
In a preliminary report of this occurrence (Wild, Murray, and Rowe 1953), the 
authors pointed out that the duplication was almost certainly due to the emission 
of fundamental and second harmonic frequencies from a common source. In 
view of subsequent evidence this conclusion now seems definite. Indeed it 
appears that harmonics are received in a considerable proportion of all sporadic 
bursts. 

In the present paper we give details of observations on the harmonic effect 
(Section III), suggest an interpretation of the results (Section IV), and show how 
the data may be used to study the location, speed, and size of the sources 
responsible for generating sporadic bursts (Section V). The conclusions of the 
paper are summarized in Section VI. Before considering these topics a brief 
outline is given of the experimental method. 


IJ. THE EXPERIMENTAL METHOD 
(a) Choice of Site 
The choice of site for this investigation was influenced mainly by the 
requirement of avoiding interfering signals, especially those from high frequency 
radio transmitters. The observing station was set up near Dapto, N.S.W., some 
50 miles to the south of Sydney. It is effectively screened from Sydney by 
nearby mountains. . 


(b) The 40-240 Mc/s Spectroscope 
A detailed description of the instrument is beyond the scope of the present 
paper. Here we shall consider only the main features which determine its 
capabilities and the type of record produced. 


The spectroscope is represented, in considerably simplified form, by the 
block diagram in Figure 1. Spectra are obtained by rapidly tuning through the 
range with a receiver of small bandwidth. The whole range is covered by three 
separate receiving units sweeping in succession through ranges of 40-75, 75-140, 
and 140-240 Mc/s. The three ranges have their outputs connected to common 
displays. ye 

Each receiving unit consists of a broad-band rhombic aerial connected to a 
swept-frequency superheterodyne receiver. The receivers are. tuned by con- 
tinuously rotating tuning condensers connected to a common shaft which is 
driven by a motor at 2 r.p.s. Each range is swept in one-quarter of a revolution, 
the complete range in three-quarters. Thus a complete spectrum is Swept out 
in sec and two complete spectra are obtained each second. 

The receivers are controlled by an electronic sequence switch which allows 
the output of each receiver to be passed to the display only during its operative 
periods. 

The frequency resolution of the instrument is determined by the response 
curve of the intermediate-frequency amplifier whose bandwidth between half- 


HARMONICS IN THE SPECTRA OF SOLAR RADIO DISTURBANCES 441 


power points is 0-5 Mc/s. The output time-constant, which must necessarily 


be short in view of the rapid sweep, is about 10-3 sec. 


The noise factor of the 


receivers varies slightly over the range with an average value of about 10. 
The aerials are equatorially mounted and motor driven to follow the Sun. 


Their effective areas are between 5 and 10 m2. 


SS 


--fisciao wap 


— eae ea —— — a 


CATHODE — RAY 


SWEPT —FREQUENCY RECEIVERS 


Fig. 1.—Simplified block diagram of the 40-240 Me/s 


spectroscope. 


(c) The Display and Recording Unit 

Two types of recording display are used, each having a 12-in. cathode-ray 
tube and a camera operated with continuously moving 35-mm film. 

One display is similar to that used for the previous observations (Wild and 
McCready 1950) and corresponds to the ‘‘ A scan” of radar sets ; frequency is 
displayed horizontally and receiver output vertically. This arrangement is 
suitable for precise measurements of absolute intensity but suffers from the 
disadvantages that (i) the rate of film consumption (36 in/min in our case) is 
excessively high for continuous operation and (ii) the process of reducing records 
to a useful form is too laborious for handling extensive data. 


Fr 
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For continuous operation the second display is used in which frequency is. 
again displayed horizontally but receiver output is registered by modulating 
the intensity of the spot. Since the response of photographic film is approxi- 
mately logarithmic it is possible to record intensities of vastly different mag- 
nitudes. Using Ilford HP3 film it is found that aerial temperatures in a 1000: 1 
range can be satisfactorily accommodated. With a film consumption of 1 in/min 
(120 traces per inch), successive traces are recorded with no overlap. 


(d) Calibration 

Frequency calibration is provided by injecting into the receiver signals 
from a standard signal generator at frequency intervals of 5 or 10 Mc/s. The 
probable error associated with the frequency measurement of a sharply defined 
feature is determined mainly by the reading accuracy and is estimated to be +4 
per cent. 

Intensity calibration is provided by switching on temperature-limited noise 
diodes which are permanently connected across the aerial terminals of each 
receiver. The noise-source impedance is then provided by the aerial itself. 
This arrangement has two advantages: firstly, the anode-cathode capacity of 
the diode (which would be difficult to tune out over a broad frequency band with 
the conventional method of substitution) forms part of the input tuned circuit, 
thus eliminating calibration errors due to this cause ; and secondly, if calibration 
is performed with the aerial directed towards the undisturbed Sun, the power 
injected by the noise generator corresponds to the excess power above cosmic 
noise, which is the quantity required to be measured. The standard calibration 
procedure consists of injecting power at seven levels each separated by a 2:1 
interval. By this means the records are directly calibrated for levels of flux 
density between 5 x10~*? and 3-2 x10-19 Wm~- (¢/s)-1; for higher levels it is. 
necessary to extrapolate according to the receiver gain law. 


Time marks are inserted on the record by photographing a clock beside the 
display which is illuminated by a flash at 1-min intervals. 


The complete calibration procedure is performed at least once per day. 


(e) The Reduction of Records 

Spectra which vary with time are conveniently presented in the form of 
intensity-frequency-time diagrams in which intensity is shown by contours in 
the frequency-time plane. Such dynamic spectra were used to present the results 
of the previous observations. Experience then gained indicated that a practical 
limit to the amount of data that could be examined was set by the labour 
involved in producing the diagrams. However, by using the intensity-modulated 
display, we obtain the information in a form from which the salient features 
of the dynamic spectrum can be immediately recognized (see Plate 1 for examples). 
It is a simple process to trace these features and redraw them on a proper scale 
of frequency. These “ sketches ” are adequate for many purposes. 


When higher precision is required (e.g. for the detailed study of the harmonic 
effect) it is more satisfactory to use an A-scan record and deduce the fully 
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calibrated profiles and dynamic spectrum. When only the intensity modulated 
record is available, it is necessary to analyse the film with a high resolution 
microphotometer. 


III. THE OBSERVATIONS 

Solar observations were started in August 1952 over the frequency range 
40-140 Mc/s, and in November 1952 over the complete range 40-240 Me/s. 
The observations described here cover the period August 1952 to August 1953. 
The equipment was operated for about 1000 hr during the year, preference being 
given to periods of solar activity. 

In addition to several days of continuous activity (‘‘ noise storms ’’) we 
recorded at other times several hundred bursts of sporadic occurrence. In the 
present paper we shall be concerned only with the sporadic bursts. In describing 
their spectra the following terms, previously introduced by Wild and McCready 
(1950), will be adopted and where necessary extended : 


Spectral Type II.—The type of dynamic spectrum exhibited by bursts 
or ‘‘ outbursts ’’ of some minutes’ duration in which the spectral features 
drift slowly, though perhaps irregularly, in the direction of decreasing 
frequency. The typical drift rate is of the order of + Mc/s per sec. These 
bursts often oecur at the time of solar flares. 


Spectral Type III.—The type exhibited by sporadic bursts of a few 
seconds’ duration in which the frequency of maximum intensity drifts 
rapidly in the direction of decreasing frequency at a rate of about 20 Mc/s 
per sec. 


In the current series of observations the great majority of sporadic bursts were 
found to belong to one of these two spectral classes ; four type II bursts were 
recorded and several hundred type III, the latter occurring mainly in small 
groups or compact clusters lasting for about 1 min. 

The coexistence of first and second harmonics has been recognized in both 
classes of spectra—in two of the four observed type IT bursts, and in 20 type III 
bursts. The spectrum of many other type II bursts suggested that harmonics 
might have been present though their certain recognition was masked by the 
large bandwidth of the bursts. 


(a) Harmonics in Type II Spectra 
The two recorded harmonic outbursts of spectral type II occurred on 
November 21, 1952 and May 5, 1953. The earlier one is the larger and more 
complete disturbance but the later one has yielded more exact data because an 
A-scan record was obtained. Details of the two outbursts are as follows. 


(i) The Outburst of November 21, 1952 

General data.—The outburst lasted from 23 hr 50 min to 24 hr 05 min U.T. 
and was followed immediately by a noise storm lasting for about 2hr. The 
disturbance was accompanied by a large solar flare starting at 23 hr 45 min 
located above a big spot group near the centre of the Sun’s disk. It was also 
accompanied by a radio fadeout and geomagnetic crochet. 
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The dynamic spectrum.—The outburst was recorded on the intensity- 
modulated display and the record reduced photometrically. Part of the record 
is shown in Plate 1 (a) and the dynamic spectrum in Figure 2 (a). It consists of 
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Fig. 2.—The outburst of November 21, 1952, 23 hr 50 min U.T. (a) The dynamic 

spectrum. The intensity contours correspond to levels of approximately 5 and 

20 Wm? (c/s)*. (6) Profiles at 1-min intervals. The second harmonic is shown 
dotted and displaced in frequency by a factor of 2. 
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two main bands, widely spaced in frequency, which drift at a rate typical of 
type II spectra. Each band shows a fine structure which for much of the time 
consists of two well-defined peaks. Two features are of special interest. Firstly, 
the structure of the two bands is strikingly similar ; peaks appearing in one band 
Seem to be duplicated simultaneously in the other. Secondly, although the 
frequency of each band drifts over a range of at least 3:1, the frequency ratio 
of corresponding features in the two bands remains approximately constant and 
lies within a few per cent. of 2. The first of these features was interpreted as. 
signifying that the two main bands were emitted from the same source; the 
second that the duplicity was due to radiation from the source at a fundamental 
frequency and its second harmonic. 


’ The profiles.—Figure 2 (b) shows the instantaneous spectral profiles of the 
two main bands taken at 1-min intervals ; the bands are plotted in superposition 
such that a frequency f in the fundamental (full line) coincides with a frequency 
2f in the harmonic (detted line). When compared in this way the two sets of 
profiles are by no means identical in shape. One feature seems to be systematic : 
peaks in the harmonic band always lie slightly to the left of corresponding ones 
in the fundamental, i.e. the frequency ratio is consistently less than 2. The 
measured ratios lie between 1-96 and 1-99 for sharp peaks, and as low as 1-90 
for the more diffuse peaks. Peak amplitudes in the two bands are of comparable 
magnitude. 


(ii) The Outburst of May 5, 1953 

General data.—The type II burst lasted from 04 hr 59 min to 05 hr 02 min 
U.T. It was preceded by a cluster of type III bursts and other activity starting 
at 04 hr 55 min, and was followed by a general increase in level at the lower 
frequencies lasting from 05 hr 04 min to 05hr 08min. No flare observations 
are available but the outburst accompanied a partial radio fadeout. Visible 
activity on the disk was confined almost entirely to western heliographic 
longitudes, between 30° and the limb. 


The dynamic spectrum.—The outburst was recorded on both displays, the 
A-scan record being used exclusively for deriving the data presented below. 
The dynamic spectrum is shown in Figure 3 (a). Both the duration and rate of 
frequency drift are smaller than for the previous outburst. The spectrum is 
simpler and, except near the finish, each harmonic band consists of a single 
peak. 

The profiles (Fig. 3 (b)).—Owing to the greater precision of the A-scan 
record, the profiles have been plotted on a larger scale and at more frequent 
intervals (15 sec). The profiles of the fundamental peaks are seen to be markedly 
asymmetrical, the low frequency edge being the steeper of the two. Indeed 
in the last four profiles, the slope of this low frequency “ cut-off ’’ is indistinguish- 
able from that of the receiver’s response curve, indicating that the slope on the 
true spectrum was too steep to be resolved by the instrument. The harmonic 
band is more symmetrical but on the average the low frequency edge is again the 
steeper. With the passage of time the ratio of peak frequencies gradually 


446 J. P. WILD, J. D. MURRAY, AND W. C. ROWE 


increases from about 1-7 near the start to 2-00-+0-01 at the finish and the 
amplitude of the fundamental relative to the harmonic increases from about 
0-5 to 10. 
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Fig. 3.—The outburst of May 5, 1953, 04hr 59min U.T. (a) The dynamic 
spectrum (contour levels as in Fig. 2), (b) profiles at 15-sec intervals. Note 
that scales are different from those in Figure 2. . 
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(b) Harmonics in Type III Spectra 
The fast-drift, short-lived bursts of spectral type ITI, first observed with 
the previous equipment (Wild 1950b), have been found to constitute the great 
majority of all bursts observed at times other than noise storms. With the 
wider frequency range of observation it is now possible to give what seems to be 
a complete description of their spectral characteristics. The new finding of 
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Fig. 4.—Dynamic spectra of harmonic type III bursts. Times (U.T.): (a) October 3, 1952, 
23 hr 21 min; (b) June 7, 1953, 01 hr 08 min ; (c) June 5, 1953, 01 hr 35 min; (d) June 5, 1953, 
Ol hr 37min; (e) January 14, 1953, 06 hr 07 min; (f) June 5, 1953, 01 hr 32 min. 


immediate interest is the recognition of dynamic spectra consisting of two similar 
formations in which the features of one are duplicated at about double the 
frequency. Following the evidence given above for type II spectra, there 
seems little doubt that this effect is again due to the emission of a fundamental 
frequency and its second harmonic. 
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Figure 4 shows examples of harmonics in type III bursts. In cases (a), (0), 
and (c) both fundamental and harmonic bands are seen to drift off the low fre- 
quency edge of the observed range, the rate of frequency drift decreasing con- 
tinuously with time. In cases (d), (e), and (f), however, the frequency drift 
decreases so rapidly at the lower frequencies that one or both bands become 

FREQUENCY (Mc/s) 


50 100 FULL LINES 
100 200 DOTTED LINES 


TIME(S SEC MARKS) 


Fig. 5.—Comparison of the fundamental 
and second harmonic bands of the 
type III bursts shown in Figure 4. 


almost stopped at a fixed frequency : the spectrum finishes in a vertical “ tail ’’. 
In all cases the fundamental and harmonic parts of the dynamic spectrum are 
similar in shape although the former tends to be of narrower relative bandwidth 
(Afif). 

In the type IT spectra considered above it was shown that the ratio of peak 
frequencies in the two bands never exceeded 2 but was often slightly lower. <A 
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similar effect is demonstrated for type IIT spectra in Figure 5 in which relevant 
portions of the spectra in Figure 4 have been replotted with the harmonic band 
displaced two-to-one in frequency. There is seen to be a consistent displacement 
of the harmonic band to the left of the fundamental, again indicating a frequency 
ratio less than 2. In the great majority of cases the ratio lies between 1:85 
and 2-00. 

Of the several hundred type III bursts observed during the year, the 
recognition of harmonics was considered certain on 20 occasions. In addition 
there were many doubtful cases. Certain recognition is often made difficult 
owing to the combination of wide bandwidth and rapid frequency drift, which 
may result in the merging of the two bands. In cases where the bursts show 
tails, however, it is possible to decide without ambiguity whether or not the 
two bands are present. Of 19 such cases recorded, 12 were found to have the 
two bands. If it is assumed that the cause of harmonic production is independent 
of the cause of tail production, this result suggests that the proportion of bursts. 
in which fundamental and harmonic are both of detectable magnitude may 
exceed 50 per cent. 


(c) Summary of Observational Results 

The main observational results are summarized below. 

(1) The dynamic spectrum of sporadic bursts, both type II (slow drift) 
and type HI (fast drift) sometimes show simultaneous duplication of features 
separated by a frequency ratio of about 2:1. The duplication is attributed to 
the emission of both fundamental and second harmonic frequencies from a 
common source. 

(2) Bursts showing detectable fundamental and harmonic bands in their 
spectra account for a considerable proportion of all bursts, perhaps 50 per cent. 
ormore. At the higher frequencies, in the vicinity of 200 Me/s, it is not unreason- 
able to surmise that the greater part of radiation received in sporadic bursts 
is due to second-harmonic emission. 

(3) The intensity of the second harmonic may be comparable with, or even 
greater than that of the fundamental. No third and fourth harmonics have 
been detected ; had they been present with an intensity one-tenth of that of the 
second harmonic, they would certainly have been detected on several records. 

(4) There appears to be a general rule that the ratio of peak frequencies. 
never exceeds 2 but is often slightly lower. 

(5) Detailed analysis of one outburst of type II for which sufficiently precise 
data were available indicated that the low frequency edge of the fundamental 
band may be extremely sharp and that the relative amplitude of the fundamental 
increases as the frequency ratio approaches 2. 


IV. INTERPRETATION 

(a) General Inferences 
The first three conclusions listed above imply that the sporadic solar radiation 
is rich in second harmonics. This surely means that the emitting process is one 
involving oscillations of charge, as distinct from non-periodic accelerations such: 
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as those of thermal motions in the absence of a magnetic field. To produce a 
harmonic the oscillators must be non-linear. Also, since an even harmonic is 
observed, the emitted waveform must be asymmetrical in the sense that values 
of the electric vector at two instants of time separated by half a cycle are not 
equal and opposite. This asymmetry may provide an important restriction 
on the types of processes admissible. 

In some bursts, especially those of type II, it was noted that the width of 
each band is extremely narrow, perhaps only 2 or 3 per cent. of the mid frequency, 
between half-intensity points. We infer that in these cases all the oscillatory 
charges which constitute the source oscillate at roughly the same frequency. 
In other words there appears to be some proper frequency controlling the 
oscillations. 

We know of two classes of proper frequency for oscillations in an ionized 
medium : the gyro frequencies of charged particles in a magnetic field, of which 
the electron gyro frequency is the most relevant in the present problem ; and 
the plasma frequency. 


(i) The Electron Gyro Frequency, fy—=eH/2xmec.—Here e and m denote the 
electronic charge (e.s.u.) and mass, H the magnetic field, and ¢ the velocity of 
light. It has been shown by Schwinger (1949) and others that electrons gyrating 
in a magnetic field generate harmonics when the orbital velocity approaches the 
velocity of light. The difficulties associated with the escape from the solar 
atmosphere of radiation at the fundamental of the gyro frequency (Ryle 1948) 
are well known, though it is possible that-the harmonics 2f,, 3f,, .. . could 
escape (Roberts 1952). Indeed Roberts suggested that spacings between 
harmonics offered a possible experimental test for the gyro theory of generation ; 
he pointed out that adjacent harmonics would be in the ratios 3:2, 4: 3, 5:4, 
etc., but not 2:1. The observation of harmonics at a 2:1 Spacing now provides 
a negative answer to this test and indicates that a process is required in which 
fundamental frequencies can escape. 


(ii) The Plasma Frequency, fy=e./(N/nm).—Here N is the electron density 
of the medium. In the presence of a magnetic field, not considered here, the 
plasma frequency is split into three components one of which is aps 

Several authors (see for instance Shklovsky 1946; Martyn 1947; Bohm 
and Gross 1949 ; Jaeger and Westfold 1949) have Suggested oscillations at the 
plasma frequency as the source of high intensity solar radio noise although no 
complete theory has yet been given. Difficulties are again encountered regarding 
escape because the plasma frequency coincides with the critical frequency at 
which the refractive index reduces to zero. If emission takes place from a 
localized region in which only the plasma frequency is excited, the radiation 
can escape only within an infinitesimally narrow cone normal to the surface of 
zero refractive index. However, there is no such escape restriction on the 
higher harmonics. 

Let us now suppose that the excited region generates not merely the plasma 
frequency but rather a narrow band of frequencies about the plasma frequency 
together with their harmonics. Since propagation can take place at frequencies 
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above the critical frequency, the received spectrum would consist of all second 
and higher harmonic frequencies generated but only the high frequency part of 
the fundamental band. This is strongly suggestive of the observed harmonic 
spectra and seems to offer a natural explanation both of the reduction of the 
harmonic ratio below 2 and the sharp cut-off in the fundamental band. We 
now examine this interpretation in more detail by considering the spectrum 
from a point source in a model corona. 


(b) The Escape of Frequencies near the Plasma Frequency from a Model 
Corona 

The approach to be adopted may be summarized as follows. We consider 
a localized source in the solar corona situated in a region specified by an electron 
density N. We suppose that if a probe connected to a radio spectroscope 
were inserted into this region the resulting spectrum would consist of a narrow- 
band peak centred on the plasma frequency fy and others of similar shape but 
lower amplitude at the harmonic frequencies Df, Bip a+» We refer: to: this 
spectrum as the natural spectrum. Next we consider the propagation of energy 
through the solar atmosphere and calculate the fraction of the source brightness 
capable of reaching a terrestrial observer. The fraction transmitted is a function 
of frequency which we call the propagation characteristic. Finally we deduce the 
received spectrum by multiplying the natural spectrum by the propagation 
characteristic. 

For the electron-density distribution in the corona we shall assume the 
idealized, spherically symmetrical model given by the Baumbach-Allen formula. 
The effects of coronal irregularities and magnetic fields will be neglected for the 
present calculation but will be considered in Section V. We shall be concerned 
merely with illustrating the type of result obtained and it will be sufficient to 
consider the case of a fixed point source whose height we choose to be at the 
50 Mc/s plasma level (2-3 105 km above the photosphere in the Baumbach- 
Allen corona). 

(i) The Natural Spectrum.—For present purposes it is convenient to consider 
a natural spectrum of definite form, though its choice is relatively unimportant. 
We shall assume the profile of each harmonic to be symmetrical, on a logarithmic 
frequency scale, about the plasma frequency and to have the shape of the 
Gaussian error curve. The assumed spectrum is shown in Figure 6 (a). The 
bandwidth has been chosen to be comparable with observed profiles and the 
amplitude of the second harmonic has been set arbitrarily to one-tenth that of 
the fundamental. 

(ii) The Propagation Characteristic.—The propagation and escape of radio 
waves from point sources within the Baumbach-Allen corona has been treated in 
detail by Jaeger and Westfold (1950). The problem consists of calculating 
(1) the paths of rays between source and observer, in general these paths are 
curved owing to the steady increase with height of refractive index in the corona ; 
and (2) the absorption along each path. 

Figure 7 shows the paths of rays of different frequencies escaping from a 
source at the 50 Mc/s plasma level. The lowest frequency capable of escape is 
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the plasma frequency itself which can be propagated along the radial ray only. 
Higher frequencies can escape in directions contained within a sharply defined 
cone about the radial direction ; the higher the frequency the wider the cone.* 
Thus to a terrestrial observer the propagation characteristic depends on the 
position of the source on the Sun’s disk. Figure 6 (b) shows the 
derived characteristic for various source angles 0 (defined in the inset below 
Figure 6 (a)). The effect of absorption is included and accounts merely for the 
slight drop in values of transmission at frequencies immediately above the cut-off 
frequency. Apart from this small effect the cut-off is perfectly sharp. As 
implied by Figure 7, the cut-off frequency coincides with the plasma frequency 
for a source at the centre of the disk and increases with the source angle. 
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Fig. 6.—The derivation of spectra for an assumed model (see Section IV). (a) The 
assumed natural spectrum for a point source, located at the 50 Me/s plasma level of the 
solar corona, emitting harmonics of the plasma frequency ; (6) the calculated propagation 
characteristic (from Jaeger and Westfold) for radiation escaping from the 50 Me/s level at 
various angles 9 (see inset below (a)) ; (ce) the received spectrum derived from (a) and (6). 


(iii) The Received Spectrum.—Combining the data of Figures 6 (a) and 6 (b) 
we obtain the received spectra of Figure 6 (¢). For a source at the centre of 
the disk (0=0°), the ratio of peak frequencies of the fundamental and second 
harmonic is exactly 2, but the low frequency half of the fundamental band is 
completely cut off. For §=10° the ratio is reduced to 1-96 and for 02-207 
to 1-90. In the latter case the amplitude of the fundamental is greatly reduced, 
and at 6=40° it is no longer present. For these values of § the second harmonic 


* Each ray path shown in Figure 7 is that which leaves the source tangentially to the spherical 
strata of the assumed atmosphere. In general the “ outermost ” ray (i.e. that which emerges 
from the atmosphere at the greatest angle) is one which leaves the source in a direction having a 
slight inward component. The difference in the angles of emergence of these two types of limiting 
ray is negligible except for very oblique emergence. : 
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is unaffected, but for sources near the limb (e.g. 0=70°) it too becomes modified 
by the cut-off characteristic. 


(iv) Comparison with Observations——The derived spectra of Figure 6 (¢) 
illustrate how localized emission at harmonics of frequencies around the plasma 
frequency can explain the following characteristics observed in type II and 
type III spectra : 


(1) The normal occurrence of harmonic peak-frequency ratios slightly 
less than 2. 

(2) The sharp low frequency cut-off observed in the fundamental band. 

(3) The reduction in amplitude of the fundamental peak relative to the 
harmonic as the peak-frequency ratio diminishes. 


There is seen to be a marked resemblance between the derived profiles and 
the detailed observed profiles shown in Figure 3. 


(Mc/s) 


SHOTOSPHERE 


Fig. 7.—The limiting rays of outward emission at various fre- 

quencies from a source at the 50 Mc/s plasma level in the 

Baumbach-Allen corona. The numbers refer to frequencies in 
Mc/s. Data from Jaeger and Westfold (1950). 


(c) Conclusions on the Mechanism of Burst Generation 

The general agreement between the above interpretation and the observa- 
tions supports the basic proposition that the sources of sporadic bursts radiate 
their energy mainly at harmonics of frequencies near the plasma frequency of the 
surrounding medium. Indeed it appears that, of the processes which have been 
suggested to explain the high intensity of solar noise, those involving plasma 
oscillations are the only ones capable of accounting for the harmonic phenomenon. 
Nevertheless, it should be stressed that our knowledge of plasma oscillations is 
far from complete and the conditions under which electromagnetic radiation 
can be obtained from them are not properly understood. 

Evidence will be given in Section V that the source regions are in rapid 
motion through the solar corona and it is likely that the observed movements 
are associated with streams of ionized matter. As Shklovsky (1946), Bohm and 
Gross (1949), and others have pointed out, ionized streams projected through the 
corona provide a means of exciting plasma oscillations. Oscillations of this 
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kind are longitudinal and, if the amplitude becomes appreciable in comparison 
with the wavelength, the charge density exhibits excess “‘ bunching ”’ near the 
nodal points. This effect may provide the required non-linearity and asymmetry 
for the generation of the second harmonic. 


V. THE Position, MOVEMENT, AND SIZE OF THE SOURCES OF BURSTS 
(a) The Position and Speed of the Sources of Type II Outbursts 

The conclusions of Section IV (b) suggest that in idealized circumstances it 
should be possible to determine both the source height and the source angle as a 
function of time directly from the dynamic spectrum of a burst. It is of course 
necessary to assume a standard electron-density model of the corona, and it is 
only possible to treat simple cases in which the observed profiles resemble the 
theoretical ones (Fig. 6 (¢c)). Under these conditions we can determine (1) the 
plasma frequency (and hence the height in the corona) from the observed peak 
frequency of the second harmonic, and (2) the critical escape frequency (and ) 
hence the source angle) from the observed cut-off frequency of the fundamental. 

The relation between the critical escape frequency f,, the plasma frequency 
fo) and the source angle § is a complex one, but it has been shown by Smerd 
(unpublished data) that for the Baumbach-Allen corona the approximate formula 


f.=fy sec (0-870) 


agrees with the values calculated by Jaeger and Westfold (1950) to within a 
few per cent. for frequencies between 20 and 100 Mc/s and source angles between 
0 and 80°. A tabulation of plasma frequency for various coronal heights has 
been given by Smerd (1950). 

The application of this method of source location is demonstrated in Figure 8 
for the outburst shown in Figure 3. Figure 8 (a) shows plots of the observed 
values corresponding to fy and f,; Figure 8 (b) the derived source height and 
angle as a function of time ; and Figure 8 (¢) successive positions of the source 
at $-min intervals. The calculated path is seen to be mainly across the line of 
sight. Since the active areas on the disk at the time of the outburst were 
confined almost entirely to western heliographic longitudes *(see Fig. 8 (c)) we 
might infer that the source travelled across the disk from west to east. The 
mean speed of travel is found to be about 4000 km/sec. 

The results given in Figure 8 emphasize the importance of knowing the 
rate of change of source angle. In previous determinations of the velocity of 
outburst sources, either the determination was confined to the radial component 
(spectroscopic method, Wild 1950a) or the speed was calculated on the assumption 
that the motion was strictly radial (directional method, Payne-Scott and Little 
1952). Had the speed been derived on the assumption of radial motion in 
the present case, the less plausible conclusion would have been reached that the 
source initially travelled slowly inwards and subsequently turned and accelerated 
outwards. 

The outburst of Figure 2 is less suitable for similar analysis partly because 
of its greater complexity and partly because the profile data are less accurate. 
Near the finish, however, the peaks are well defined, and the closeness of the 
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Fig. 8.—Position determinations for the outburst in Figure 3. 

(a) The variation with time of (i) the peak frequency of the 

fundamental (triangles) and (ii) half the peak frequency of the 

second harmonic (dots); (b) The derived height and “* source 

angle” (0 in Fig. 6); (c) Successive positions of the source at 

4-min intervals. The heliographic longitudes of sunspots etc. 
are indicated, and refer to the western hemisphere. 
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peak-frequency ratio to 2 suggests a central position on the disk. Since the 
associated flare was also located near the centre, it may be inferred that the 
source travelled approximately radially outwards in the direction of the Earth. 
The derived height plot is shown in Figure 9, and represents the most extensive 
range of travel we have yet observed in an outburst.~ The plot indicates an 
approximately constant velocity of 475 km/sec over a 6:1 range in heights. 
The time delay between the fadeout and the start of the outburst suggests that 
the source could have been ejected simultaneously with the onset of the ultra- 
violet emission from a region low in the corona, some 2-5 x104km above the 
photosphere. 

The emission of second harmonics in outbursts suggests a reason for the 
unexpectedly large source heights deduced by Payne-Scott and Little (1952) 
from their directional observations. These authors considered the typical 
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Fig. 9.—Derived height plot for the outburst in Figure 2. Where 

possible heights are derived from the fundamental frequency band 

(dots). The range is extended to greater heights by using half the 
frequency of the second harmonic (squares). 


minimum height for 97 Me/s radiation to be some 2 x10° km above the photo- 
sphere. This, they point out, is about three times as high as the 97 Mc/s plasma 
level in the Baumbach-Allen corona. Rather than indicating a radical alteration. 
to the electron density distribution, as suggested by these authors, the dis- 
crepancy could be simply accounted for in terms of emission at the second 
harmonic: for the assumed electron-density distribution, the height of the 
97/2 Mc/s plasma level is 2-4 105 km. ‘ 


(b) Sources of Error in Velocity Determinations 
The two main sources of error in the above method of velocity determination 
are likely to be (i) the use of a particular spherically symmetrical model of the 
corona, and (ii) the neglect of coronal magnetic fields. We now consider these 
in turn. 
(i) Coronal Irregularities —It is well known that the electron-density 
distribution of the corona can depart considerably from the spherically sym- 
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metrical model we have assumed. In the first place the mean electron-density 
distribution changes with the solar cycle. From his analysis of optical data, 
van de Hulst (1950) concludes that the mean density at any height decreases by 
a factor of about 1°8 between maximum and minimum phases. For the 
equatorial region, his sunspot-maximum model agrees closely with the Allen- 
Baumbach model, while heights in his sunspot-minimum model are about 
5 <104 km lower in the range of interest here. However, the spacing between 
levels of different electron density is scarcely affected ; for instance the spacing 
between the 50 and 100 Mc/s levels changes by only 5 per cent. This indicates 
that the determination of velocity along radial directions is not significantly 
affected by changes in the mean distribution with the solar cycle. Effects due 
to departures from the mean values, manifest in the complex structure of the 
corona, are likely to be much more important. The optical data, which have 
recently been reviewed by van de Hulst (1953), seem to indicate that the electron 
density in coronal rays may be some 10 times that between the rays while the 
gradients in the two regions are similar. 

Let us now re-examine the outburst analysed in Figure 9, bearing in mind 
the effects of coronal structure. Assuming the true source velocity to be 
constant, the linearity and smoothness of the height plot indicate that the 
“shape ”’ of the assumed electron-density law is the correct one along the path 
of the source. Suppose, however, that the source travelled along a coronal ray 
whose density was 10 times that given by the assumed model. Source heights 
are then increased by some 4 X10° km, and the velocity (still essentially constant) 
by a factor of 1-6. Taking van de Hulst’s sunspot-minimum model to represent 
the other extreme, it is estimated that the outburst’s true outward component 
of velocity probably lay between 400 and 750 km/sec. 

In cases where the motion is largely transverse (e.g. Fig. 8), the derivation 
of speed depends on the large-scale angular distribution of electron density, and 
the quantitative results are less certain. 

(ii) Coronal Magnetic Fields.—The presence of a magnetic field at the source 
causes two additional proper frequencies to exist either side of the plasma 
frequency (Westfold 1949). The three frequencies correspond to those of the 
magneto-ionic theory at which the refractive index vanishes; each shows a 
characteristic polarization. At the coronal heights with which we are concerned 
_ the three frequencies are probably closely spaced (i.e. fy<f) and the effects of 
neglecting magnetic fields could cause no significant errors in the derivation of 
velocities. 

Application of the magneto-ionic theory shows that from any one point only 
two of the three frequencies can escape from the Sun. It was previously 
suggested (Wild 1950a) that the presence of closely spaced double peaks, like 
those in Figures 2 and 3, could be due to this effect of magnetic splitting. An 
alternative explanation is in terms of two sources separated in space. The 
former explanation now seems more likely because in both instances described 
here the two peaks are seen to fade simultaneously, thus suggesting a common 
source. Combined observations of spectrum and polarization should help to 
decide this question. 

G 
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(c) The Size of Outburst Sources 


In the simple interpretation outlined in Section IV it was assumed that 
burst radiation emanates from a point source. For sources of finite size we should 
receive the spectrum due to the excitation of a finite band of plasma frequencies. 
Lack of knowledge of the natural spectrum prohibits the estimation of source 
dimensions from the width of the observed peaks. We can, however, use the 
bandwidth data to set an upper limit on at least one of these dimensions. 


In the vicinity of 50 Mc/s, bandwidths as small as 1-5 Mc/s between half- 
power points are not uncommon. With the standard coronal model this means 
that the source responsible for the peak is contained within a height range 
of less than 104km. Also, in cases such as Figure 3, it can be inferred from the 
abruptness of the cut-off that the gradient of the outer edge of the source is such 
that the intensity may change by a factor of 2 within a height range of less 
than 500 km. 


(d) The Sources of Type III Bursts 


The main conclusions of Section IV, that the burst-generating sources 
probably radiate at harmonics of the plasma frequency of the surrounding 
medium, apply to type III as well as to type II bursts. This provides an 
experimental foundation to the speculation (Wild 1950b) that the fast frequency 
drift of type III bursts is to be interpreted in a similar fashion to the slow drift 
of type II bursts. On this basis the type III sources are found to move outwards 
through the solar corona with initial radial velocity components of between 
3 x10* and 10° km/sec, showing steady deceleration along their path. Those 
with “‘ tails ” are apparently brought to rest at heights of a few hundred thousand 
kilometres. 

The interpretation of type III bursts has been discussed briefly by Wild, 
Roberts, and Murray (1954) and will be considered in more detail in a later paper. 


VI. SUMMARY OF CONCLUSIONS 

The observational results of this paper are summarized at the end of 
Section III. The presence in the spectra of sporadic bursts of intense narrow 
emission bands accompanied by their second harmonics indicates that the sources 
consist of oscillatory charges which oscillate, according to a non-linear law, at or 
near some proper frequency. From considerations of the escape of radiation 
from resonance levels in the solar atmosphere it is concluded that the plasma 
frequency is the only known proper frequency capable of accounting for the 
observations. If the natural spectrum of emission from the plasma level is 
assumed to show a slight spread in frequency about the plasma frequency, it is 
possible to give a natural explanation of certain peculiar features of observed 
spectra. The sources are found to be in rapid motion through the corona and 
it is suggested that the generation-of high intensities is associated with longi- 
tudinal plasma oscillations excited by fast streams of ionized matter. 


Assuming a standard, spherically symmetrical corona, application of the 
plasma hypothesis to observed spectra yields information on the position (both 
height and angular displacement from the centre of the disk), velocity, and size 
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of the source. Velocities of 500 and 4000 km/sec were deduced for two long- 
duration outbursts, and velocities as great as 10° km/sec for the short-lived. 
type III bursts. 
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OBSERVATIONS OF COSMIC NOISE AT’9-15 Mo/s 
By C. 8S. Hieerns* and C.. A. SHAIN* 
[Manuscript received April 22, 1954] 


Summary 


From observations made at a frequency of 9-15 Me/s, with an aerial of beam width 
29° between half-power points and directed to Dec. —32°, a curve of equivalent aerial 
temperature, as a function of sidereal time, is derived. 


The temperatures observed were of the order of 10°°K. The curve is compared 
with curves derived for similar conditions by calculation from the results of observations 
at 18:3 Mc/s and at 100 Me/s. It is found that the equivalent temperatures increase 
rapidly with decreasing frequency, but the ratio of maximum to minimum temperature 
decreases with frequency. 


> 


It is shown that “‘ atmospheric ” noise levels observed by the standard techniques 


sometimes contain a large contribution from cosmic noise at this frequency. 


I. INTRODUCTION 
The distribution over the sky of the intensity of cosmic noise has been 
studied at a number of widely spaced frequencies, and attempts have been made 
to construct theoretical models of the Galaxy based on these radio observations. 
It has been found that such models depend, for the quantitative evaluation of 
important empirical constants, on observations at comparatively low frequencies, 
about 10 or 20 Me/s. 


Observations in this range of frequencies are rare, the only published work 
‘at a frequency close to 10 Mc/s consisting of a few measurements at 9-5 Mc/s 
by Friis and Feldman (1937) which were made during tests of the original 
MUSA aerial. A recent paper (Shain and Higgins 1954) presented the results 
of a detailed survey of a restricted region of the sky at 18-3 Me/s, but the results 
‘of some earlier work at the same frequency (Shain 1951), in which a strip of the 
‘sky was scanned by a fixed aerial directed to a constant declination, have already 
been used by Piddington (1951) and Brown and Hazard (1953) for comparison 
with their theoretically predicted intensities. Observations with such a fixed 
aerial are much simpler to make than a general survey and, since equipment was 
available which could be readily adapted for the purpose, an attempt was made 
to obtain similar observations at a frequency of 9-15 Me/s. The present paper 
describes the results of these observations. 


In the course of the present observations, interference was experienced from 
atmospherics and from radio stations, but, at times when ionospheric absorption 
was small, a background intensity, which varied with sidereal time, was observed 
consistently and this was undoubtedly due to cosmic noise. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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The variations in the intensity of cosmic noise at 9-15 Mc/s revealed in 
the present work cannot be directly compared in detail with the variations 
observed at other frequencies since different aerial systems have been used. 
Nevertheless a comparison is made between the observed variations at 9-15 Mc/s 
and those to be expected, by calculation from published observations, if aerials 
of similar directivity had been used at 18-3 Mc/s and at 100 Mc/s. The com- 
parison shows that the trends with frequency expected from work at higher 
frequencies continue down to 9 Me/s. 

The intensity of cosmic noise at 9-15 Me/s is high, equivalent temperatures 
being of the order of 10°°K. The observation of such high intensities suggests 
that some of the measurements of noise levels which have been assumed to be 
due to atmospherics might, in fact, have referred to cosmic noise, and this point. 
will be briefly discussed. 


II. EQUIPMENT 
(a) Aerial 
The aerial was erected at Hornsby, N.S.W. (lat. 33-7 °S., long. 151-1 He 
It consisted of an array of 12 horizontal half-wave dipoles, 0-1 wavelength 
above the ground, arranged in plan as shown in Figure 1 (a). To reduce ground 
losses, wires parallel to the dipoles and extending } wavelength beyond each 


east O:7A ea he i 


O'56A 


(a) (b) 


Fig. 1 (a).—Plan of the array. 
Fig. 1 (b).—Connection of feeders. Each circle represents a T-type matching 
network. Letters indicate feeders to dipoles as shown in (a). 


end of the array were laid 2 ft apart on the ground underneath the array. Each 
dipole had a balance-unbalance transformer and a separate coaxial feeder 
which was taken to a hut in the centre of the array. In this hut the feeders 
were grouped as shown in Figure 1 (b) with a matching network at each junction 
to match the impedances to the characteristic impedance of the cables used. 
The receiving equipment -was housed in another hut outside the array. 

The calculated aerial diagrams for the north-south and east-west planes are 
shown in Figure 2 ; it is seen that the beam widths to half power are 31° and 26° 
in the north-south and east-west planes respectively. Owing to a slight slope: 
of the ground downwards towards the north, the direction of maximum sensitivity 
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of the aerial was not overhead ; the aerial scanned a strip of the sky centred on 
Dec. —32°. This strip included the galactic centre and the south galactic pole. 

Losses in the ground reflecting system were estimated from impedance 
measurements on individual dipoles. It was assumed that the differences 
between the measured dipole impedances and the input impedances of similar 
dipoles"in free space was due to the mutual impedance of the dipole and its 
image. The free space impedance and the mutual impedance of a dipole 
and its image were taken from data given by Schelkunoff and Friis (1952). 
From these calculations it was estimated that ground losses, compared with a 
perfectly reflecting ground, amounted to 2:3 db. The losses in the feeders and 
matching networks were measured directly and were found to be 2-2 db. Thus 
the total correction due to losses in the aerial system amounted to 4-5 db, 
corresponding to a factor of 2-8 with an estimated probable error in this factor 
of +20 per cent. 
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Fig. 2.—Calculated aerial sensitivity patterns. 


(b) Receiving and Recording Equipment 

A standard communications receiver was used, operated with a bandwidth 
of 400 c/s. Since the received noise powers were always high compared with the 
receiver noise, no attempt was made to achieve a low noise factor. 

The output of the receiver was generally displayed on a recording meter: 
However, on some occasions, as described later, the time constant of the meter 
was too long and an alternative cathode-ray tube display was used with a time 
constant of less than 1 sec. In each case the record was calibrated using a 
diode noise generator the output impedance of which was made equal to the 
aerial impedance seen by the receiver. 


III. OBSERVATIONS 
The observations discussed in the present paper were made at intervals 
during the period July 1951 to September 1952. From previous experience at 
18-3 Mc/s it was expected that often, and always during the day, ionospheric 
absorption would be high, and also that some difficulty would be experienced 
from atmospherics and from station interference. The objective, therefore, 
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was to obtain as large a number of records as possible, perhaps of only an hour’s 
duration, during which these effects were not serious. In the course of a year 
sufficient samples to cover a full sidereal day could be obtained. 


During the morning and early afternoon on most days the record had the 
appearance of random noise only and there was little interference either from 
atmospherics or from radio stations. However, as expected, the noise powers 
recorded at these times were always low, due to ionospheric absorption. In 
the late afternoon and early evening, especially in summer, atmospherics increased 
in intensity. These were recognized as “‘ crashes ’’ when listening to the receiver 
output through a loudspeaker, and as “ spikes’ on the record. However, 
provided the individual spikes were not too frequent, the lower edge of the trace 
showed a fairly well-defined base level of apparently random noise. During 
the same part of the day, station interference often became serious ; as far as 
possible this was avoided by slight retuning of the receiver, although the fre- 
quency was always kept within 10 ke/s of 9:15 Mc/s. Atmospherics generally 
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Fig. 3.—A record showing the absence of atmospherics and station interference for about 
an hour during the early morning of August 23, 1951. Sunrise occurred at 0627 hr 
(150 °H. time). Atmospherics, which appear on the record as spikes, are very frequent 
at about 0230hr. Interference from a station is severe from 0240 hr but decreases in 
intensity, together with the atmospherics, until the record is clear of interference by 
0415 hr. Atmospherics increase in intensity again soon after 0500 hr. The sidereal time 
at 0400 hr (150 °E. time) is 02 hr 05 min, and the gradual drop in received power is a real 
variation in cosmic noise intensity. 


increased in intensity and frequency until about midnight, and commonly such 
periods of the records could not be used, although on a few occasions the record 
remained quite smooth throughout the night with no noticeable trace of atmos- 
pherics. Between midnight and sunrise, at times when the critical frequency 
of the F region was low, atmospherics and station interference decreased greatly 
in intensity. The majoriy of the useful observations were obtained during 
this period of the day. Figure 3 shows a record during which atmospherics 
and station interference decrease in intensity until the record is smooth 
from about 0415 to 0500 hr. Later, atmospherics increase again in intensity. 
Tt will be seen that even when the atmospherics spikes are moderately frequent 
the general variation of the cosmic noise base level can be followed. The fact 
that spikes due to atmospherics decreased, and on many occasions completely 
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faded out, at the same time as interference from radio stations, suggests that 
even atmospherics from distant lightning flashes do not average out sufficiently 
to give a smooth record. If this is so, absence of spikes could be taken to 
indicate absence of atmospheric interference. 

During summer it was difficult to find records completely free of atmos- 
pherics, even during the early morning. Although their intensity was small, 
the frequency of the spikes was sufficient to render uncertain the cosmic noise 
base level when the recording meter was used. To overcome this difficulty, 
the receiver output was displayed on the cathode-ray tube with a time base 
duration of about 30 sec, and each trace was photographed separately on 16-mm 
film. After several frames the noise generator was substituted for the aerial 
and several frames were exposed at each of several known noise levels. It 
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Fig. 4.—Observed equivalent aerial temperatures v. sidereal time (corrected for aerial losses). 


was found that, on the occasions when this method of recording was used, the 
atmospherics could always be distinguished and a cosmic noise base level 
determined. When the intensity was later determined by observation of the 
film, it was found that, with visual integration of the base level over several 
minutes, the accuracy was no less than that obtainable with good meter records. 
However, the inconvenience of this technique accounts for the paucity of 
observations in the period between 05 and 09 hr, the region which passed through 
the aerial beam during early morning hours in summer time. 

Readings were taken from all suitable records for periods between half an 
hour after sunset and half an hour before sunrise. When a record showed no 
interference for some time, readings were taken every 12min. The results of all 
these observations, in the form of equivalent aerial temperatures corrected for 
losses in the aerial system, are plotted against the sidereal time of observation 
in Figure 4. Although a contribution from atmospherics to the received noise 
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powers plotted in Figure 4 cannot be completely ruled out, it is considered that 
any such contribution must be very small. This is confirmed by the fact that 
there is a marked sidereal diurnal variation of intensity in Figure 4, while 
intensities measured at roughly the same sidereal time at intervals of up to 
4 rmonths showed no systematic variation with season. 


IV. ANALYSIS 
(a) Corrections for Ionospherie Absorption 

Since the observations were limited to the night hours, and mainly to the 
period between midnight and half an hour before sunrise, absorption in the 
D region could be neglected. However, Mitra and Shain (1953) have shown 
that appreciable absorption of cosmic noise takes place in the F region when 
the critical frequency of this region, foF., is greater than about one-third of the 
operating frequency. There were insufficient observations to obtain a curve of 
absorption of 9:15 Mc/s cosmic noise against f,F, and it was decided to use the 
results of the 18-3 Mc/s absorption measurements, assuming that F-region 
absorption depended only on the ratio of the operating frequency to fof. For 
example, Mitra and Shain found that absorption at 18-3 Me/s, measured at 
Hornsby, was 0-4 db when fof’, at Canberra was 8 Mc/s; it was assumed that at 
9-15 Me/s the absorption would be 0-4 db when f,F, was 4 Mc/s. 

Values of f,/, were taken from data issued by the Ionospheric Prediction 
Service of the Commonwealth Observatory in ‘“Ionospheric Predictions— 
Series D’’. Where possible, the data for Canberra (lat. 35-3 °S., long. 
149-0 °E.—about 250 km south-west of Hornsby) were used. Unfortunately, 
for observations during several months no Canberra data were available. At 
such times f,/, at Canberra was estimated using the values observed at Brisbane 
(lat. 27-5 °S., long. 153 -0 °E.—about 600 km north of Hornsby), and the trend 
of f,F. with latitude indicated in ‘“ Ionospheric Predictions—Series W ”’, also 
issued by the Ionospheric Prediction Service. Although this procedure intro- 
duces some uncertainty in the application of the corrections for ionospheric 
attenuation, it is not serious since in any case the corrections were all small, 
generally less than 10 per cent. Also attenuations calculated according to the 
above procedure using Brisbane data agreed well with values calculated directly 
from Canberra data when the latter were available. 

The values of equivalent temperature shown in Figure 4, corrected where 
necessary for ionospheric attenuation, are replotted in Figure 5. The main 
part of the scatter of the points is due to the uncertainty of reading from the 
records. A smooth curve is drawn through the averages of all points within 
hourly intervals. The accuracy of the curve in Figure 5 is estimated to be 
better than 10 per cent. for relative values, except for the dashed section where 
it is somewhat less, and 20 per cent. for the absolute scale. 


(b) Comparison with Observations at Other Frequencies 
The curve in Figure 5 has features similar to those of corresponding curves 
for other frequencies. There ig a pronounced maximum (near 18 hr) as the 
galactic centre passes through the aerial beam, and the minimum near 05 hr 
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agrees with the positions found at 18-3 Me/s and at 100 Mc/s. ane ro of 
equivalent aerial temperature are, however, considerably higher: Direct 
comparison with observations at other frequencies is not possible since the 
temperatures observed, especially near the maximum, would depend fairly 
critically on the aerial directivity. In a previous paper (Shain 1954) it was 
pointed out that the aerials used in surveys by Shain and Higgins (1954) at 
18-3 Mc/s and by Bolton and Westfold (1950) at 100 Me/s had main lobes of 
nearly the same shape, although the side lobe pattern was different in each case. 
In addition, Shain corrected the results of these surveys for the effects of side 
lobes. This gave contours of equivalent aerial temperature which would have 
been obtained if, at each frequency, an idealized aerial which had a single lobe, 
the shape of the main lobe in the two surveys, had been used. 
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Fig. 5.—The observed equivalent aerial temperatures of Figure 4, corrected for the effects of 
ionospheric absorption. The curve is drawn through hourly averages, except for the dashed 
section between 4 and 9 hr. 


The equivalent aerial temperature is the average, weighted according to 
the aerial sensitivity in different directions, of the brightness temperatures over 
the visible sky. If observed equivalent aerial temperatures are available for a 
single lobe aerial, aerial A, say, having a comparatively small beam width, 
it is possible to determine the equivalent temperature that would be observed 
by a broader-beamed aerial by taking suitably weighted averages of the equi- 
valent temperatures seen by aerial A when pointed in appropriate directions. 
This procedure was adopted to obtain the equivalent aerial temperatures that 
would have been observed at 18-3 Mc/s and at 100 Me/s with an aerial having 
the same directivity (including side lobes) and pointed in the same direction 
as that used for the 9-15 Mc/s observations. 
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Curves of the calculated equivalent temperature as a function of sidereal 
time for such hypothetical observations at 18-3 Me/s and at 100 Mc/s are shown 
in Figure 6, together with the curve for observed 9-15 Mc/s equivalent temper- 
atures taken from Figure 5. The scales of the curves have been adjusted so that 
the curves coincide near their minima. 

Several points of interest in Figure 6 may be noted. The general shapes 
of the curves at the three frequencies are very similar, and the differences in 
shape show a progressive trend with frequency. The ratio of maximum to 
minimum temperatures decreases with frequency although the actual values of 
the equivalent temperatures increase rapidly as the frequency is lowered. 
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Fig. 6.—Comparison of equivalent temperatures at three frequencies. (@) Equivalent 

aerial temperature v. sidereal time as observed at 9-15 Me/s (from Fig. 5). (6) Equivalent 

aerial temperature v. sidereal time to be expected at 18-3 Mc/s with an aerial similar to 

that used at 9-15 Me/s ; calculated from 18-3 Me/s observations as explained in the text. 
(c) A similar curve to (b) but for 100 Me/s. 


Figure 7 shows the maximum and minimum equivalent temperatures and their 
ratio plotted against frequency using logarithmic scales. The points in Figure 
7 (a) corresponding to the minimum temperatures are fitted closely by the 


relation. 
il oa ie 8 


where 7 °K is the minimum equivalent temperature observed at a frequency 
f Me/s. j 
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The bump in each curve in Figure 6 centred on about 15 hr sidereal time is 
largely an instrumental effect, due to the side lobes of the aerial in the east-west 
plane, but it was found that, even after side lobe effects had been removed, small 
bumps were still evident on the curves for 18-3 and 9-15 Me/s. Calculations 
showed that passage of the aerial beam over discrete sources previously observed 
at 18-3 Mc/s could account for these bumps at 18-3 Mc/s, and the presence of 
similar bumps at 9-15 Mc/s suggests that discrete sources are contributing 
appreciably to the radiation at 9°15 Mc/s. No accurate evaluation of source 
intensities can be made, but it appears that at 9-15 Mc/s they stand out against 
the background at least as clearly as at 18-3 Me/s, possibly more so. 
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Fig. 7 (a)—Maximum (open circles) and minimum (full circles) equivalent temper- 
atures (from Fig. 6) as a function of frequency. 


Fig. 7 (b).—Ratio of maximum and minimum equivalent temperatures as a function 
of frequency. 


V. DISCUSSION 


It is not proposed to compare in detail the observational results with the 
predictions of published theories of the origin of the cosmic noise. Qualitatively, 
at least, the 9-15 Mc/s results fit the assumptions of an origin in discrete sources 
together with an absorbing (at 9-15 Me/s) disk of interstellar gas. Shain (1954) 
Showed that certain differences in the brightness distributions at 18-3 Me/s~. 
and at 100 Me/s could be accounted for if absorption in interstellar gas occurred 
at 18-3 Mc/s towards the galactic centre. From Shain’s results, it would be 
expected that near the galactic centre the optical depth for 9-15 Mc/s radiation 
would be greater than unity for latitudes within 10° of the galactic equator. 
This could then account for the comparatively low value of the maximum 
temperature at 9-15 Mc/s and for the different variation with frequency of the 
maximum and minimum observed temperatures. It may be noted from Figure 7 
that at 9-15 Mc/s the observed temperatures are still increasing rapidly with 
decreasing frequency. The rate of change of the minimum temperatures with 
frequency is greater (numerically) than that of the maximum temperatures. 
Observations at low frequencies may even show that minimum equivalent 
temperatures occur towards the galactic centre rather than near the pole. 
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The absolute values of the equivalent temperatures are considerably higher 
than values deduced from the observations of Friis and Feldman (1937). Townes 
(1947) has shown that the maximum noise intensity observed by Friis and 
Feldman at 9-5 Mc/s corresponded to an equivalent temperature of only 
120,000 °K. Although their aerial was not directed near the galactic centre, 
their maximum value is considerably less than the minimum value obtained 
in the present investigation. Their aerial had its maximum sensitivity at low 
angles and consideration of the ionospheric conditions at the time of their 
observations (Gilliland et al. 1937) indicates that the low values recorded by 
Friis and Feldman were due to ionospheric attenuation. 


Since Friis and Feldman could measure cosmic noise with a communications- 
type aerial, it is of interest to compare received cosmic noise powers with the 
noise field strengths measured during the world-wide survey described by 
Horner (1953). These noise levels were attributed to atmospherics. After 
considering the effect of receiver noise on the measurements, especially during 
daylight when measured noise levels are low, due to absorption, Horner also 
briefly considered cosmic noise. He concluded that under the normal conditions 
of measurement its intensity was too low to be significant by comparison with 
receiver noise. 


Using a relation derived by Pawsey, McCready, and Gardner (1951), we 
find that the typical value of equivalent aerial temperature due to cosmic 
noise of 10° °K corresponds to a noise field strength of 4 db below 1 uV/m for 
10 ke/s bandwidth at 9-15 Mc/s. As an example of the noise levels measured in 
Horner’s survey, the median noise levels at midnight throughout the year at 
Tatsfield, England, at 10 Mc/s, were within a few decibels of 10 db below 1 uV/m 
for 10 kc/s bandwidth (i.e. some 6 db below the typical cosmic noise level). 
From September to February the medians were even lower than 10 db below 
1yuV/m. But these figures cannot be compared directly with the observed 
cosmic noise field strengths, since in Horner’s survey vertical aerials, having 
maximum sensitivity at low angles, were used. Cosmic noise arriving at low 
angles will normally suffer considerable attenuation, and for large angles of 
incidence on the ionosphere it may be cut off completely. Under these con- 
ditions the cosmic noise levels measured with the vertical aerials would be much 
lower than the value given above. However, during the winter months at 
Slough, the mean midnight values of fyi, were less than 3 Mc/s (Department of 
Scientific and Industrial Research 1953) so that at these times cosmic noise 
should not have been attenuated greatly, while the reception of atmospherics 
at 10 Mc/s would be poor. It therefore appears that, at least near midnight 
during winter, the measured noise level of 10 db below 1 »V/m was largely due 
to cosmic noise. In summer, of course, fof, was higher and atmospherics 
probably predominated. 

This investigation will not be pursued in this paper, but it is apparent 
that for frequencies of about 10 Mc/s cosmic noise, at least at some times, makes 
a major contribution to the noise levels observed during the “ atmospheric 
noise level ’’ programme. 
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VI. CONCLUSIONS 

Results have been presented of observations of cosmic noise at 9-15 Mc/s 
made with a fixed aerial which scanned a strip of the sky centred on Dec. —32°. 
Although, if possible, a detailed survey with a sharper aerial beam should be 
undertaken, the observations described in this paper should prove useful in 
checking theoretical models of the radio Galaxy. With the smaller ratio of 
maximum to minimum temperatures and the large magnitude of the equivalent 
aerial temperatures, they continue trends established from observations at 
higher frequencies and, at least qualitatively, they are in accordance with 
what would be expected on current theoretical ideas. 


The high intensity of cosmic noise suggests that it will be necessary, at 
some times, to allow for a considerable cosmic noise contribution in measurements 
of atmospheric noise levels. 
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THE ASSOCIATION OF PULSATING AND FLAMING AURORAS WITH 
COMPLETE IONOSPHERIC. ABSORPTION AT MACQUARIE ISLAND 


By G. Masor* 
[Manuscript received March 2, 1954] 


Summary 


Records of simultaneous auroral observations and ionosphere soundings at 
Macquarie Island (geomagnetic lat. —61-7°) show that pulsating or flaming auroras 
are frequently accompanied by complete absorption of the vertically incident waves. 
However, the nocturnal variations of frequency of occurrence of these two phenomena 
are markedly different in form. 


I. OBSERVATIONS 

Heppner, Byrne, and Belon (1952) have reported that at College, Alaska, 
a pulsating aurora at the zenith is frequently associated with compl ete absorption 
of vertical incidence radio waves. Pulsating and flaming auroral displays were 
observed at the Australian National Antarctic Research Expedition Station at 
Macquarie Island (lat. 54° 30’S., long. 158° 57’ B., geomagnetic lat. —61-7°, 
magnetic dip 78°) on 48 nights between August 14,1950 and April 15, 1951 
(Parsons and Fenton 1953), and on 36 of these nights simultaneous ionospheric 
records were obtained with the vertical incidence automatic variable frequency 
recorder (Cohen 1952; Jeffrey 1953). Tonospheric soundings which took 2 min 
for the sweep from 1 to 13 Mc/s were made every 10 min, and all these records 
have been rescaled and matched with the corresponding auroral observations. 
Auroral observations were made sporadically and time interpolation of auroral 
observations to coincide with ionosphere recorder timing was often necessary. 
However, interpolation was considered valid only when the pulsating or flaming 
state was constant and interpolation was never made over a period greater than 
5 min. The ionosphere recorder programme was controlled by a synchronous 
motor run from the Macquarie Island Station power mains and, owing to unavoid- 
able power frequency variations, the times of recording are not as reliable as 
those appertaining to the auroral observations. The errors in simultaneity are 
not considered to be appreciable and their effect on the results should be 
negligible. 

The auroral observers reported (Parsons and Fenton loc. cit.): ‘ Pulsating 
and flaming auroras were usually associated with very intense displays. Almost 
invariably confined to the northern sky or the region close to the zenith, they 
usually took the form of diffuse surfaces or scattered remnants of previously 
brighter draperies or coronas. The intensity was seldom very great. On no 
occasion did pulsating or flaming forms appear until a display had been in 
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progress for some considerable time and on several occasions such forms were 
observed to persist until dawn. 

Flaming auroras exhibited a general tendency for an upward sweep towards 
the magnetic zenith. Regular wave-like variations were infrequent but were 
of two distinct types, one in the nature of waves which brightened scattered 
areas of glow momentarily as they passed, the other in the form of a succession 
of regular arcs sweeping rapidly in a direction normal to their orientation. 
These latter were almost invariably directed towards the magnetic zenith but 
on one occasion very distinct waves following each other at intervals of about 
one second swept from approximately 20° south of the zenith to low in the 
northern sky.” 


II. RESULTS 
(a) Pulsating and Flaming Auroras Associated with Complete Absorption 


Table 1 shows the results of an analysis of all reported pulsating or flaming 
auroral forms with simultaneous ionosphere soundings. On not one occasion 
were F' echoes present without H, and on the great majority of occasions when 
HE, was present # echoes were blanketed. An aurora in a region up to 10° in 
radius centred on the geographical zenith is classed as a zenith aurora. 


TaBLE | 
OCCURRENCE OF COMPLETE ABSORPTION DURING SPECIFIC AURORAL 
DISPLAYS* 
Total Percentage of 
No. of Traces showing 
Condition of the Sky Ionospheric Complete 
Traces Absorption 
Pulsating or flaming aurora 182 62 
Zenith pulsating aurora on 80 61 
Non-zenith pulsating aurora 53 60 
Zenith flaming aurora is 17 65 
Non-zenith flaming aurora .. |» 31 65 


* The average percentage occurrence of absorption for all 
occasions irrespective of auroral appearance is 18 per cent. 


(b) Time and Seasonal Variations 

All the hourly records of the sporadic H-region between August 1950 and 
April 1951 inclusive during the hours when auroras could have been seen if the 
meteorological conditions were favourable were analysed to determine the 
percentage of observations when complete absorption was present. (The 
maximum amount of twilight in which an aurora may be seen is somewhat 
subjective and therefore the time limits when an aurora was seen by Parsons 
and Fenton were taken as a guide—roughly the period is when the Sun is lower 
than 12° below the horizon.) Complete absorption was seen to vary with hour 
and with month. The dashed line in Figure 1 shows the variation of percentage 
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of observations showing complete absorption with time of day for all days, 


independent of their magnetic character. 


The magnetic character of the days on which simultaneous pulsating and 
flaming aurora or both and ionosphere records were made is shown in Table 2. 
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Fig. 1.—Curve 4, nocturnal variation of percentage of observations 
showing complete absorption for the period August 1950 to April 
1951 at Macquarie Island for all days except the 10 magnetically 
quiet days; curve B, as curve A except that it includes all days of 
each month; curve C, nocturnal variation of auroral intensity at 
Macquarie Island for the period May 1950 to April 1951; curve D, 
as curve B for College, Alaska for ‘period September 1950 to April 
1951. 


Hourly E, records for days other than the 10 quiet days of each month 


have been analysed revealing complete 
the full line curve of Figure 1. 


absorption characteristics as shown by 


TABLE 2 
MAGNETIC CHARACTER OF DAYS ON WHICH PULSATING AND 
FLAMING OR BOTH AURORAS OCCURRED 


Magnetic Character 


No. of Observations 


5 disturbed days of the month .. 9) 


5 quiet days of the month 
10 quiet days of the month 
** Normal” days 


ee ee ee 
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of the period September 8, 1950 to April 16, 1951. 
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For comparison, the dotted line curve of Figure 1 shows the percentage of 
observations showing complete absorption at College, Alaska, for the hours 
between theend of civil twilight and the beginning of civil twilight for every day 


Also for comparison is the 
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Fig. 2.—Nocturnal variation of observations of zenith and non-zenith pulsating 
and flaming auroras at Macquarie Island during the period August 1950 to 


April 1951. 
pulsating auroras ; 


Curve A of Figure 1 is superimposed for comparison. 
(0) non-zenith pulsating auroras ; 


(a) Zenith 
(c) zenith flaming 


auroras ; (d) non-zenith flaming auroras ; (e) all pulsating and flaming auroras. 


broken line curve of Figure 1 (Jacka 1954) which shows the nocturnal variation 
of intensity of the aurora at Macquarie Island between May 1950 and April 1951. 


This curve gives the intensity of the brightest display (any form, any direction) 


observed during each hour, centred on the hour L.M.T. ‘ 


) 
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The time of occurrence of pulsating and flaming forms is shown in Figures 
2 (a)-(e) inclusive where the ordinates show the number of observations occurring 
within }hr periods. Superimposed on Figures 2 (a), (b), and (e) is the full line 
curve of Figure 1. 

Figure 3 shows the monthly variation of occurrence of pulsating and flaming 
auroras and of total absorption for both 1950-51 and 1951-52 during hours when 
auroral observations were possible. The pronounced equinoctial effect may be 
exaggerated because less hours were available for observation in December and 
January than in other months. 
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Fig. 3.—Curve A, seasonal variation of observations showing complete absorption during ‘‘ auroral 
hours ” for 1951-52 at Macquarie Island ; curve B, as curve A except that it refers to all days 
except the 10 magnetically quiet days of each month for 1950-51; curve O, as curve B except 
that it refers to all days of each month ; curve D, seasonal variation of observations of pulsating 
and flaming aurora at Macquarie Island for the period August 1950 to April 1951. 


III. DIscUSSION OF RESULTS AND CONCLUSIONS 


Table 1 and Figure 1 indicate that the percentage of traces showing complete 
absorption during pulsating and flaming auroral displays or both is at least twice 
the highest average percentage for any hour and may be compared with the 
results of Heppner, Byrne, and Belon (loc. cit.), who found 72 per cent. complete 
absorption from 239 traces during pulsating aurora at the zenith. The average 
percentage of traces showing complete absorption for all hours and all months ab 
Macquarie Island is 18 per cent., while at College it is 14-5 per cent. It is 
interesting to note that the maximum frequency of occurrence of pulsating 
aurora near the zenith is at about 0200 L.M.T. at both locations. It is interesting 
also to note that non-zenithal and zenithal pulsating and flaming auroras give 
similar ionosphere absorption percentages at Macquarie Island. 

HH 
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The maximum of the full line curve of Figure 1 at about 2300 L.M.T. (which 
is also local mean magnetic midnight) and the minimum 1 hr later do not appear 
on any of the aurora occurrence diagrams of Figures 2 (a)-(e) ; indicating that 
neither this maximum nor minimum is a general enhancement or depression 
due to the occurrence or absence of pulsating or flaming auroral forms. Similarly 
it may be seen that such auroral forms are not most frequent when complete 
absorption is greatest. We may say simply that the occurrence of pulsating 
and flaming auroral forms or both is often accompanied by complete absorption 
of vertical incidence waves. There is a closer resemblance between the nocturnal 
variations of intensity of the aurora and frequency of occurrence of complete 
absorption than there is between frequency of occurrence of pulsating and 
flaming auroras and complete absorption. 


It is impossible to assess the effect of cloud on the results. Macquarie 
Island is characterized by extreme cloudiness and rapid changes in cloud cover, 
and even on nights that are not completely overcast the overwhelming majority 
has a period when the sky is at least 7/8 clouded for some period. Of 244 nights 
between August 14, 1950 and April 15, 1951, 205 nights had a period of at 
least 7/8 cloud between 0000 L.M.T. and 0200 L.M.T. 


The author is not able with confidence to join Heppner, Byrne, and Belon 
in saying that ‘‘ absorption begins with the appearance of pulsating aurora and 
ends whenever it is replaced by non-pulsating aurora ’’, because no clear-cut 
minute to minute association of auroral forms and absorption or abnormal EH 
occurrence has been found. Cloud interference considerably reduced the number 
of observations and while the remaining observations give some support to the 
above thesis there is also evidence to the contrary. 
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VARIATIONS OF INTENSITY OF THE AURORA AT MACQUARIE 
ISLAND 


By F. JAcKkA* 
[Manuscript received March 2, 1954] 


Summary 


Observations of intensity of the aurora at Macquarie Island (geomagnetic co- 
ordinates 61 °S., 243 °E.) are examined. The intensity is found to be dependent on 
geomagnetic planetary disturbance index kK, but the form of this dependence is different 
for different auroral forms. After eliminating the effects of variation of K, the residual 
diurnal and annual variations of intensity are small and irregular. 


I. INTRODUCTION 

The nocturnal variation of auroral “ activity ’’ has been examined by a 
number of workers (cf. Vegard 1912 ; Fuller 1933 ; Davies 1935) but agreement 
among them is very poor. The annual variation of auroral activity has been 
shown to exhibit maxima at the equinoxes and minima at the solstices (cf. 
Chapman and Bartels 1940, p. 474). A high correlation between auroral activity 
and magnetic activity has been claimed by some workers and denied by others 
(cf. Rooney 1934, p. 109). In these studies various measures of auroral activity 
have been used—in some cases the intensity, in some the frequency of occurrence, 
and in others a measure depending on intensity, area of sky covered, and type 
of aurora. 

In an earlier paper (Jacka 1953) it was pointed out that the geomagnetic 
planetary disturbance index K, was devised to measure the “ intensity ”’ of the 
solar particle stream producing the aurora and it will be inferred from the 
discussion of that paper that the definition of the term “ intensity ’’ must depend 
on the formulation of a satisfactory theory of the aurora and magnetic 
disturbance. It is considered that a study of the variations of intensity of the 
aurora and its dependence on K, may contribute to this end. 

For this purpose Parsons and Fenton’s (1953) observations, which cover 
the period May 1950 to April 1951, have been examined. These observations 
were made at the Australian National Antarctic Research Expedition station 
at Macquarie Island (geomagnetic coordinates 61 °§., 243 °H.). The intensity J 
of the brightest display observed during each hour of G.M.T. is considered. 
These intensities were visually estimated on the usual 0-4 scale (cf. La Cour 
1932) ; consequently they are very roughly proportional to the logarithms of 
the photometric intensities. 
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II. NocTURNAL VARIATION OF AURORAL INTENSITY 


The mean nocturnal variation of IJ is shown in Figure 1 with the mean 
nocturnal variation in K, derived from data associated with the same hours of 
observation. The values of K, are taken to the nearest integer and are ascribed 
to each hour of the standard 3-hr periods. Mean magnetic midnight (as defined 
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Fig. 1.—Nocturnal variation of intensity of the aurora, J, and K po 
(The numbers near the points indicate the number of observations 
used in computing the point.) 


by McNish (1936)) is at 12-4hr G.M.T. and geographic midnight at 13-4 hr 
G.M.T. | 


Figure 2 shows the mean value of I associated with each value of K,. the 
straight line Y 


1p, =0°D7-F 030K, Geese eee (1) 


through the points being fitted to the raw data by the least, Squares method. 
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Ordering the observations chronologically, we find 
d =%(AZ)?/xZ? — Dif << diy5%)2, 


indicating serial correlation of the error term of the regression model significant 
at the 5 per cent. level (cf. Durbin and Watson 1951). (Z is deviation from 
regression, AZ’s are first differences of Z.) 


The mean J—I,, for each hour is shown in Figure 3. The distribution of 
points here suggests a relation of the form 


Ipp=0-+GoK,+B, sin a Sch ee (2) 


t being the mid point of the hour (G.M.T.) of observation. The least squares 
estimates and 95 per cent. confidence limits of the coefficients are «*=0-56, 


3-0 


° 1 2 3 4 5 6 ) 8 


Kp 
Fig. 2.—Dependence of intensity of the aurora, I, on Ky. (The 
numbers near the points indicate the number of observations used 
in computing the point.) 


62=—0-39-+0-04, Bs=0-14-40-09. Again, however, d=1-36 <dis%)~2, indicat- 
ing serial correlation of the error term. The significance of the estimates above 
is, therefore, doubtful especially in the case of (3 (cf. Durbin and Watson 1950). 
The curve 0-14 sin {2n(t—9)/8} is shown in Figure 3. 

From the physical point of view the regression model is unsatisfactory if 
the error term is serially correlated. In attempting to improve the regression 
model the following possibilities should be considered : 


(1) The intensity J may be dependent on some factor, other than K, and t, 
which is not highly correlated with K, or t. 


(2) The observers’ estimates of I may not be consistent ; they may tend 
to be high for a while—say a few hours—then low for a while and so on. 
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(3) It may be that the relation between J, K,, and ¢ is different for different 
auroral forms and that the form of the brightest display during each hour shows 
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Fig. 3.—Nocturnal variation of deviations J—I £1 of observed 

intensity from regression of J on K,. The dotted curve is that 

of 0-14 sin {277( t—9)/8}. (The numbers near the points indicate 
the number of observations used in computing the point.) 


some tendency to conservation. In fact, an examination of the observers’ log 
(Parsons and Fenton 1953) shows quite clearly that a conservation of the form 
of the brightest display for several hours is quite common. 
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In order to examine the plausibility of this last point the observations on 
“ eoronas ’?? and on ‘“‘ homogeneous ares’? (H.A.) were examined. Denoting 
by C the intensity of the brightest corona during each hour in which a corona 
was observed we find 

he (0002. Qe Bop y nent abys oop wits POmey 


\) 


the limits being the 95 per cent. confidence limits of the coefficient of ,. Serial 
correlation of the error term is not significant at the 5 per’ cent. level ; 
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Fig. 5.—Annual variation of monthly mean auroral intensity I’ 
and K,. (The numbers near the points indicate the number of 
observations used in computing the point.) 


d=1-73 >dyisy%)=1°66. (This is not surprising in view of the fact that the 
observations, 80 in all, were made over a period of 1 year so that there were 
rarely two or more observations during one night). The variation (which 
may not be significant) of C—O, with time of night is shown in Figure 4; its 
form is markedly different from that of I—I,, shown in Figure 3. 
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Denoting by A’ the mean intensity of all H.A. observed during the one 
hour we find the regression of A’ on K, and also of A’ on K, and L’ (mean 
latitude of H.A.) is not significant at the 5 per cent. level. 

Point (3) above, then, does offer at least a partial explanation of the failure 
of the regression models considered above. In order to describe the variations 
of intensity of the aurora we must consider the dependence of intensity on K, 
and ¢ for each auroral form and also, separately, describe the sequence and 
concurrence of forms characteristic of the place of observation. That the 
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Fig. 6.—Dependence of intensity of aurora, I’, on K p: (The numbers 
near the points indicate the number of observations used in computing 
the point.) 


sequence of forms is dependent on the place of observation is clear from the fact 
that the probability distribution of geographic position is different for different 
forms (cf. Jacka 1953, p. 227). 

It is considered that these findings may explain the poor agreement among 
previous workers on the diurnal variation of auroral activity. 


III. ANNUAL VARIATION OF AURORAL INTENSITY 
In order to study the annual variation of intensity of the aurora the mean 
values I’ of the values of I for the hours 12-13, 13-14, and 14-15 hr G.M.T. 
were calculated for each day. In cases where only two values of I were available 
in this 3-hr period I’ was taken as the mean of these ; in cases where only one 
value was available this was not included in the sample. 
Figure 5 shows the annual variation in monthly mean of I’ and also of K b 


for corresponding 3-hr periods. Figure 6 shows the mean I’ associated with 
each value of K,, the straight line 


Tz=0-45+(0-4040-10)K,  .......... (4) 
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through the points being fitted to the raw data by the least squares method. 
The limits are the 95 per cent. confidence limits of the coefficient of A,. In 
this case serial correlation of the error term is not significant at the 5 ole cent. 
level 5 d—l-90 > dy(s%)=1 69. 


The monthly mean values of J’ —Iy are plotted in Figure 7 ; this shows the 
annual variation of intensity of the aurora after elimination of the effects of 
variation of K,. The variation is small and irregular and may well be due to 
errors in estimating the intensity. 
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Fig 7.—Annual variation of deviations I’—Igz of observed 
intensity from regression on Ky. (The numbers near the points 
indicate the number of observations used in computing the point.) 


TV. CONCLUSIONS 

Even though visual estimates of the intensity of the aurora are very rough 
and subjective it appears likely that an application of the methods used above on 
such estimates may lead to descriptions of the variations of intensity of different 
auroral forms which would be of use in formulating a satisfactory physical 
theory of the phenomenon. The possibility should not be overlooked, of course, 
that the magnetic disturbance index K at the place of observation may provide 
more relevant information on the auroral intensity than does K,,. 
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PROGRAMME DESIGN FOR THE C8.1.R.0. MARK I COMPUTER 
IM. ADAPTATION OF ROUTINES FOR ELABORATE ARITHMETICAL OPERATIONS 


By T. PEARCEY* and G. W. HILL* 
[Manuscript received November 12, 1953] 


Summary 


Certain routines, using the fixed index programming methods established for use 
in the C.S.I.R.O. Mark I computer, are described. These facilitate the use of the 
machine for performing elaborate arithmetical operations required for extended accuracy, 
floating index and complex variable arithmetic. Programming for such operations is 
greatly simplified by the use of an “ interpretive > code, especially chosen by the pro- 
grammer. The “interpretive” method of programme design is potentially very 
powerful, and relieves the programmer of the work associated with the details of store 
positioning, index control, scale changes, etc. The various operations called into use 
by the specially chosen codes are closely analogous to the operations existing in the 
normal machine code, although some are specially chosen to facilitate the use of variable 
commands and in transfers of control by linkage and in control of repetitions of routines 
which are stored in the machine in the special code. 


I. INTRODUCTION 

The ©.8.1.R.O. Mark I computer is of the high speed fully automatic type 
which is organized and sequenced by a suitable programme of commands. The 
machine is capable of performing a number of elementary functions, multiplica- 
tion with fixed index point, and certain logical functions. Each command 
corresponds to one of these elementary functions. Normally programmes 
use the system of library routines and sub-routines, which themselves consist 
of sequences of commands for organizing such operations as division, square 
rooting, evaluation of functions, and so on. 

In Parts I and II (Pearcey and Hill 1953a, 19535) the authors described the 
conventions used in programme design and showed how a programme is compiled 
and recorded in a manner suitable for use by the computer. The discussion 
was restricted to cases of single word numbers, i.e. numbers occupying only one 
storage location, and to cases of fixed index point. 

This part discusses the extension of the library routine system to more 
elaborate arithmetical systems; to floating point, multiple precision, and 
complex arithmetic, and certain combinations of these. The use of routines 
providing arithmetical operations of these kinds is greatly facilitated by use of 
a very flexible method of programme organization termed “ interpretive ” 
(Wilkes, Wheeler, and Gill 1951), and a full description” of the application of this 
method to the C.8.I.R.O. Mark I computer will be given. 
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The overall effect of use of interpretive methods for performing elaborate 
arithmetical operations is to provide the machine with a number of additional 
useful functions each of which may be called into use individually by single 
special commands. The code system used for recording commands in such 
programmes differs from that used for normal commands-used by the machine, 
and can be chosen at will to suit the system of routines in use. 


II. ARITHMETICAL SYSTEMS 

Most automatic computers like the C.S.I.R.O. Mark I operate in the fixed 
index convention, that is, the location of the binary point is fixed in relation to 
the digits of numbers which are restricted to a definite range of values, usually 
between +1 and —1. In such a scheme it is often difficult to keep the range of 
magnitude of variables within the storage capacity of registers. Variables 
may require to be scaled down initially, thus losing significant digits. Alter- 
natively, suitable changes in the position of the index point may be 
““»yrogrammed ”’; that is, routines are inserted where needed which cause 
variables to be scaled up or down during the course of the calculation. Both 
these expedients are inconvenient and call for considerable effort from the 
programmer. 

Additional difficulty may arise in programming for calculations involving 
large sequences of arithmetical operations and those involving complex numbers. 
In the latter case the number of problem variables is at least doubled and 
organization of the calculation correspondingly increased. 

In some types of calculation it is impracticable to predict the range of 
variables at any particular stage of the calculation. This occurs in evaluation 
of large determinants, transformation of matrices, and evaluation of roots of 
algebraic, logarithmic, and transcendental functions. In such calculations a 
semi-logarithmic form of recording data is most useful. Each datum is recorded 
in two parts; a fractional component, XY say, and an integral component, p. 
Two scale conventions are commonly in use, the decimal and binary index 
scales. In the first of these the components are related by a convention which 
represents the number X-10? (0-1<| X|<1; —N<p<WN).* In automatic 
computers decimal index scale is commonly used but binary index scale is 
sometimes more convenient when the greatest precision from a given number of 
binary digits is required.. In the latter case, the number represented would be 
X-29 (0-5<| X|<1; —M<p<WM).* 

The semi-logarithmic or ‘‘ floating index ”’ method of storage is quite suitable 
when the number of multiplications, divisions, square rooting, ete. is comparable 
with, or greater than, the number of additions and subtractions. The method 
fails in subtraction of nearly equal quantities, as also occurs in fixed index scales. 
Significant figures are lost, and can be retained only by holding additional 
figures in the fractional components throughout the calculation. Conditions 
can arise in which the result is dependent upon the order in which operations. 
are performed. Such conditions occur in matrix operations, particularly with 
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sets of ill-conditioned coefficients. The floating index method fails also in 
summation of a large number of items of the same order of magnitude. In 
numerical integration a stage in the summation may occur at which the partial 
sum is so great that following increments lie outside the precision of the fractional 
component, and further increments will not affect the total. The alternative 
is to perform the addition by a fixed index method and allow the accumulator 
to “ over-carry ’’, account being taken of the digits carried over. This amounts 
to retaining additional figures. 


Floating index arithmetic is therefore not a cure-all for arithmetical 
difficulties, but must be used with care. Where suitable, it can save much work 
in programme design and avoids nearly all preliminary scaling adjustments. 
In case of inadequate accuracy, additional figures must be retained. This 
can be done in a computer only by allowing the digits of a number to extend 
beyond one storage location into one or more other locations. Such methods 
are known as “‘ multiple precision ’’ methods ; the commonest being the ‘** double 
precision ’’ method, in which just two storage locations are used to hold each 
number. In many cases double precision is sufficient to overcome most of the 
difficulties mentioned and also to reduce considerably the effort required in 
programming and in scale adjustments. 


In certain cases both the multiple precision and floating index methods. 
may be used together ; part of the calculation being carried out by one method 
and part by the other, or even by using the floating-index method together with 
double or extended precision for fractional components. 

These methods may be extended to deal with complex variables. The 
additional complication is that of organizing the relationships between the two 
parts of each variable. Arithmetical systems which it may be necessary to use 
may be listed as follows. 


(i) Fixed Index Methods.—These may be of single or multiple precision, for 
real or complex variables or both. Some scale change and progressive adjust- 
ments during calculation sometimes cannot be avoided, and changes of index 
must be specially programmed. 


(ii) Floating Index M ethods.—These may be of single or multiple precision 
and for real or complex variables or both. No seale changes or index variations: 
are needed nor require to be specially programmed, but the method must be 
used with care under certain circumstances to avoid loss of significant digits. 


TIl. FuNcTION BLOCKS 


For each arithmetical method a set of routines may be constructed for 
organizing arithmetical and other functions peculiar to the methods adopted. 
Such a set of routines, known as a “ function block ’’, consists of two parts ; 
the “ arithmetical block ’’, which provides for addition, subtraction, multiplica- 
tion, square rooting, and so on, and the “‘ organizational block ”’, which contains 


routines for organization of programmes using the function block. 
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(a) Arithmetical Function Blocks 


Frequently the basic function of any arithmetical block is that of addition. 
Around this function all the others may be built. Thus, subtraction uses 
addition ; multiplication, particularly in complex and multiple precision 
methods, uses addition ; division uses both multiplication and addition ; and 
so on. Consequently an arithmetical function block consists of a number of 
interrelated routines of various orders, linkage being made via registers D,,, 
D,,, ete. 

A number of function blocks have been constructed and are used in pro- 
grammes on the C.8.I.R.O. Mark I computer. Each system is designed according 
to certain conventions which define their manner of use. These are: 


(i) Floating Index Arithmetic.—In this system numbers are stored in two 
parts, a fractional part, X say, and an integral part, p. X occupies one store 
location, i.e. 19 binary digits and one sign digit, while p occupies only 10 digits, 
including its sign digit, of a second storage location, usually the next higher to 
that holding X. Negative numbers are represented by the complement of the 
fractional part. There are two scales used, the decimal and binary. 


(1) In the decimal system YX is stored in binary form and is restricted to the 
range 1-0>|X|>0-1, whilst p, in p,, units, is restricted to the range 
512>p>—512. The number pair X,p thus represents X -10?. 


(2) In the binary system YX is stored in binary form and is restricted to the 
range 1:0>|X|>0-5, whilst p, in p,, units, is restricted to the range 
512>p>—512. The number pair X,p thus represents X -2?. 

Values of YX satisfying the appropriate conditions are said to be 
“* normalized ’’. 

In the addition of two numbers, say X-10? and Y-10%, the lower index, 
say q, is raised to equal the greater, the fractional part being correspondingly 
reduced to Y-107-”. The sum X+Y-10¢-” is formed. If this exceeds unity 
in modulus it is multiplied by 10~? and the index of the sum is changed to p +1. 
The sum is stored as one or other of the pairs 


X +Y -10%-”, p, 
(X+Y -10-?)10-1, p41. 


“ey 


Multiplication is performed by forming the product XY and the sum p+q. 
The fractional part may lie between 0-1 and 0-01, in the decimal case, and, if so, 
is multiplied by 10 and the index of the product changed to p+q—l1. In the 
case of floating binary indices, multiplications by 10 or 10-1 are replaced by 
multiplications by 2 and 2-1 respectively to keep the fractional part of the 
product between 1 and 0-5 in modulus. 


Iterative processes are used for division, square rooting, etc.; the results 
always being provided in the normalized condition in accordance with 
conventions of storage. 

From a purely arithmetical point of view the floating binary method is the 
better since changes of the index correspond to multiplication by 2 or 25h ens 
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against 10 or 10-1 in the decimal method ; the smaller factor assists in main- 
taining greatest possible accuracy from a given number of digits in the fractional 
part. 

Simpler organization of left and right shifts rather than multiplications by 
10 and 10-? leads to a saving of about 10 per cent. of commands in arithmetical 
routines for floating binary compared with those for floating decimal scales. 
The binary index scale also provides somewhat faster operation. However, 
users find visual interpretation easier for floating decimal numbers than for 
floating binary numbers. It is therefore preferable to have data punched and 
printed in floating decimal form. Conversion to and from floating decimal form 
in input and output requires additional routines in the floating binary function 
block ; which more than compensates for the 10 per cent. saving in the arith- 
metical routines. 

The function block for single word floating-index real-variable arithmetic 
is relatively simple, involving little interconnection between component routines 
performing the various operations. Thus the routine for subtraction uses 
addition, but that for multiplication does not, and the division routine is self- 
contained. The square root routine uses multiplication. All but division also. 
use a “ normalization routine ”’ which converts results to the conventional form: 
for storage. 

In calculations which involve many separate groups of data, such as 
coefficients of matrices which cannot be inspected easily, a special floating decimal 
function block is used. In this a tally is kept of changes in the number of 
figures which are significant in the associated number. Thus, if a sum or 
difference is multiplied by 10° (s>0) to bring it to the normalizéd form, the 
number of significant figures is reduced by §, and so on for other operations. 
The tally of such changes is held as an integer in p, units in the pyro digit 
group of the word holding the index. Results can then be given a degree of 
significance automatically. 


(ii) Multiple Precision Arithmetic.—In this system a number is divided 
into groups of 19 binary digits. The number of such groups may be made as 
great as desired, and a number occupying “n’’ groups is called an “‘ n-fold ’” 
number, and the arithmetical system used with such numbers is called n-fold 
arithmetic. The most frequently used is the “ double precision ’’ case, for which 
n—2. The storage conventions adopted are that an n-fold number is stored 
in groups of 19 digits in adjacent successive storage locations, the most significant 
digit position in each location being zero, except in that holding the most: 
significant group, in which it plays the role of a sign digit. A negative n-fold 
number is stored:as a complement of the corresponding n-fold positive number.. 

Arithmetical blocks are designed in accordance with the convention that 
n-fold numbers are of unit magnitude or less, the index point being immediately 
to the right of the most significant Ps digit stored. 

Two function blocks have been constructed, one for double precision and 
one for n-fold arithmetic, where » may be specified by the programmer. The 
latter system finds application in number theory computations. 
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(1) Double Precision. In this method numbers are stored modulo 2 in 
integral multiples of 2-38, providing an equivalent accuracy of about 12 decimal 
digits. When addition is performed, digit groups of corresponding significance 
are added together starting with those of lower significance. Any over-carry 
arising from summation of the less significant components is detected and 
added as a unit to the sum of the more significant components. The sum is 
finally stored in the standard form. 


The function block provides the functions of addition, subtraction, multi- 
plication, division, and square rooting. Each function routine uses the routine 
for addition, and the last two use also multiplication, which itself uses addition. 
A product is always provided in the standard form as a group of four 19-digit 
words, the two least significant words being retained in case of need in the 
calculation. This allows double precision numbers to be treated, by suitable 
programming, as integers instead of fractions. 


The organization of this arithmetical block is more complicated than that 
for the floating index method since there is a larger proportion of high order 
routines. 


(2) n-Fold Arithmetic. In this case n may be specified by the user, but only 
the functions of addition, subtraction, and multiplication are provided. The 
organization is correspondingly more complicated than that for: the double 
precision case. Its manner of use differs from that of other systems and will 
be discussed later. 


(i) Complex Variable Arithmetic—The complications caused in the con- 
struction of programmes to deal with the arithmetic of the complex variable 
justify the use of a function block even in the case of single-fold or one-word 
arithmetic. This has been done for use on the Mark I computer in a special 
case which was found to be most frequently used. This case adopts the con- 
vention that the real and imaginary parts of a complex number are stored in 
two adjacent storage locations. The index points are considered fixed and to 
lie between the p,) and p,, digit positions in both components and not between 
the Py and py digit positions. Negative components are represented by the 
complement of the corresponding positive number. Each component of a 
number may take values equal to all integral multiples of 2-19 from —519 to- 
512 —2~1 and all the routines of the function block preserve this convention. 


Routines contained in the function block include addition, subtraction, 
multiplication, division, and square rooting of complex numbers, together with 
other functions which apply only in the case of the complex variable, such as the 
evaluation of the modulus and the conjugate of a complex number. 


Function blocks are also available for use of the complex variable in: 
(1) floating index arithmetic, 


(2) double precision arithmetic. 


In each case the same conventions apply to both components as apply 
also to the corresponding case of the real variable. One exception is the floating 
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index system where only three adjacent storage locations are used instead of 
four. The first and third hold the real and imaginary fractions, respectively, 
the second or centre location holds the indices of both components, that of the 
real in the p,,—po) positions and that of the imaginary in the p,-Pi positions. 
Whenever such a number is taken from store the indices are ‘‘ unpacked ”’ before 
the arithmetical operation is performed. When placed into store the indices 
are ‘‘ repacked ”’. 

In all cases routines for the complex variable are based upon routines in 
the corresponding function block for the real variable. Thus complex floating 
addition uses the routine for real floating addition, complex floating multiplication 
uses real floating multiplication and real addition, and so on, and all routines 
for complex operations are of higher order than the routines for real operations. 


Further, since it frequently happens in calculations involving the complex 
variable that operations with real variables are also needed, the ‘‘ real’ opera- 
tions are also provided in addition to the additional functions of modulus and 
conjugate, etc. which are peculiar to the complex variable. 


The principles of the construction of a block for n-fold complex arithmetic 
would be similar to those already constructed. 


(iv) Other Systems.—The most likely useful system in addition to those 
described above is the floating double precision system and its counterpart for 
use with the complex variable. In this the conventions of both the floating 
index and double precision methods are combined. Hach number occupies 
two adjacent storage locations for its fractional part and its index lies in the 
Pis-Poo Positions in the following location. A complex number occupies five 
locations, the first two for the real and the last two for the imaginary fractions, 
the indices being packed into the third location. The function blocks for 
these systems are built in direct analogy to those for the other systems. Both 
function blocks are necessarily large and occupy much storage space, and also 
are slower in operation since in effect all the operations of both the floating index 
and double precision systems must be performed. 


(b) Organizational Function Blocks 

Into the organizational part of the various function blocks are placed 
routines for taking fresh data from punched tape, page printing, or punching 
results on to tape; and for withdrawing numbers from and placing numbers 
into store in standard form appropriate to the system used. For purposes of 
organizing the problem programme certain other operations are also included. 
These are analogous to the control shifts and counts which occur in normal 
routines and will be illustrated in more detail later. Of these operations only 
the input and output functions use the arithmetical block. Input tape for 
floating index arithmetic is punched with the fraction preceding the index. 
A designation follows each component to denote its sign. Decimal digits are 
received from tape and converted by the input routine of the function block 
and assembled into the equivalent binary form and the result is stored. For 
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printing, the fractional part of a number is printed as six decimal digits with 
sign followed by the index printed as a three-digit decimal integer with sign. 
The input or output operations read or print data in standard form appropriate 
to the function block used. In the case of the complex variable, the real part 
always precedes the imaginary part. 

The manner of placing into and taking from store is standardized according 
to the system’s conventions. Thus, routines take and place the various parts 
of a number from and into successive storage locations in the correct standard 
order, doing the packing or unpacking of parts as required. 


IV. USE oF FUNCTION BLOCKS 

The most straightforward way of using a function block is to call the various 
function routines into use by the standard link and cue method described in 
Part IT (Pearcey and Hill 1953b). A problem programme would then consist 
largely of “ control commands ’’, those which affect the sequence register and 
cause control to be stored or shifted, together with relatively few commands 
for operations which may not be provided by the function block and by other 
routines included into the programme. 


This method suffers from the disadvantage that the link number must 
frequently be restored as routines of fresh orders are called into use, and that the 
withdrawal and placing into store of numbers in standard form must be made 
with reference to an address which must, each time, be previously placed into a 
special location. These factors are confusing for the programmer ; they make 
it more difficult to trace through the sequence of operations in a programme and 
draw his attention away from the fact that the function block really supplies 
the machine with what in effect is a new set of “ wired-in ” operations. 


One way of helping the programmer is to provide a “ directory ’’ with the 
functions blocks. This consists essentially of a list of numbered addresses 
placed in sequence in the store; each address corresponds to the place in the 
function block, to which control must be transferred in order to obtain the 
operation which the particular directory number corresponds to. 


. The use of directory numbers for calling functions in the block implies the~ 
use of special operation codes, not identical with the machine code. 


This development leads directly to the “ interpretive system ”’ of pro- 
gramming, a method which greatly reduces effort needed to compile programmes. 


V. THE INTERPRETIVE SysTEM 
Each function called via the directory may be coded into a programme in 
terms of the serial number of the directory position which causes control to be 
transferred to the required function routine, and a special routine is needed for 
interpreting those parts of a programme which are recorded in the Special code. 


The particular code adopted for interpretation is at the choice of the pro- 
grammer ; and is not necessarily restricted to any particular. address system. 
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Each coded word or partitioned group of digits may be regarded as a command 
of a special kind, the meaning of which may change from problem to problem 
and is not directly connected with the actual mode of operation of the machine. 
The special decoding or “ interpretation routine ” may be designed at the will 
of the programmer in accordance with his chosen code. system. 


The simplest way of using a list of coded data in a programme is to arrange 
the interpretation routine so as to select and interpret them one by one in order 
of storage location. The list of coded data may thus be considered as a routine 
in its own right. Many of the techniques used in the design of normal routines 
may be taken over into the design of routines to be interpreted and a strong 
parallelism can be drawn between normal techniques and interpretation tech- 
niques. Terms which are used in normal programming are frequently adopted 
with similar meaning in the interpretive method and are prefixed by the term 
‘‘hyper-”’. Thus the list of programme data for interpretation is known as a 
hyper-routine or hyper-programme and the code adopted is called the hyper- 
code; the function corresponding to any hyper-code number is a hyper- 
function. A single datum of a hyper-programme is called a hyper-command. 
If the datum to be currently interpreted is stored in location n, then hyper- 
control is said to be at n. 

Similarly, some of the registers existing in the computer, particularly the 
accumulator A, have their equivalent in the interpretive system. These are 
known as hyper-registers, for example, hyper-accumulator, hyper-sequence 
register, hyper-interpreter, etc. They must not be confused with the accumu- 
lator, sequence register, or interpreter proper. Thus the physical location of 
the hyper-accumulator depends upon the function block used, and may in fact 
be one or more of the registers of D or some locations of the store. 


VI. THE HYPER-CODE 


Many hyper-code systems are possible and the programmer may design 
whichever suits his purpose. In most interpretive systems it is convenient 
to code a single hyper-command into a single location of the store, although if 
additional digits are needed two or more adjacent locations in the store may be 
used to hold a single hyper-command ; or more than one hyper-command, if 
requiring few digits each, may be packed two or more together into single 
locations. The digits of each hyper-command are partitioned into groups each 
possessing a meaning depending upon the structure of the interpretation routine. 
The parallelism between normal, or routine, commands and hyper-commands is 
extended to the address conventions of the hyper-code, which may be of the 
one-address or three-address type and so on. A one-address hyper-code is that 
most commonly used with the C.S.I.R.O. Mark I computer. 


A typical one-address hyper-command of one word consists essentially of a 
numerical address of 10 digits occupying the digit positions P11—P 2 and a function 
address of five digits in the positions P.5—P.0- The digit group p;-p, in hyper- 
commands corresponds to the machine code for destination Z, or number 20, 
a destination which in the machine code has been left unused. Any machine 
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command possessing this destination has no effect except in the case of the 
c(A) source, when register A becomes cleared to zero. 


The destination Z, or 20, distinguishes those hyper-commands which call 
hyper-functions from the function block from those which do not. It is not 
always convenient to construct hyper-routines using only the operations available 
in the function block ; occasionally quite simple operations are required for 
which it is not economical to provide store space for a short routine in the function 
block. Hyper-commands not terminated with the Z code letter are coded as 
machine commands and the interpretation routine deals with them as though 
they were machine commands. In this way, what are in effect machine com- 
mands may be entered into hyper-routines. Such commands are true hyper- 
commands but do not call the function block into use. 


The numerical address of a Z-terminated hyper-command in the p,,—po 
digit group, possesses the same significance as it does in a machine command. 
The function address in Z-terminated hyper-commands is a serial number, 
from 0 to 31, providing space for 32 possible functions, some of which are 
essentially arithmetical and others organizational. This code number is selected 
from the hyper-command by the interpretation routine and used as a reference 
number to the directory, which is contained in the interpretation routine and 
which in turn directs control to the required position in the function block. 


VII. p-WoRD NUMBERS 


In the conventions of many function blocks a datum occupies more than 
one word of the store. Data may occupy different numbers of locations in 
the store for the same function block. Thus for complex arithmetic complex 
numbers require more words than real numbers in the same problem. For 
convenience the multi-word locations n, m+1,n+2,...,n+p—lI are referred 
to as “ p-length location n’’ and symbolized as Ny 

For programmes using real and complex variables, two word lengths will 
occur ; p-length words for real numbers and q-length words for complex numbers. 
However, by incorporation of special features into the function blocks the 
programmer is relieved of any detailed concern with such “mixed ” word 
lengths. 


~. 


VIII. HYPER-REGISTERS 


By analogy with the registers used in normal programming the hyper- 
registers serve equivalent purposes in hyper-programmes. The hyper-address 
code is of the one-address type, there is only one arithmetical hyper-register 
known as the hyper-accumulator. It is denoted by A. The hyper-sequence 
register holds the store address of the next hyper-command to be adopted and 
is denoted by S, and the hyper-interpreter, denoted by K, holds the numerical 
address of the current hyper-command. A further hyper-register known as the 
“transfer register ’’, denoted by X, is used for transfers of numbers between 
store and the accumulator. <A further hyper-register, which, like X, has no 


parallel in normal programming, is the hyper-link register, written IZ. The 
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physical position of these registers varies with the function block used. As an 
example, those for the floating decimal index system are listed below : 


Hyper-accumulator A=D,,D,, for fraction and index respectively 
Transfer register XxX —A, B for fraction and index respectively 
Hyper-sequence register S=Dj; 

Hyper-interpreter K=D,, 

Hyper-link register L=three spaces in the function block 

Normal link-stores =D,,, Ds, used for links into and between 


function block routines 
Stores for constant para- 
meters in function 
blocks ==), Da, €ve. 
Stores for count para- 
meters in hyper-pro- : 
grammes =D AN es AEF 


The advantage gained by placing hyper-registers into D whenever possible 
4s the ease with which the operator may see, at a glance at the monitor tube 
faces, at which stage the machine is in the hyper-programme. With the more 
complicated function blocks it is necessary to extend the space occupied by 
hyper-registers into the function block itself. 


IX. HYPER-CONTROL AND HYPER-ROUTINE LINKAGES 

Most of the techniques used in normal programme design are applied also 
to the design of hyper-programmes. However, some special functions are 
provided in the function blocks which simplify somewhat the design of hyper- 
programmes, and have no direct equivalent in normal programming methods. 

Such is the case of those hyper-commands devoted to control of the hyper- 
sequence and linkage to and from hyper-routines. The hyper-registers involved 
in sequence control are known as : the hyper-interpreter K, the hyper-sequence 
register S, and the hyper-link register IL. The last of these comprises a group of 
consecutive storage locations and may be called Lys La Day Che: 

When control enters the interpretation routine hyper-control advances 
serially from the address held in S at the stage of entry. During each cycle of 
the interpretation routine a p,; unit is added to S, e.g. to D4s. 

A change of hyper-control to “ ? is called by a hyper-command written as 

nS 
coded as 
. n;m. Z, 
where m is the address in the directory which calls the appropriate function in 
the function block. This function places the content of K (or D,,) into S (or 
Dj3). & iS 

In this sense K and S are respectively analogous to real interpreter and 
sequence registers. Addition into S is not provided. 

Transfer of hyper-control from one hyper-routine to another and back 
uses the hyper-link register TL. The hyper-command n—L at location m, causes 
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hyper-control to be transferred to n, and the number (m-+1)p,, is stored in Ly 
whilst the previous content of LZ, is placed in L,, and that of L, goes to L,, and 
so on. Such a hyper-command corresponds to the sequence 


(S)—D,5, 
n—S 
in normal programming. 

A return of hyper-control, to m+1, that following the place from which 
hyper-control was transferred, is obtained by a hyper-command written as 
(L)—8. . eo ae 

This causes (L,) to be placed in S, (L,) to be transferred to L,, (Lz) to go to 
L,, and so on. This is analogous to the sequence 

Putl15, 


(D, 5) —8 
in normal programming. 


MASTER PROGRAMME 


1st HYPER-ROUTINE 2ND HYPER-ROUTINE- 


INTERPRETATION 


CALLS 
ROUTINE 


HYPER-CONTROL 


RETURN TO INTERPRETATION 
ROUTINE 


HYPER-COMMANDS 
NOT TERMINATED 
BY Z 


RETURN TO 
REAL CONTROL 


FUNCTION 
BLOCK 


Z-TERMINATED 
HYPER-COMMANDS 


DIRECTORY 


Fig. 1.—Transfers of real control and hyper-control. 
Passage of hyper-control ——-——+ 
Passage of real control ——-+> 


Hyper-control is called into use by transferring control direct to the inter- 
pretation routine in the usual way, that is, by direct transfer of real control to 
the head of the interpretation routine. To cease hyper-control and achieve. 
return of real control to the main programme a link datum must have been 
stored in D,,; return to real control is attained by a command (D,;)—S in the 
hyper-routine ; a hyper-command not terminated by Z and therefore possessing 
the significance of a machine command. 

For example, consider the case of transfer from real control at » to hyper- 
control at p, which in turn calls a second hyper-routine at q. Let the inter- 
pretation routine be entered at m. The scheme achieving this is illustrated in 
Figure 1, where transfers of real control are shown by fuil lines, and those of 
hyper-control by broken lines. 

In the figure hyper-commands are distinguished from real commands by 
Surrounding all the former by braces thus: {. . .}. Hyper-commands not 
terminated in Z are also distinguished in this manner. 


PROGRAMME DESIGN FOR C.S.I.R.0. MARK I COMPUTER. II 497 


X. HYPER-ROUTINE LOOPS 
As in normal programme techniques, so also in hyper-programmes full 
use is made of the method of controlling repetitions of groups of hyper-commands 
by a counting and sign-testing process. 
Two functions provided in the organizational part of the function block are 
used for this purpose. The first is written thus 


N,—7D,, 


the numerical part of which consists of the partitioned number 8” -+-r, where 
0<r<8 and 0<n<64; the second function is represented by 


med Ea 


where » and 7 are coded in the same manner. 

The first function places the number np.p,, units into the upper half of 
register D,, whilst the second subtracts np.p,, from (D,), tests the difference 
resulting and, if negative, increases S by an additional unit p,,, otherwise not. 

The first of these hyper-commands is used to set the number of repetitions 
of the programme loop to which it refers, the latter combines the functions of 
counting repetitions and causing a conditional shift of hyper-control. 


XI. VARIABLE HYPER-COMMANDS 
A special function is provided which simplifies the use of variable commands. 
Such a requirement is frequently associated with the loop control functions just 
described. This function causes a parameter to be transferred to K, and to be 
held there so that the numerical part of next hyper-command which follows 
is added into it. This function is denoted by the symbol 


(D,)+K, where 0<r<8. 


If (D,) is equal to np.p,,, the numerical address of the following hyper- 
command is effectively increased by np.py1. 

When an operation in a loop of a hyper-routine has its numerical address 
progressively changed, e.g. an address referring to serial hyper-locations in 
the store, the address is frequently used also as a counter for loop control. Thus 
the loop control commands also serve the purpose of assisting in the use of 
variable commands. In this case it is normally required to vary the address by 
multiples of p for p-length words and by multiples of q for q-length words in 
complex operations. Thus two sets of loop control operations are provided for 
complex variable hyper-programmes 


n,—D,, n,—D,; 
ND, ieee) 
having the effects previously described ; the second set being used for loops 


involving addresses for complex operations. For both p and q systems, the 
same operation (D,)+K can be used where required. 


Functions of the type (D,) + may not be placed adjacent to one another 
jn a hyper-routine. 
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XII. TRANSFERS TO AND FROM STORE 
One hyper-function transfers data to the hyper-accumulator and another 
transfers from the hyper-accumulator to the store. The former of these is. 


written as 
(n, )—A, 


where n, is the store location referred to ; and similarly the second is written 

(A)—n,. 

Closely associated with these are the two most elementary arithmetical 

functions involving transfer from the store to the hyper-accumulator. These: 
are . 
(n,) tA, 

which adds the content of ‘“‘ hyper-location n ’”’ into the hyper-accumulator and 
(OA, 


which subtracts the content of hyper-location » into the hyper-accumulator 
and so on. 

In cases of complex arithmetic equivalent q-length operations are supplied 
for transfers of q-word complex variables etc. Thus the operations provided 
would include 

(n,)~A; (A)—n,; (n,)t4; (n,) 5A. 
Table 1 illustrates use of loop control and command variation operations and of 
braces, { }, to distinguish hyper-commands from machine commands. This 
routine accepts numbers from punched tape and stores them in. sequential 
p-word store locations. 


Meakin) Ul 
USE OF LOOP CONTROL, COMMAND VARIATION OPERATIONS, AND BRACES 


Location Hyper-command | Operation 
0 (o—Ipe D3 Sets (n—L)p.py in D, 
1 (Dae Ke Adds (n—s—1)p.p,, to next command 
2 {() =m} Stores input number in p-word starting at m-+-p(n—s—1l) 
3 {l, ae = Reduces (D,) by p.p,, and tests the sign of (D,.) 
4 —{l —S } Return hyper-control to 1 
5 (DB) i eaoS. ee Link to superior routine when (D,.) <0. 


This sequence causes the variable hyper-command at 2 to be adopted as 
{(I)>n —s —1.p +m} on the (s+1)th cycle of the loop of n cycles. 


XII. ADDITIONAL HYPER-FUNCTIONS 
Additional hyper-functions may be provided simply by placing appropriate 
routines, additional to the function block, into the store. These are performed 
by a special hyper-command coded as ; 15,Z which transfers control to the head 
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location of the additional routine at location nm. Since the address digits of 
such a hyper-command are used in specifying n, additional hyper-functions. 
cannot refer to store addresses of data and are frequently of the type written as 


{f(4)—4}, 
where f(A) may be log (A), exp (A), (A)?/8, ete. 


Similar hyper-functions are already included in the normal function block, 
e.g. (A)—O0t, (1)—A, ete. 


XIV. THE STANDARD HYPER-CODE 

The hyper-code has been standardized so as to apply to most of the function 
blocks so far designed ; the same code calls the same functions whether the 
floating decimal complex or double length complex system is used. Variations 
occur in the additional functions called by the hyper-command described in the 
previous section. 

In the present scheme, the p;—p, digits are used to distinguish between 
hyper-commands which use the function block and those which do not. For 
hyper-commands in which this group is not Z, the conventions of normal machine 
operations apply as outlined in Parts I and II (Pearcey and Hill 1953a, 19530). 


The earliest 16 of the 32 code numbers in Z-terminated hyper-commands 
refer to arithmetical functions and transfers of real variables, and organizational 
hyper-commands, whilst some of the remaining 16 call the hyper-functions 
relating to the complex variable. 

In calculations involving only real variables the latter group of hyper- 
functions and its corresponding function block are not used. The first part 
only of the standard code is used. This, and the fact that the code applies 
equally well to a number of systems, means that the programmer only rarely 
needs to take into account his arithmetical system whilst programming. 


The hyper-code used is shown in Table 2. It includes the hyper-functions for 
the complex variable. The first six hyper-commands 0-5 provide transfer to A 
and arithmetical functions of the real variable, the appropriate word length 
suffix being included (here written as p). These functions include addition, 
subtraction, multiplication (product of (A) by (n,)), and square rooting. The 
next three, 6-8, provide input, output, and transfer from A to store; the 
following three, 9-11, provide sequence control operations ; the next three, 
12-14, refer to loop control. Number 15 calls any additional hyper-functions. 


The arithmetical functions for the complex variable, called by code numbers 
16-21, are similar to those for the real variable called by 0-5. Input and output 
of the complex variable are provided by 22-24, and functions peculiar to the 
complex variable and those involving both real and complex variables together 
are given the-highest code numbers. These include such operations as multiplica- 
tion and division of a complex by a real quantity, evaluation of the modulus and 
conjugate of a complex number, and so on. 

Fach function block can provide different groups of possible additional 
functions without change to the block. These depend upon the nature of the 
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TABLE 2 


THE STANDARD HYPER-CODE 


Hyper-command 


Code Meaning 
Symbol 

nm: 0, Z (rp) —A Transfers hyper-word (n) to (n+p—l) to A 

ge ls & (m,) +A Adds content of hyper-word (n) to (n+p—1l) to (A) 

Dn VG (np) =A Subtracts content of hyper-word (n) to (n+p—1l) to (A) 

On OS (Np) ZSA Replaces (A) by its product with hyper-word (x) to (n+p—1) 
(fixed index systems hold less significant part of product 
in register B) 

Ce: A, Coy ae | Replaces (A) by its quotient with regard to (n), (n+1),.. ., 
(n+p—l) 

ie lipeh (np)? A Places square root of hyper-word (n) to (n+p—1) in A 

Ge Ay G (np) —0 Print hyper-word in (n) to (n+-p—1) in standard form 

US in 4 iy, Read one standard hyper-word from tape and place in (n) 
to (n+p—1) 

He 852) (A) —n b Transfers (4) to hyper-register (n) to (n+p—1l) in standard 
form 

n: 9, Z nm =<S Transfer hyper-control to 

n: 10, Z fe es Transfer hyper-control to m and store present hyper-control 
number plus one in DL 

Tse Zh (L) =-8 Transfer hyper-control to last location stored in L 

m 12, Z Ny 7D, Place hyper-count number n, in D, 

nm: 13, Z Np =D, Subtract n», hyper-count units from D, 

n: 14, Z (D,) aK Form the numerical address of the next hyper-command by 
adding (D,) .to it 

ee WO eZ) Specified as Transfer control to n but return to interpretation routine 

desired 

He AKG, YA (ng) —-A Transfer (n) to (n-+-q—1) to A as a complex number 

08 Wie PG (%q) A Add (n) to (n+q—1) to A as a complex number 

jis ish, ZA (ng) +A Subtract (n) to (n-++q—1) from A as a complex number 

n: 19, Z (mq) <A Replace (A) by the complex product with (n) to (n+q—1) 

n: 20, Z (ig) =a Replace (A) by the quotient with regard to the complex 
number (nv) to (n+-q—1) 

ie All AA (nq)? —A Replace (A) by the square root of the complex number (n) 

. to (n+q—l) 

n: 22, Z (vq) —0 Print the complex number in (n) to (n+q—1) in standard 
form 

n: 93, Z ( i te, Read one standard complex number from tape and place into 
location (n) to (n+q—1) 

nm: 24, Z (A) —ng Transfer (A) to (n) to (n+q—l) as a standard complex 
number 

es 20592) | (m9) [2?—-A, Replace (A) by the squared modulus of the complex number 
(n) to (n-+q—1) 

n: 26, Z (np) +A, Replace the complex number in (A) by its product with the 
real number in (n) to (n+-p—1) : 

n: 27, Z (Hig) wd 4 Replace the complex number in (A) by its quotient with 
regard to the real number in (n) to (n+-p—l) 

n: 28, Z We al). Place hyper-count number nq in Dy 

n: 29, Z nq —+D, Subtract nq.p,, units from Dy: 
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routines within the blocks and frequently provide additional input and output 
facilities ; operations upon (A) and on (X) and so on. These vary with the 
function block and are not listed in Table 2. 


XV. USE OF THE HYPER-CODE 

Diverse code systems for hyper-commands and machine commands may 
seem a disadvantage. It is, however, uneconomical to construct an interpretive 
routine whose hyper-code corresponds directly to the machine code and, more- 
over, such a system would involve frequent transfers from hyper-control to 
machine control and back in order to perform machine commands. 

The apparent disadvantage of use of symbols for written hyper-commands 
differing from the code as it appears on tape is more than outweighed by the 
convenience of largely mnemonic symbols applied to all hyper-routines in the 
design stages. 

It should be noted that {n—B}, which transfers hyper-control to n, is 
different from {n—S} or {(Dj,)—S} which transfers real control without preparing 
to link back to the interpretation routine. In fact (D,3)-S switches back to 
normal machine operation ; the subsequent commands being performed normally, 
not interpretively. Also, provision is normally made for transforming single 
counts to S into single counts to S. Thus {s(A)-+S8} becomes in effect a function 
which may be written as s(A)--S, which causes hyper-control to advance by an 
additional unit if (A) is negative. 

When coding hyper-routines on to tape full use is made of a special ‘‘ input 
control routine H ” (of 20 commands) which performs all the control operations of 
control D (listed in Pearcey and Hill 1953b) and two additional operations oH eae 
and “Q”. The punch configurations, P=31, 3Y and Q=31, 15Y are placed 
immediately after the commands to which they refer. The effect of such control 
designations is to multiply the written address by p or q respectively, and then 
include the effect of any A type designation, punched immediately before that 
hyper-command, before inserting it into store. Thus with mp, stored in the 14 
location : 1A{(n)—A} P, punched as 0,1:7¥:n:0,Z2:31,3Y:, is stored as 
{(m-+-np)—A}, and 1A{(A)—-n}Q, punched as 0,1:7Y:n:8,Z:31,15Y, is stored as 
{(A)—m +nq}. These special control designations, which automatically trans- 
form hyper-commands into the required form, together with the p-word and 
g-word loop control operations, virtually free programmers from concern with 
word lengths during design of programmes. 

Insertion of the function block is usually performed in the order : primary B 
routine (from stepping switches) ; control H routine (from tape) ; spaces left 
for insertion parameters ; first order function routines : second order function 
routines (which use first order ones); ...; highest order function routines ; 
sequence and loop control routines; interpretation routine ; directory ; 
additional hyper-function routines. 


XVI. EXAMPLE OF A HYPER-ROUTINE 
Ag an example of a typical hyper-routine consider the routine required for 
the evaluation of a polynomial, of degree n, of the complex variable together 
with its derivative. The coefficients will be assumed to be complex numbers. 


J 
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The method of computation by recurrence relation is adopted. Thus, if 
the independent variable be z and the coefficients be denoted by a,, then p, 
and p’,,, are defined by : 


f(z) =e" +a,2"-1+a,2"-2+. . .t4,, 
Po=1l, P-=P-2+4, (r=0, 1, 2,.. .>a—1) 
Pn=S?), 
and 
Po=9, P=) +P, (r=0, 1, 2,. - -, %—1) 
Pam) e); 
where f(z) is the function and f’(z) its derivative with regard to z. 


TABLE 3 
A HYPER-ROUTINE FOR COMPUTING A POLYNOMIAL OF A COMPLEX VARIABLE AND ITS DERIVATIVE 


Location Symbol Code Action Tape Code 
OFS 34, {(A) —0 }3Q Causes z to be sent to 3S+-0, 1, 2,3 3A; 0; 22, Z:, Q 
1 2A, {0 —D,} Places order n in D, in form 8n 2A; 0; 12, Z 

2 3A, {(3) —A }Q Clears (A) SA; 3; 16, 2; Q 
3 3A, {(A) =1 }3Q Clears p, store BAS 1 22 eZee 
4 3A, (CD) =P WO Clears p; store 3A; 2; 22, Z; Q 
5 3A, {(1) —A }Q Sets p,_, to A 3A; 13,16, °2500) 
6 3A, {(0) 4 }Q | Forms p,_,z 3A; 0; 19, Z; Q 
7 {(D.)+K } 0; 14, Z 

8 3A, {(4) 44}Q | Adds a, to (A) ' | 3A; 4; 17, Z; Q 
9 (ised) 8:13, Z 
10 1A, {12 —S } LAS L295 2, 
1] {(L) 8 } (A)’=p=f(z) O11, 
128A, {(4) +1 }@ | Substitutes p, in place of p,, 3A; 1; 22, Z; Q 
13 Bly Ih ON Se) Sets p, to A 8A; 2; 16, Z; Q 
14 3A, {(0) A }Q Forms pyz 8A; 0; 19, Z; Q 
15 3A, {(1) 4A}Q | Adds py, ; 34345 1a 
16 3A, {(A) 2 3Q Replaces py by pr+1 SA 222 Ze 
17 1A, {5 +8 } Returns hyper-control to 5 LAS 6s OFF 


Notes 


als The four-word hyper-locations of the data block; 3A, 0-38, 4-7, 8-11, 12-15, hold z, 
Pr-1, Pr, and zero respectively. 

2. The coefficients a, occupy hyper-locations 3A 16-19, 20-23, etc. 

3. During insertion of this hyper-routine, 32 holds the head location of this hyper-routine 


(1S) and location 33 holds 8np,,, where n is the degree of the polynomial, while location 34 holds 
the head location of the 3S-data block. 


The hyper-routine designed to compute f(z) and f’(z) is shown in Table 3. 
It is assumed that upon entry of hyper-control into this hyper-routine (A) =z. 
Storage space is provided in a data block for the variable z, for the partial 
polynomial p,_, and the derivative p’,, and the number zero used for clearing A 
upon entry into the hyper-routine. Hyper-command number 10 could be 
replaced by {p;-%.S}, since single counts into the sequence register made inter- 
pretively advance hyper-control one extra step forward. 
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When used in hyper-programmes, the coefficients would be inserted from 
tape and the make-up of the tape would be: 


(i) Control H (including P and Q facilities for hyper-programme). 
(ii) nZ (which changes insertion-command to leave space for control 
parameters). 
(iii) Interpretive programme (function block, directory, and any additional 
function routines) starting at location n. 
(iv) 3S, a’ (which leaves space for data to be inserted subsequently and 
stores the head location of this block). 
(v) Input hyper-routine (outlined in Section XII) starting at a’. 
(vi) 48, input programme ; uses input hyper-routine and returns to primary 
B after n+4 items of input. 
(vii) 44, 0—S, D (transfers to input programme to insert data following). 
(viii) Four zeros, clearing working space, and coefficients a, in decimal code. 
(ix) #7 (prepares to  over-write hyper-programme just used). 
(c(A)-+33, D, 8np,,, U) sets parameter for degree of polynomial. 
(x) Polynomial hyper-routine (reference to 3S-ed data block now possible). 
(xi) aS master hyper-programme (varies with problem). 
(xii) A,0—S,D (transfer control to hyper-programme and starts com- 
putation). 


XVIT.—OTHER HYPER-ADDRESS CODES 

The great flexibility of the interpretive method is obtained at the expense of 
time, one hyper-command corresponding in time to a full cycle of the interpretive 
loop and any function selected from the function block. Usually, in the systems 
adopted, the time spent in the function block performing essentially difficult. 
and involved operations cannot be avoided and is considerably greater than the 
time occupied in one traverse of the interpretation routine. 

However, as the length of a hyper-word becomes greater, more time is spent. 
in transfers to and from the hyper-accumulator. A change of the hyper-code: 
to a three-address code avoids much of this extra organizational shifting of data. 
This method is adopted in the n-fold accuracy function block. In this system 
there is no hyper-accumulator. One hyper-command occupies two store 
locations. The first contains a numerical address m,‘”, an operation code F, 
say, and the distinguishing Z. The following location contains the second and 
third numerical addresses, m,,? and m,'‘*, say, i Py-P19 and P44-Po groups. 
Single address words without Z are interpreted as normal machine operations. 
Thus, for instance, the two-word hyper-command coded as m, ; Botan A's 
m,'2) may cause (m,) to be added to (m,,(2)), each n words long, and placed 
into the n locations m,‘*), and so on according to the code number of fF’. 

When, as occurs with large matrices, there are relatively few groups of 
data in the store, the address digits of one-word hyper-commands may be 
partitioned into a, D, ¢; F,Z. Here a, b, c, have values 0-8 (3 digits each) and 
refer to two of 16 store locations. Each of these groups of two words may be 
considered as partitioned into V, n,m, 1, where N is the location of the first word 
in an n Xm matrix of p-word numbers occupying J store locations in all. 
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The associated function block can be designed to provide operations such as 
matrix multiplication, inversion, division, etc. Additional calculations are 
performed, for each operation, to adjust the value of NV, n, m, 1 of the result. 
Thus, in the multiplication which we may denote by {(a).(b)¢}, 1, =Mq, M,=N5, 
and l,=p xn, xm, are calculated in the course of the operation and V, may be 
provided by the programmer. By suitable design of the function block, the 
computer can be made to keep a record of usage of store space and adjust NV, 
itself. In these ways the programmer may be relieved of concern for lengths of 
data units and may programme in terms of a, b,¢ only. 


The interpretive system has so far been applied mostly to various arith- 
metical methods as described, but has great potentialities for problems other 
than those that are purely arithmetical, since hyper-commands may be 
partitioned and coupled together in any manner desired so long as a suitable 
interpretation routine can be designed. 
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THE EFFECT OF INTERPRETIVE TECHNIQUES ON FUNCTIONAL 
DESIGN OF COMPUTERS 


By T. Pearcey,* G. W. Hm1,* and R. D. Ryan* 
[Manuscript received November 12, 1953] 


Summary 


An analysis of the programmes for a number of computations performed by the 
C.S.1.R.O. Mark I computer shows that a great proportion of store space and operating 
time is occupied by the control of the course of the calculation, and that the proportion 
of the store space required as working space by a programme decreases as the size of 
the programme increases. The increasing use and great flexibility of interpretive 
techniques suggests that a very flexible, reliable computer, easy to use, could be con- 
structed. Such a computer would possess only a relatively small amount of rapid- 
access erasable store, and a larger amount of rapid-access non-erasable store, in which 
would be held all interpretation routines, function blocks, and so on. The operator 
would require no knowledge of the actual machine code, but would place his hyper- 
programmes and data into a slow-speed backing store. 


I. INTRODUCTION 

In a previous paper (Pearcey and Hill 1954) a very powerful technique was: 
described for the simplification of programme design in cases of complicated 
arithmetical computations. This is known as the interpretive technique and 
was described in detail as applied to the C.S.I.R.O. Mark I computer. The 
method is also applicable to a wide range of programmes and not necessarily 
restricted to essentially arithmetical computations. 

The effect of the interpretive technique, so far as the user is concerned, is 
to provide the computer with a number of additional and convenient functions 
which are, to his view, built into the machine. Further, this set of functions 
can be changed by use of different function blocks. 

The number of machine commands in the function blocks is frequently 
large, from 300 to 700 words or more depending upon the particular hyper- 
functions desired. Hyper-programmes are more frequently of the order of 100 
hyper-words only. 

An analysis of the interpretive function blocks used in the C.S.I.R.O. Mark I 
computer shows that less than 5 per cent. of the space occupied by an interpretive 
programme and its auxiliary routines is subject to change as the calculation 
proceeds. This estimate includes working space, variable commands and control 
parameters, link storage, and so on. 

This indicates that a new form of storage of very simple design, little of 
which need be erasable, could be used. Such a computer would operate entirely 
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interpretively and possess a simple machine code, amounting at most to only 
15 single operations. The user would require no knowledge of the machine code, 
but only of the hyper-code suitable for his computation. The programmer may 
choose a function block with a standard hyper-code or design one to suit the 
problem. This would greatly assist users to programme for ‘ difficult com- 
putations ”’. 

Such a computer, effectively capable of doing very elaborate operations, 
could be constructed with less equipment than exists in most currently operating 
machines. This would considerably improve reliability, assist maintenance, 
and achieve a more even balance of the responsibility for designing and con- 
structing such a computer between the engineer and the mathematician. Simpli- 
fication and reduction of equipment relieves the engineer of much effort and 
places more responsibility on the shoulders of the mathematician, who designs 
the routines for what the user could consider as ‘‘ built-in ’’ functions. 


II. ANALYSIS OF PROGRAMMES 
The commands of a programme can be grouped according to type (transfer, 
sequence shifts, addition, etc.), or according to their purpose (computation, 
sequence control, etc.). The manner in which the store is used is indicated 
by the proportion of store space occupied by such groups. The relative frequency 
of performance of commands of such groups is a useful basis for estimating 
efficiency of use of time. 


A number of widely different programmes and interpretive function blocks 
have been analysed in these ways. The problem programmes include pro- 
grammes for X-ray crystallographic synthesis, experimental data analysis, 
integration of singular functions, evaluation of determinants, matrix operations, 
and solution of various types of partial differential equations. The interpretive 
systems included those for floating decimal arithmetic, double precision 
arithmetic, and an arithmetic for which the index point occurs between the p,, 
and pj) digits, for both the real and complex variable. 


III. ANALYSIS OF STORE USAGE 

This analysis corresponds to a simple count of the commands of different 
groups as they occur in written programmes. The results of grouping commands 
according to type are shown in Table 1 for the case of problem programmes and 
interpretive function blocks. All values are percentages of the total store space 
occupied by the programme, excluding command Space required only during 
insertion of the programme into the computer. The standard deviation listed 
with each percentage is believed to be reliable to 1 per cent. 

It will be noticed that a rather large proportion, 32 per cent., of the total 
consists of plain transfers. The small standard deviation of this group, 
2-4 per cent., indicates that such transfers form an essential part of the pro- 
grammes and could not be reduced below about 30 per cent., even with the 
address system of Mark I. The overall length of programmes in a one-address 
system, like that of EDSAC, shows an average increase of 25 per cent. over 
the store space occupied by equivalent programmes in the Mark ‘I system. 
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Most of the increase is due to additional transfers required, which bring the 
proportion of store space occupied by transfers in a one-address system to about 
40 per cent. 

The frequency of “add” or “‘ subtract ” commands is seen to be greater 
in problem programmes than in interpretive function blocks. Greater inter- 
connection in function blocks increases the proportion of commands devoted to 
sequence shifts, which organize repetitions of the relatively smaller proportion 


TABLE 1 
STORE USAGE ANALYSIS : PERCENTAGE OF TOTAL PROGRAMME SPACE OCCUPIED BY COMMANDS OF 
VARIOUS TYPES 


eee ee ee) 08 2 


Type 
Programme Add- Control Discrim- 
Transfer | Subtract Shift ination Variable Other 
Problem programmes 3242 2444 17+2 8+1 442 17+5 
Interpretive function 
blocks see oe 32+4 14+4 29+6 5+1 5+1 15+5 


ee Se ee 
Length of problem programmes, 100-300 commands 
Length of interpretive function blocks, 250-500 commands 


of commands devoted to arithmetic operations. This emphasis, indicated by 
the proportion of sequence shifts, is found to increase with the degree of com- 
plexity of the arithmetical system. 

In both types of programme, discriminations are relatively few in number, 
5-8 percent. Use of “#”’ and “@” type commands in the one-address EDSAC 
system for sequence shifts as well as for discriminations would bring the propor- 
tion of such operations to 20-30 per cent. It is very important to note that the 


TABLE 2 
STORE USAGE ANALYSIS: PERCENTAGE OF TOTAL COMMAND 
SPACE OF PROBLEM PROGRAMMES DEVOTED TO VARIOUS 


ee es Se 


Computation .. ae ae A 43+16 
Sequence control ple : EG 23+ 7 
Linkage a Be ie A 15+ 5 
Command variation .. mu = 13-+10 
Other .. Me he “oi Ss 741 


Oe ee 


proportion of variable commands is quite small, 4-5 per cent. Although this 
type of command occupies relatively little space, it is vitally necessary in flexible 
programme design. 

The results of grouping commands in problem programmes according to 
purpose is shown in Table 2. This shows that less than half the programme 
space is devoted to calculation, and this includes all transfers etc. involved in 
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the actual calculation of results. Without transfers and similar organizational 
commands, the proportion devoted to calculation drops from 43 per cent. to 
about 30 per cent. Apart from the 7 per cent. devoted to connection with the 
user (input, output, hoots,* etc.) the remainder is devoted to controlling the 
course of the calculation. 


IV. MACHINE SPEED EFFICIENCY 

Since commands in some loops are repeated more often than others, a simple 
count of commands in written programmes is not a reliable indication of relative 
frequencies of performance of command groups. An analysis of performance 
frequencies shows considerably greater variation than the store space analysis. 
Depending on the programme, the proportion of time devoted to calculation 
of results varies from 30 to 70 per cent. The proportion devoted to organization 
varies from 70 to 30 per cent. Communication with the user by hoots, input, 
prints, etc. may occupy up to 50 per cent. of the operating time and is very 
variable. Of significance is the fact that multiplication occupies up to 25 per 
cent. of the time. In such cases, replacement of the machine operation by an 
equivalent routine for multiplication would decrease multiplication speed by a 
factor of about 240 and overall computing speed would be reduced by, at most, 
a factor of about 60. 


V. VARIABLES AND WORKING SPACE 

Only a small proportion of a programme changes during operation, and the 
working space it requires is only a small proportion of its size in the store. 

Programmes require working space for the data operated on (e.g. accumu- 
lators, temporary storage space, etc.), store space to hold constants, parameters, 
variable commands, count parameters, and other cycling controls. All locations 
occupied by data of these types must be erasable, since the contents change 
both during calculation and from programme to programme. In general the 
proportion of programme space occupied by such variables tends to decrease as 
the size of the programme increases, due to use of the same stores for variables 
of many routines. 

While single routines from the Mark I library, with lengths 30-90 commands, 
required 13-17 per cent. of their lengths for constants and working and variable 
spaces, problem programmes consisting of groups of library and special routines 
required only 4—10 per cent. of their overall length of 180-350 commands. This 
drop is largely due to use of the same working space for all routines, e.g. the 
working registers A, B, OC, D, and H. 

Problem programmes rarely exceed 350-400 commands in length. Problems 
requiring large groups of commands have been those suited to interpretive 
techniques, involving function blocks of lengths 300 commands upwards. The 
hyper-routines and hyper-programmes range in length from 100 commands 
upwards, but the amount of variable store required by the function block is 
independent of this further length. In estimating the variable space required, 
all hyper-registers (A, X, S, K, etc.), temporary storage spaces, and link and 


*A “hoot” is a signal made audible by the loudspeaker. 
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loop control spaces must be included. About 20 locations are required for 
“control” registers, and a further 5n locations for “ arithmetical ” registers 
for n-word numbers. In cases of complex variables, this latter contribution is 
double that for real variables. Any increase in the effective value of increases 
the total size of the function block (“n—4” block is 40-60 per cent. longer 
than “n—2” block), thereby tending to keep constant the ratio of variable 
space to programme space. For interpretive function blocks of lengths ranging 
from 250 to 600 commands used with the Mark I computer, this ratio was 
4-5-5-5 per cent. 

As the value of n increases, a stage is reached where it is more efficient 
to change from a one-address system to a three-address system. This avoids 
waste of store space for n-word arithmetical registers and waste of time for 
n-word transfers. Eliminating hyper-arithmetical registers causes the pro- 
portion of variable stores to decrease below 5 per cent. with increase in size of the 
function block. This suggests that there is an upper limit of about 100 store 
spaces to the amount of variable store needed by all types of programmes. 


Experience so far shows a greatly increasing use of interpretive systems in 
Mark I, with frequent use of the same function blocks. The general utility, 
simplicity, and flexibility of interpretive methods tends to make them popular 
with users. 

Computers, suitably designed for use of interpretive methods, could store 
the standard function block in a fixed or semi-fixed storage system of rapid 
access ; only a relatively small additional amount of rapid-access erasable store 
being required for working space, etc. Large amounts of problem data would 
normally be held in a slower-access backing store since such stores of large 

_ capacity are inexpensive. Small amounts of problem data may be held also 
in more expensive rapid-access stores. 


VI. OPERATION RATES IN HYPER-CONTROL 

The advantages of interpretive methods are obtained at the expense of 
reduced speed of hyper-operations. Hyper-speed, the rate at which hyper- 
commands are performed, is considerably slower than machine-command speed 
and varies with the design of the function block used. A measure of the hyper- 
speed is the number of machine commands performed by each hyper-operation. 
This is listed in Table 3 for each hyper-function of a number of interpretive 
systems used in the Mark I computer. These values may be reduced to time in 
seconds for the Mark I computer by division by 500. The command symbolism 
for hyper-functions is that given in a previous paper (Pearcey and Hill 1954). 

Tt will be noted that machine commands, those hyper-commands not 
terminated by Z, are performed most rapidly (14-18 command times). Transfers 
to and from the accumulator, real addition and subtraction, hyper-sequence and 
hyper-count operations are relatively rapid (40-60 commands). Multiplication 
hyper rate varies from 50 to 100 commands for the real variable. Hyper rate 
for division and square rooting decreases from 100-300 commands for single 
word precision to about 1500 commands for extended precision, due to organiza- 
tional complexities introduced by extension to high precision. To the input 
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and output rates of 100-1000 commands must be added the time required for 
the mechanical operations of reading, printing, or punching. 


For complex variables the hyper rate of transfers is only slightly decreased, 
that of addition and subtraction is roughly halved and of multiplication, division, 
and square rooting is decreased by four to five times. 

The average rate of performance of any hyper-programme depends on the 
particular hyper-commands of which it consists. An analysis of the frequency 
of use of hyper-commands has been made for hyper-programmes for solution 


TABLE 3 
HYPER-SPEEDS 


No. of Machine Commands} No. of Machine Commands 
per Hyper-operation ie os per Hyper-operation 

Real Hyper- Hyper- 

operations* A B C D operations A B C D 
(np) —A 40 40 43 50 (%q) A 50 50 44 59 
(np) A 43 72 50 #160 (nq) SA 90 180 57 ° 400 
(np) +A 55 72 51 180 (%q) sa 140 180 61 420 
(Np) Bui) 104 57 51 150 (%q) <A 430 350 77 ~—=«1100 
(7p) aA 1500f 120 123 1400f (nq) >A 4700 750 280t 46004 
(np)?—A 1500$ 260 250 1700t (ng)?—A 5000f 1400 670t 6500t 
(np) Ot 930§ 180§ 100§ 9808 (%q) Ot 1850§ 300§ 170§ 19008 
(1) np 240§ 190§ 130§ 3208 (1) =n 470§ 320§ 220§ 6008 
(A) Np 40 .40 46 50 (A) —Nq 52 52 52 66 
n —S 34. 35 = 40 42 | rq A, 220 170 61 540 
Sar 40 41 46 48 (7p) 4A, 250 130 79 390 
Ss 37 38 43 45 (np) =A, 3500$ 280 220t 3000f 
Ups 45 46 51 53 Nq —D, 45 46 51 53 
Np —D, 44 45 50 52 Ng =D, 44 45 50 52 
(DY BE 43" 44° 40 51 

f(A) —A 60f 60t 65% 65t 

Machine com- 
mand ngs 14 14 16 18 


* The command symbols are those described by Pearcey and Hill (1954). 


{ The arithmetical systems involved in the columns of hyper-rates are: A, double precision 
arithmetic ; B, floating decimal arithmetic ; ©, arithmetic with index point between 1;, Dio. 
digits; D, floating decimal index, double precision arithmetic, 

{ Average values only. 


§ Not including mechanical printing or reading time. 


of polynomial equations using complex arithmetic, integration of singular func- 


tions using floating index arithmetic, and matrix operations in floating index, 
double precision arithmetic. 


Of all the hyper-commands performed, hyper-transfers form 10—40 per cent., 
hyper-control operations 10-40 per cent., addition and subtraction 5-20 per cent., 
multiplication 5-20 per cent., and machine commands less than 30 per cent., 
while the relatively slower operations, division and Square rooting, require less 
than 5 per cent., with input and output less than 5 per cent. 


INTERPRETIVE TECHNIQUES AND COMPUTER DESIGN 511 


By suitably combining the hyper rates with the frequencies of performance 
of hyper-commands, an average hyper rate of 50-90 is obtained for the cases 
cited. For an estimate of efficiency these figures must be compared with the 
average speed with which such operations could be performed by the direct 
technique of cueing and linking outlined in a previous paper (Pearcey and Hill, 
1953). By direct techniques the duration of each hyper-operation could be 
decreased by omission of the 30 ‘“‘yedundant ’’? machine commands in the 
interpretation loop reducing the equivalent operation speed to 20-60 machine 
commands per hyper-operation. At the same time most hyper-commands 
would be replaced by 2-3 machine commands for planting address, link datum, 
and operation code, thus doubling or trebling the length of the hyper-programme. 
Thus interpretive techniques are seen to be roughly twice as expensive in time 
and half as expensive in command space as direct programme techniques. 


VII. REFERENCE TO SLOW-ACCESS STORE 

If problem data and hyper-programme are stored in a slow-access store 
such as a magnetic drum, operating speed would be seriously reduced if transfers 
to and from the slow-access store were very frequent. While all the hyper- 
operations would require a transfer of the hyper-command from the slow-access 
store, a proportion p involve a further transfer of an n-word number. In an 
interpretive system for n-word numbers, with an average hyper rate of y machine 
commands performed for every hyper-command, some r/(1+pn) machine 
commands would be performed on the average for very slow-access store transfer. 

In the cases cited, 7/(1-+-pn)=15, 20, 50, so that, unless the access time of 
the low-speed store were more than 50 times that of the rapid-access command 
store, there would be no serious reduction in operating speed. The store access 
ratio (ratio of low-speed to high-speed access times) should not be greater than 
50 and preferably less than 15. 


VIII. BEARING UPON FUNCTIONAL DESIGN 


The results of these discussions have direct bearing upon the functional 
design of computers. The factors which are seen to be important are as follows : 


(1) The interpretive method simplifies programme design and has the effect 
of providing the user with many additional “ built-in ’’ functions. 

(2) The interpretive method is flexible, the code and address style being 
chosen at will. 

(3) Function blocks can be designed for interpretive programmes which 
will be of very common use. A small number of standard blocks would satisfy 
the great majority of users. 

(4) The proportion of the store required by a programme as working space 
decreases as the size of the programme increases. For interpretive arithmetical 
programmes this is about 5 per cent. of the programme space only. This only 
need be erasable during operation, apart from the problem data store. 

(5) Considerable time is spent by transfers and control operations and in 
the control of the programme itself. 
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(6) Reference to data for computation is relatively infrequent. Such data 
could be held in a slow-access store with only a small degree of loss of time. 
(7) About 50-90 machine commands are performed to each hyper-command. 


Accepting these points, a computer could be designed having adequate 
speed, relatively simple engineering requirements, and great flexibility and 
ease in programming. Thus we may adopt the following principles for its 
design : 

(1) Use the interpretive method of programming entirely. 

(2) The machine code should be short and possess only a small number of 
simple functions, e.g. a one-address system. 

(3) The user would use only a hyper-code and would not require knowledge 
of the machine code. 

(4) Commands should be adopted from a rapid-access store, data and hyper- 
programmes being held in a slower access or backing store. 

(5) The rapid-access store need have only a small fraction of its total 
capacity erasable, the rest fixed, since function blocks would be stored per- 
manently. The erasable store would be used as working space for the function 
block and its associated interpretation routine and directory. Provision should 
be made for adopting variable commands from the erasable part of the store. 

From this it will be seen that the hyper-programme and problem data, 
the parts supplied by the user, would normally be held in a backing store only. 
The machine adopts its commands from the rapid-access store. The fact that 
only a small part of the high-speed store need be erasable should considerably 
simplify the engineering problems associated with rapid-access storage. 


IX. THE STORE 

As in the case of most computers, the logical design depends largely upon 
the physical nature of the storage system adopted. Much effort is expended 
in the design of large-capacity storage systems possessing write-erase features 
and rapid accessibility. This expenditure could be avoided with probable 
reduction of equipment and additional reliability if a small amount of rapid-access 
erasable store were used together with a‘larger amount of fixed or, rather, semi- 
permanent store. The erasable store would provide working Space and all 
hyper-registers, and the function blocks providing the hyper-functions would be 
inserted into the non-erasable store. These stores will be called the variable 
and fixed high-speed stores. The serial mode of operation will be presumed on 
the grounds that less equipment is required in the control and operation of such 
a computer than in an equivalent parallel operating machine. Digit recurrence 
rates of at least one megacycle should be attainable. 

It is also clear that a large backing store must be provided for storing large 
amounts of erasable problem data and the hyper-programme and hyper-routines. 


X. FIXED HIGH-SPEED SToRE 
For the fixed store a “ flying spot’ system similar to that used in the 
transmission of films by television seems a possible technique, not requiring 
excessive effort for development. In this System the image on the gsereen of 
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a high definition cathode-ray tube is focused upon a film frame which is scanned 
by a light spot tracing a raster on the face of the screen. The light transmitted 
by the film is detected for transmission by a photomultiplier tube. 


By replacing the film by a matrix representing the routines of the function 
block and other standard routines, and controlling the passage and position of 
the light spot on the screen, the output of the photomultiplier tube may be made 
to provide commands to the computer. 


The advantages of such a system would be those of relatively small amounts 
of standard equipment, high digit capacity per frame of the matrix, and small 
access time equal to the time required to shift the spot from one place to another. 


Commands and standard constants could be stored on the matrix in rows 
of spots in binary code. It seems possible to store up to one thousand 16-digit 
commands on one matrix. The application of suitable deflexion voltages 
corresponding to a given serial number would position the spot ready to read 
out a selected command. The spot may then be brightened and moved across 
the screen at a fixed rate so as to scan the required word on the matrix. Such a 
scheme would provide serial transmission of digits, with a possible digit rate of 
one megacycle. 

In practice it may be possible to avoid the use of an optical system by 
placing the matrix directly against the cathode-ray oscilloscope face. The 
store could be extended by addition of similar units. 


The disadvantage of the fixed store is that special matrices must be con- 
structed either photographically or mechanically. Against this argument, 
however, such matrices would be standard, few in number (about 20 different 
matrices), made once only, and frequently used. 

Other methods of constructing stores involve the use of one element for 
each digit as in the case of magnetic cores or dielectric elements. With the 
former of these a considerable reduction of the number of cores can be attained 
by suitably weaving a number of reading circuits through one row of cores. 
However, for convenience of rapid changing the optical system is preferable. 

The use of fixed store matrices would relieve the programmer of much 
tiresome work in the use of multiple accuracy and other elaborate arithmetical 
methods. 


XI. ERASABLE HIGH-SPEED STORE 


This store could take one of a number of possible forms, such as magnetic 
core or electrostatic matrices, delay lines, etc. Delay lines, although “ volatile ”’, 
may be made to operate at higher than one megacycle recurrence rates and 
would be highly suitable for serial operation. The access time would be reduced 
by having as few words as possible placed in each delay line, consistent with 
there being a reasonably small amount of equipment. One possible means of 
achieving this is to adopt a “« multiplex ’’? scheme in which more than one word 
is held in a delay line of one word “length ” by interspacing the digits of the 
words stored. The access time to any word is thus reduced to a maximum of 


one word-time. 
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The digit period of both types of store must be the same since the transfers 
are presumed to be serial. The storage locations may be numbered serially 
(0 to N—1), the erasable store occupying the earliest positions (0 to M—1), 
with the fixed store following without a break (M to N —1). 


XII. Low-SPEED STORE 
This will be referred to by the programme held in the high-speed store and 
will thus not be required to possess an access time as small as that needed in the 
high-speed store. Nevertheless, the access time for the backing store, or low- 
speed store, should be as small as possible within reasonable engineering safety 
margins. This store would probably take the form of a magnetic drum, a system 
which is known to be highly reliable and economical in space and equipment. 


XIII. THE CoDE SYSTEM 

Commands of the fixed store matrices are recorded in ‘“‘ machine code ’’, 
each code number corresponding to a single machine function. This code is 
fixed by the design of the machine. The interpretation codes are variable and 
are chosen by the user or the mathematician to suit the type of calculation. To 
each of the different interpretation codes there will correspond a set of machine 
code matrices. It will be assumed that the machine operates in the binary code, 
with complementary representation of negative numbers, the sign digit being the 
last digit transferred in each word. 


XIV. THE MACHINE CODE 

From the point of view of simplicity of use, of logical design, and of minimum 
equipment the best design would involve serial operation in a one-address code 
system with only essential machine functions. The consequent disadvantages 
of increase in programme size and reduction of machine speed is amply compen- 
sated by the size of the cheap store available and its reduced access time. 

Each high-speed store location will be referred to by its address n, and its 
content denoted by (n). The total number of low-speed store locations will be 
N’ and any particular such location will be referred to by its address n’ with 
content (n’). > 

We shall assume that one word occupies 16 binary digits, although this 
may be chosen at will, and that all transfers called by the machine code will be 
16-digit transfers. There would be no basic change to make such a machine to 
possess a 16-digit command code and to transfer 32 digits under such a code. 

A central accumulator A of double length capacity, i.e. 32 digits for 16-digit 
transfers, whose content is denoted by (A), must be provided. The accumulator 
could be of the delay line type with suitable input and output gates and special 
devices for multiplication and left shifts. Though multiplication could be 
performed by a programme stored in the machine by repeated addition and 
shifting, it is so frequently used in practice that it is best to provide built-in 
multiplication. In this case additional arithmetical registers must be provided 
but need not be referred to explicitly by the machine code. 

Operation proceeds serially, that is, commands are adopted from sequential 
high-speed store locations except when, transfers of control are called. The 
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sequence register containing the current command address will be referred to as S 
and its content as (S). The sequence register must be provided with a 3-adder 
so that it may generate sequential addresses by addition of a unit digit from the 
sequence unit after extraction of each command. These facilities would also 
be used whenever sign test functions are called. The interpreter, which receives 
each command for decoding, will be denoted by K. The input register J and 
output register O connect the machine with the operator. 


All commands will contain a store address and a function number. Some 
of these functions will refer to variable store 0<n<WM, to the fixed store 
M<n<N, and to the backing store 0<n’<N’, and we want to allow N’' to be 
as great as possible. 


It is found that there are only three commands which refer to fixed store 
locations and to low-speed store locations. These are: 


(1) Shift control to denoted by nS 
(2) Transfer (A) to n’ in 

the low-speed store “i 9 (A)—n’ 
(3) Transfer (n’) in the 

low-speed store to A = » (v)-A 


A special group of two digits in the function part of the code may be used 
to distinguish these from all other functions. These may be the two most 
significant digits, ie. p,, and p,; of a 16- -digit command consisting of digits 


Pie) Piss - - -» Px in descending order of significance. 

Other commands refer only to the erasable high-speed store 0<n<M, 
for which fewer address digits are required, e.g. P1, - - -» Ds provides for 
0<n <256. 

Hence the following address scheme may be adopted : 

Pies Pis Pis-Po9 Ps-Pi Function 

T {<0 <n’ <N’'—___—_>> _ 1 _(n’)—A 

1 0<—0<n' <W’/——___> , {4)—”’ 

0 1<—_0<n <N ——__> eas —S8S 

0 0<—Function code><—0<n<M-— | Other functions 


Ag illustrated, N and WN’ would be limited to 16,384 locations. This is 
probably excessive for NV. 

The remaining functions may be chosen as follows and refer only 
to 0<n<M: 


(1) Transfer (n) to A (accumulator) denoted by (n)—A 
(2) Transfer fea! to n 3 » (A)—-n 
(3) Add (n) to (A) and hold the sum in A 3 + (n) tA 
(4) Subtract i ) from (A) and hold the 

difference in A 9 ds (mMs3A 


(5) Form digit by digit product of (n) with 
regard to (A) and place in A i, ¥ (n)__A 
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(6) Form product of (m) and (A) and place 


in A ” ” (n) XA 
(7) Rotate (A) by n places to the left * -e, nL 
(8) If (A) is —ve add unit to S (sequence 

register) * a ae. 
(9) Transfer content of input register 

(I) to location n a a (I)—n 
(10) Transfer (n) to output register O 

and record i 55 (n)—O 
(11) Transfer (S) to location a 5 (S)—n 
(12) Transfer (n) to S ‘ i (n)—S 
(13) If (nm) non-zero stop sequence A "9 (n)—T 
(14) Transfer (n) to the interpreter K 

and add the next command to it 5 ma (n) +K 


Of these commands, (5) is useful in any interpretation routine and will 
therefore be used in all programmes, and (7) allows of both the greater and lesser 
half of products to be transferred from A and also facilitates the use of strobe 
methods in routines. 


Command (8) allows all discriminations to be made, with the aid of the shift 
command (7) on any digit not necessarily the sign digit. Commands (11) and 
(12) allow links to be stored in the erasable store and hence allow transfers to 
and from routines in the fixed store to be made. Command (14) is special and 
allows for variable commands. The address may be stored as a parameter in 
the erasable store at n. If (n)+K is placed in m and (A)-+4 is placed in m-+1, 
then the latter command is adopted as (A)—4-+(n). It will be noticed that 
machine commands may be adopted from either the fixed or erasable stores and 
that the serial ordering of the locations of the erasable part continues into the 
fixed store, some locations of which may exist for which n<M. Standard 
data used by the function blocks will lie either in the erasable store or in that 
part of the fixed store for which n<M. 


XV. STORE SELECTORS 
Considerable convenience is achieved by adopting commands from the 
erasable store as well as from the fixed store. This would assist in insertion Of 
hyper-programmes and data by enabling the insertion routine to be held in the 
erasable store. Further, short programmes of standard type or short hyper- 
programmes could be stored in the erasable part. 


There would be three store selector units, each of a different type; one 
for the erasable store, one for the cathode-ray oscilloscope fixed store, and one 
for the backing store. In selection of commands the contents of the sequence 
register would be transmitted to two selectors, that for the erasable store and 
that for the fixed store. If 0<(S)<M, the p,,-p, digits would be zero and 
PsP, digits in the erasable store selector would operate a “ tree-type ”’ selector 
preparing the erasable store to transmit. For M<(8)<N, the p,.-p,, digits 
(Pis-P» digits not all zero) in the fixed-store selector would apply the required 
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deflection potential for placing the spot on the cathode-ray oscilloscope at the 
beginning of the required trace. The digit group p,,-p, thus selects which 
part of the high-speed store is used ; if this group is clear of units the erasable 
store will be operated ; otherwise the fixed store would be used. 

The backing-store selector could be of the counting-coincidence-selector 
type operated by digits p,-py, (0<n<WN’) and would be used in selection of 
locations for transmission of data or hyper-commands during performance of 
machine commands. 


XVI. THE HYPER-CODES 
Hyper-functions will vary and be chosen at will, and for each set suitable 
matrices will be designed. 
In particular, three hyper-functions may refer to addresses »’ in the low- 
speed store where 0<n’<WN’. These will be: 


(1) Transfer hyper-control to 1’ denoted by (n’)—-S 
(2) Transfer the p-fold hyper-word in 


locations n’ to n+p—1' to the 

hyper-accumulator 3 Ag 
(3) Transfer the content of the p-fold 

hyper-accumulator to the p-fold 


hyper-word in location ’ to n+-p—1' » »  (A)—n,' 


In these functions p will be implicit and specified in the routines of the fixed 
store (see Pearcey and Hill 1954). All other hyper-functions will refer at most 
to the UM locations of the erasable store. In such cases, n( <M) must be specified 
in the hyper-command, for instance, in digit positions p, to pz, leaving digits 
Py to Py, for the remaining hyper-function code providing for 64 possible hyper- 
functions. 

By suitably choosing the hyper-code it may be possible to extend the code 
to additional hyper-functions and to change from one to another mode of inter- 
pretation, packing more than one hyper-command into a single word, or extending 
to a two- or three-address hyper-code as desired. 


XVII. ORGANIZATION OF THE COMPUTER 
The computer would contain only the essential registers. The cycle of 
operations would be as follows : 
(1) The content of the sequence register is transmitted to the high-speed 


store selectors. 

(2) The selected command is transmitted from the high-speed store to the 
interpreter register where it is decoded, and a unit is added to the sequence 
register. 

(3) The numerical address held by the interpreter is transmitted to the 
high-speed store selector and to the low-speed store selector and the function 
addresses decoded by suitable selectors and suitable gating operations. 


(4) The required transfer between registers takes place. 
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In the first of these operations the sequence register content is transferred 
to both fixed store and erasable store selectors. If the py—p,, digit group is zero, 
the command is selected from the erasable store ; otherwise from the fixed store. 
In the second operation of the computer sequence, the interpreter receives the 
command. The transfer occurs over a minor cycle period coincident with digit 
periods p\—P4¢6- 

Decoding would occur in three parts. The interpreter may be thought of 
as a distributed constant delay line and similar to the sequence register. Digits 
Pis-Pig are connected to a separate decoder providing four outputs. Digits 
Po-P14 are connected to a ‘‘ function decoder ” of the tree type. Digits py-Pys 
are transmitted in parallel to the variable store selectors and to the backing store 
selectors by activation of gates by the sequence unit waveforms. 


Transfers from the sequence and interpreter registers could be made in 
parallel by initially tapping along the lines for the output digits. 

For two of the configurations of p15, p1, digits (1,1 and 0,1) the backing store 
output or input gate is activated, the store location being selected by the p,—p,4 
digits in the backing store selector. If the p,;, p;, digits are 1,0 respectively, 
the p,—p,,4 digits of the interpreter are gated in parallel to the sequence register. 
the configuration 0,0 of p,;, pi, digits permits the py—p,, decoder to be activated, 
selecting the required function by opening gates for transferring the p,—p, 
digits in the erasable store selector to select the datum location. 


Thus, in the first operation of the computer-sequence, either erasable or 
fixed stores may be called to transmit, and in the third operation either the 
backing store or erasable store is involved. In the case of low-speed backing 
store transfers, the sequence unit must not stimulate action until coincidence is 
found by the selector. 


XVIII. SPEED OF OPERATION 


The speed of operation obtained depends upon the access time of both rapid 
and slow stores. It seems reasonable to choose these speeds such that the 
access time of the low-speed store is about 20-40 times the access time to com- 
mands, so that operating time is fairly evenly divided between high-speed 
commands and backing store transfers. 

The one-address system suggested turns out to be similar to that adopted 
for HDSAC (Wilkes, Wheeler, and Gill 1951) and differs considerably from that 
of the C.S.I.R.O. Mark I computer. It may be expected, therefore, that the 
function blocks designed for the proposed machine would occupy 25 per cent. 
more words than those listed in Table 3. The estimate of high-speed commands 


to each backing store transfer, suitably weighted, would amount to about 
30 high-speed commands. 


If we put the access time of the backing store at about 4 msec (in practice 
the smaller this is the better) and assume that a further 4 msec be occupied by 
the 30 high-speed operations, we arrive at a period of about 133 usec per high- 
speed function. At a 1 megacycle recurrence rate, the two serial transfers 
would occupy 32 psec, leaving over 50 usec each for operations 2 and 4 in the 
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computer cycle which involves switching or transferring digits to selectors and 
raising the selectors to suitable marginal levels. These speeds appear readily 
attainable and might even be exceeded. 


At such a speed of operation the proposed computer would be able to do 
floating index and double precision operations at about one-eighth of the speed 
now required by the Mark I to perform normal operations, and corresponds to 
an increase in real speed over the Mark I for similar operations by a factor of 
five. 
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SHORT COMMUNICATIONS 


THE CONTRIBUTION OF PHONONS TO THE THOMSON 
COEFFICIENT* 


By P. G. KLEMENST 


An electric current of density j flowing in a temperature gradient VT gives 
up heat in a reversible way ; the amount of heat thus liberated per unit volume 
and unit time is given by 


IVE, | aioe ierees ee weer cee (1) 
vu being the Thomson coefficient, which can be shown to be 
Tadayel | te ,) 
i e le c)t, er ee et (2) 


where © is the Fermi energy, and the A’s are the usual transport coefficients 
as defined by Mott and Jones (1936, p. 306, equation (99)), or more generally 
by Wilson (1953, p. 305). 

In addition to this purely electronic Thomson coefficient, there is a 
component due to the lattice waves, arising as follows. 

If a current j is set up, the phonons, interacting with the electrons, have 
their distribution altered from equilibrium with a tendency to acquire excess 
quasi-momentum in the direction of the current. There is a resulting heat flow 
Q, proportional to j, defining a contribution to the Peltier coefficient x,=—@/). 
Since the Thomson and Peltier coefficients are related by 


evil dQ. 2.120 
ep j ar Z eg) Sw nuslferiey ef aisle! 6/ sire sve etree! (4) i 
The electron distribution function can be written in the form 
po ega Kad ta 
Nien -qienr eC es (5) 


» being a vector characterizing the deviation from equilibrium. Similarly the 
phonon distribution can be expressed as 


* Manuscript received February 25, 1954. 
+ Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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f? and N being the respective equilibrium distributions, k and q the wave-vectors, 
e=(H—Z)/KT and x=hw/27r KT, E and hw/2z being the energies of the electrons 
and phonons respectively. The electrons and phonons interact so as to conserve 
energy and total wave-vector. If there are no other interactions, the electrons 
and phonons are in quasi-equilibrium if A=’, as pointed out elsewhere (Peierls 
1930a, 1930b, 1932; Klemens 19516). True equilibrium, stationary for any 
interaction, requires A=’ =0, but in the absence of processes capable of obliterat- 
ing excess momentum (Xk+ %Xq), the electron-phonon interactions will merely 
distribute this excess momentum in such a way that A and A’ are equal and 
constant for all electron and phonon energies. 

The current density corresponding to a given value of A is easily found 
from (5) to be 


where W is the number of free electrons per unit volume. Similarly the heat 
current Q carried by phonons is found from (6) to be 


27 


Q=NST Here eee eet (8) 


where S is the lattice specific heat per unit volume. If the electron-phonon 
interaction is much stronger than the phonon-phonon interaction, which is due 
to anharmonicities or the elastic scattering of phonons by lattice imperfections, 
> and 2’ become equal, and yp, is obtained from (4), (7), and (8). It is thus 
found that 
Las 
p= aNee FU ee ee 


More generally, if t, is the effective relaxation time for phonon-phonon. 
interactions in the sense used in the theory of the lattice thermal conductivity 
(Klemens 1951a), and if t, is the relaxation time for phonons interacting with 
electrons, it is easily seen that 


and (9) has to be multiplied by the additional factor t,/(t,+7,). If the 78 
do not have the same frequency dependence, the expression becomes 


Dee Tp ; 
eT ee 0 ee Bs Pr 11 
wm aastan |S)z Ped, ae 


where S(w)dw is the contribution towards the specific heat from frequencies 


@, dw. 
The specific heat of a solid of N’ atoms per unit volume is 233NV 'K(T/6)8 


at very low temperatures, 80 that from (9) 


233.N'(T\? 
es | RE iss oc at, seee 12 
Me 9Ne (5) Be ade 
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ol 


For a free-electron metal the electronic Thomson coefficient is —7x?K?T7'/eC. 
Thus p,cZ and »,c7%. As an example of orders of magnitude, if €/K ~104 °K, 
0~2 102 °K, and N’~N, then | p,|~| yu, | at about 20 °K, provided of course 
that +,>t, at this temperature. Whether yu, is of appreciable magnitude at 
any temperature depends upon the relative magnitudes of +, and 7, at those 
temperatures where (12) is comparable with .,. 

For a pure metal uw, is not strictly proportional to 7, since the constant of 
proportionality varies with the dominant scattering mechanism (static imper- 
fections at lowest temperatures, lattice waves at higher temperatures). In 
such cases it may not be possible to identify the electronic component p,. How- 
ever, in an alloy this difficulty is avoided. The alloy must be such that t,<T, ; 
this is fulfilled below about 10 °K for well-annealed silver-palladium alloys 
(Kemp et al. 1954). Thus it seems that 1, may be observable in this and similar 
cases. 

In the case of semi-conductors +,<7,; hence 


1 dhe 
moe = | Se eee ieee 
Ye 3Ne irl Z Jad 
While the factor z,/7, is small, so is NV ; hence p, may be appreciable, and will 
in general be proportional to the lattice thermal conductivity. 
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FLUCTUATIONS OF LONG-PERIOD ACCUMULATIONS OF 
DAILY RAINFALL AMOUNTS* 


By J. NEUMANNT 
Introduction 
In a recent communication, Bowen (1953) notes the tendency for heavy 
falls of rain at stations widely scattered over the southern hemisphere to occur 
on certain dates rather than on others. Surprisingly enough, records for the 
British Isles show maxima of frequency of heavy rain on the dates, or close to 
the dates, of peaks for the southern hemisphere stations concerned. As for the 


* Manuscript received April 14, 1954. 
+ Meteorological Service, Hakirya, Tel Aviv, Israel. 


SHORT COMMUNICATIONS 523 


latter stations no evidence is found for progressive displacement in the timing 
of peaks with geographical location, and as the data for the British Isles indicate 
that some of the peaks occur on dates identical, or nearly identical, with those 
for the southern hemisphere stations, Bowen suggests that an extraterrestrial 
factor must be operative resulting in increased precipitation on certain dates. 
In particular, he suggests that fine meteoritic dust provides rain-forming nuclei 
when it falls into the cloud tops of the lower atmosphere. The meteoritic dust 
is believed to originate from meteor streams in the solar system through which 
the Earth passes about one month prior to the dates of the daily rainfall peaks. 
For further details of this hypothesis, reference is made to the original paper. 


Problem of the Present Paper 

On reading Bowen’s paper, an examination of local rainfall data appeared 
to be worth while. In the archives of the Climatological Division of the Israel 
Meteorological Service, records of daily rainfall amounts have been readily 
available for a number of stations in the area of the former British Mandatory 
Palestine. For dates between January 1 and February 5,* peaks exceeding 
the mean by 50 per cent. appear on the dates cited in Table 1. 


TABLE 1 
DATES OF PEAKS OF ACCUMULATED DAILY RAINFALL FOR SOME STATIONS IN THE AREA OF THE 
FORMER PALESTINE 


| Geographical 
Station | Coordinates Years Dates 
N. E. 
Haifa sets sik seule eo: 497 34° 59’ 1880-1939 | Jan. 10, 14, 21 
Jenin Eve oe nes 200287 35° 187 1921-1939 | Jan. 8, 12-13, 30-31; Feb. 
3-4 
Tel Aviv City ia = & 32° 04’ 34° 46’ 1924-1950 | Jan. 13, 20, 28; Feb. 2 
Jerusalem, American Colony 31° 48’ 35° 14’ 1898-1939 | Jan. 13-14, 19-20 
Jericho a ae ie 31° 51” Blithe Ah 1922-1939 | Jam. Ll=13) 15> 3137) Heb: 
1-4 
Hebron “va “ua as Sie azn 35° 04’ 1895-1914 | Jan. 7, 10, 18-19, 22, 27 
Beersheba .. He ot 31° 14’ 34° 47’ 1921-1939 | Jan. 15, 19-20, 29-30 ; Feb. 
2, 4-5 
Gaza Ate Aye a 312 37 By Nea he T9OL9=1939 Jano, 12, 04, LS 2953 


Some of the dates in Table 1 are surprisingly close to the dates in Bowen’s 
(1953, p. 492) Table 1. Particularly good is the timing of the peaks for Tel Aviv 
and Sydney. The daily rainfall amounts for Tel Aviv between the dates 
January 1 and February 5, in the years 1924-1950, are shown in Figure 1 (a). 

The question arises whether the coincidence, or near-coincidence, of peaks 
at stations widely scattered in the two hemispheres is due to a physical factor 
exerting its influence the world over, as suggested by Bowen, or is, perhaps, the 
outcome of random fluctuations. The latter possibility should not be ignored 


* Most of Bowen’s data refer to this period. 


524 SHORT COMMUNICATIONS 


ab initio despite the simultaneity of some of the peaks at different places. Ina 
somewhat restricted sense, the problem is whether for any of the stations, the 
peaks can or cannot be the result of random accumulations of rainfall on the dates 
concerned. It is this restricted problem which will be considered below. 
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Fig. 1 (a)—Accumulated daily rainfall amounts for Te] Aviv City— 
original (true) data. 

Fig. 1 (6).—‘* Accumulated daily rainfall amounts” for Tel Aviv 

City resulting from random shifting (in accordance with Table 2) 
of the original data. 


Testing for Randomness 

For examining the problem, a method devised by Bartels (1948) will in 
essence be followed. The idea underlying the method is as follows. Consider 
a time series the terms of which arise from accumulation of data and such that 
its peaks are believed to be produced by some physical factor becoming effective 
on certain dates. If now the basic data are reshuffied in some sort of random 
scheme, then in the series (accumulations) resulting from the reshuffling, the 
peaks should disappear. If, however, the new series be of.a character similar 
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to the original and, e.g., peaks of comparable magnitude appear on other dates, 
then the original peaks are likely to be the result of random accumulations. 

In the present investigation, the time series is the series of accumulated 
daily rainfall amounts. The physical factor the effect of which is supposed to 
become effective on certain dates is meteoritic dust. The method will be applied 


TABLE 2 
INSTRUCTIONS FOR THE RANDOM SHIFTING OF DAILY RAINFALL DATA 
FOR THE TEL AVIV SERIES 


Random numbers from a table published by Snedecor (1946, p. 12) 


Year Day Column Marked ‘“‘ January 1” 
(from (from 
Snedecor’s Snedecor’s | 

Rows) Columns) For Year Begins With 
24 . 26 1924 Dec. 26, 1923 
36 05 1936 Jan. 5, 1936 
39 20 1939 Dec. 20, 1938 
46 31 1946 Dec. 31, 1945 
30 il 1930 Jan. 11, 1930 
4] 23 1941 Dec. 23, 1940 
29 03 1929 Jan. 3, 1929 
48 12 1948 Jan. 12, 1948 
49 28 1949 Dec. 28, 1948 
26 29 1926 Dec. 29, 1925 
42 07 1942 Jan. 7, 1942 
40 06 1940 Jan. 6, 1940 
25 24 1925 Dec. 24, 1924 
50 19 1950 Dec. 19, 1949 
28 30 1928 Dec. 30, 1927 
35 01 1935 Jan. 1, 1935 
33 21 1933 Dec. 21, 1932 
45 14 1945 Jan. 14, 1945 
32 10 1932 Jan. 10, 1932 
31 25 1931 Dec. 25, 1930 
43 02 1943 Jan. 2, 1943 
44 09 1944 Jan. 9, 1944 
37 27 1937 Dec. 27, 1936 
27 22 1927 Dec. 22, 1926 
34 13 1934 Jan. 138, 1934 
38 08 1938 Jan. 8, 1938 
47 04 1947 Jan. 4, 1947 


to the data for Tel Aviv. Although the rainfall series for Haifa and Jerusalem 
(Table 1) are longer, Tel Aviv’s data were selected as the dates of its peaks show 
a better agreement with the corresponding data for Sydney considered by Bowen. 

In computing the accumulated daily rainfall, one writes, of course, the 
rainfall amounts for each date in one column. The reshuffling mentioned above 
consists of shifting the rows for the different years by a varying number of days. 
Thus, for instance, for one of the years shifted the rainfall amount for January 9 
may fall in the column headed “‘ January 1 ”. for the same year, the figure 
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for February 8 will appear in the column headed ‘“‘ January 31”. As the Tel 
Aviv series comprises 27 years, dates between December 19 and January 14 
inclusive were let appear once and only once in each case in the column marked 
“January 1’’. The years and dates were determined by reference to a table 
of randomly assorted digits published by Snedecor (1946, p. 12). In his table, 
two successive digits were thought to form a two-figured number. The tens 
and units of the figure representing the year (24-50) were obtained by reading 
Snedecor’s rows from left to right; the days (19-31 and 01-14) were obtained 
by reading his columns downward, beginning with the left-hand column. For 
the years, it was sufficient to read the first nine rows; for the days, it was 
sufficient to read the first six (two-figured) columns. In this manner, a table 
of instructions, Table 2 above, for shifting the original data was derived, the 
two-figured numbers in Table 2 being quoted in the order as they appear for the 
first time in Snedecor’s table. 

The “ accumulated daily rainfall amounts ” resulting from shifting of the 
original data in accordance with Table 2 are shown in Figure 1 (b). It will be 
noted that the peaks of Figure 1 (a) for January 13, 20, 28, and February 2 have 
disappeared. New peaks have emerged for “ January 7”, “10 2 ne. a I 
‘February 3”. Especially striking is the peak for “J anuary 10”. The: 
‘accumulated rainfall total ’’ for this ‘“ date ”’ exceeds by 20 per cent. the peak 
of Figure 1 (a) for January 13. In general, the character of the new fluctuation 
polygon is the same as that of the original. 


Discussion of the Results 


It is seen from the above that a random shifting of dates can lead to a 
polygon that simulates all essential characteristics of the original accumulated 
daily rainfall polygon. Although these results do not definitely disprove the 
hypothesis that the major peaks of Figure 1 (a) are produced by a genuine 
physical factor, they render such a hypothesis improbable. Indeed, they 
suggest that the peaks concerned have formed from a random accumulation of 
daily rainfall amounts. While this conclusion is primarily valid in respect of 
the Tel Aviv series, Bartels’s (1948) work on the 97-year long rainfall series 
for Gitersloh, Westphalia, Germany, and the results of the present investigation 
would support the conjecture that the peaks for the stations considered by 
Bowen also are the results of random fluctuations. - 


A further shortcoming of Bowen’s hypothesis is in that it only offers an 
explanation for the peaks but none for the “ troughs ”’, i.e. low rainfall amount 
totals. Thus, e.g., the data for Sydney (see Bowen’s Fig. 1) indicate rather low 
values of accumulated daily rainfall on or about J anuary 8, 16, 24, and February 4 
which remain unaccounted for. The hypothesis of random accumulations 
could account for both the peaks and the troughs. 
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POLARIZATION OF BREMSSTRAHLUNG* 
By E. G. MurrHeapy and K. B. MATHER{ 


An attempt has been made to measure the polarization of radiation from an 
11-5 MeV synchrotron. The method used was to load a photographic emulsion 
with heavy water, expose it with its plane normal to the beam, and measure 
the orientation and range of photoprotons from the 2H(y,p)n reaction. 
Tt has been confirmed experimentally (Wilkinson 1952) that protons from this 
reaction exhibit a cos? distribution about the direction of the electric vector of 
plane polarized radiation, which means that the reaction may be used to reveal 
polarization. 

An Ilford Nuclear Research Plate, 50 up, C2 was loaded with D,O by soaking 
for about 5 hr resulting in an absorption of 16-7 mg D,O per cm? of plate. It 
was mounted in a watertight aluminium holder containing excess D,O and 
exposed in the beam at 51 cm from the target, receiving 6 r from a 5 mil platinum 
target. A 20 cm lead collimator having a conical aperture prevented radiation 
from the doughnut reaching the plate and limited the exposure to an area of 
5 em diameter. Half an inch of ‘‘ Bakelite > was interposed to reduce electron 
fogging. A similar exposure was made on H,O loaded plates. Weight and 
thickness measurements were made on the plates giving water uptake, swelling 
and processing contraction factors, and permitting a calculation of the range- 
energy relation for the swollen emulsion (using data from Wilkins (1951)). 

It was essential to know where the centre-line of the radiation cone inter- 
sected the plate. This was located by ionization chamber measurement at a 
distance of 4m from the machine and fixed by a telescope sighting back to the 
target. The error was estimated as =2mm at the plate. Scans were dis- 
tributed over the plate to obtain data from a variety of planes of y-emission. 
However, all the data used were obtained at an angular radius between 1 and 2° 
both to avoid the worst effects of an error in the centre-line and to concentrate 
results where polarization is likely to be most pronounced, 0 ~me?/H. 

The orientation » of the projections of 1165 protons relative to the plane of 
emission of the y-radiation is shown in Figure 1 broken down into three energy 
groups, A, B, and C. Background distributions (from H,O loaded plates) were 
isotropic and should be subtracted from Figure 1 to the extent of ~20 per cent. 
in A, ~14 per cent. in B, and a few per cent. in C.§ A is consistent with isotropy, 
a 7? test on B gave a probability P—0-3 of getting this result if the distribution 


* Manuscript received June 17, 1954. 

+ Physics Department, University of Melbourne. 

{ Australian Atomic Energy Commission, University of Melbourne. 

§ Backgrounds were found to be essentially the same on unexposed. regions of the same 
plates and presumably arose from old thorium «-tracks and single cosmic tracks. 
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is actually isotropic, and the probability of getting C as 0-01. Plotted with 
respect to an arbitrary direction on the plate the same set of tracks gave an 
isotropic distribution (P=0-6 for group C). 

The 90° peak of Figure 1 C is consistent with a sin? distribution and could 
be interpreted as a polarization perpendicular to the plane of emission. The OF 
peak is more suggestive of a higher power of cos? and its origin and shape, if 
taken seriously, are puzzling. Polarization can only give rise to a single peak, 
the electric vector being single-valued. However, the present work is not 
inconsistent with that of Phillips (1953) who reported peaks at 90° and ~25° 
in the total bremsstrahlung from a 20 MeV betatron. 
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energy groups. @ is the angle between the projection of the track 

on the plane normal to the centre-line and the plane of emission 

of the y-ray (p,k plane of Gluckstern and Hull (1953)). The 

double ordinates in A and B indicate the number of tracks of 
uncertain origin. 


A number of spurious effects have been considered and excluded as possible 
causes, e.g. multiple target traversals, a gross error in the centre-line deter- 
mination, recoil protons, or deuterons knocked on by the photodisintegration 
neutrons in the loaded emulsion, ete. Contributions to the disintegration from 
effects other than the photoelectric (photomagnetic and tensor interaction) 


are of the order of a few per cent. and cannot appreciably alter the shape of the 
© distribution. 
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The theory of polarization of bremsstrahlung (Gluckstern and Hull 1953) 
predicts a single peak at 90° which is expected to be more marked at energies 
corresponding to our cases A and B. However, before a quantitative comparison 
can be made, it is necessary to allow for effects of multiple scattering in the 
synchrotron target. Multiple scattering will reduce the degree of polarization 
predicted by Gluckstern and Hull towards isotropy. After due allowance 
is made for this effect it is difficult to reconcile the magnitude of the observed 
90° peaks with theory. Work is continuing on this point and we are also 
repeating the experiment at 20 MeV. 


Acknowledgment is made to Professor L. H. Martin for his interest in the 
progress of the experiment. Part of the scanning was done by Mrs. 8. L. 
Ovenden. 
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THE MULTIVARIATE t-DISTRIBUTION ASSOCIATED WITH A 
SET OF NORMAL SAMPLE DEVIATES 


By E. A. CorNIsH* 
[Manuscript received July 29, 1954] 


Summary 


This paper gives a short account of the more important properties of the multi- 
variate t-distribution, which arises in association with a set of normal sample deviates. 


I. INTRODUCTION 

The multivariate t-distribution described herein was encountered in the 
course of a recent investigation of the frequency distribution of the spectro- 
graphic error which occurs in the D.C. are excitation of samples of soil and plant 
ash (Oertel and Cornish 1953). The original observations consisted of triplicate 
and sextuplicate determinations of copper, manganese, molybdenum, and tin in 
samples containing varying amounts of each of these elements, and it was found 
that the variance of measured line intensity was proportional to the square of 
the mean intensity. A logarithmic transformation stabilized the variance, 
which, for any individual element, could then be estimated from all the samples 
involving that element, and by subsequent standardization all the values of the 
new metri' could be placed on a comparable basis. The standardized variates 
appeared to be normally distributed, and it became desirable, for various reasons, 
to test this point. 

In providing tests of normality, two general lines of approach have been 
followed : 


(1) a normal distribution is fitted to the sample data, and the y? test of 
goodness of fit is applied ; 


(2) certain functions of the sample moments are calculated, and the 
significance of their departure from expectations based on the assumption 

of normality is examined, 
but neither of these procedures, as ordinarily used, was suitable owing to the 
particular nature of the data. For this reason, and as the situation is likely 
to arise frequently in practice, other means were sought to make the necessary 
tests. A very limited number of exact tests is available (Fisher 1946), and 
reasonably accurate approximate tests have been devised by Pearson and 
Welch (1937) using as a base either a standard test of type (2) above or the work 
of Geary (1935, 1936). To meet the situation, other exact tests for small samples 
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are required to supplement those given by Fisher, and consequently this particular 
t-distribution has been studied because it offered distinct possibilities in this 
connexion. 


II. DISTRIBUTION FUNCTION OF NORMAL SAMPLE DEVIATES 


Suppose #1, %,. . - ,#, is a random sample of observations from a normal 
distribution specified by a mean ~ and variance o”. 
Let 
n 
c= 2d w,/n 
i=1 


be the sample mean, and 
y;=0;—@ 
be the deviates from the sample mean. The distribution function of one deviate 
is a classical result ; Fisher (1920) gave the distribution of two deviates, and 
Irwin (1929) established the general non-singular distribution of (n —1) deviates, 
which, without loss of generality, may be assumed to be the first (m—1). In 
conformity with the notation used herein, the general distribution may be stated 
in the following manner : 

If #, #,...,, are distributed in a multivariate normal distribution with 
variance-covariance matrix o7I,,* then y 1, Ys,.. -,Y,-; and x are distributed 
in a non-singular multivariate normal distribution with variance-covariance 
matrix 


V=oc? | (n—1)/n —1/n . : . —1/n 0 i) 
—1/n (n—1)/n + : ° —1/n 0 
—1/n —1/n . . > (n—1)/n 0 
i 0 ee Lee 0 1jn _] 
‘of order n Xn. 

The deviates 4, Yo - + -sYn1 are thus distributed independently of a. 
Alternatively, 41, Yo). - -5Y, are distributed in a singular multivariate normal 
distribution with variance-covariance matrix 

ao? | (n—1)/n —1jn ae - -=I/n (| 


—1/n (n—1)/n -: . . —1/n 


| 


| —1/n —1i/n . . =n 1} in | 


of order n Xn and rank (n—1). 


III. THE MULTIVARIATE t-DISTRIBUTION 
Let B denote the leading submatrix of order (n —1) x (m—1) in the matrix V 
of Section II. If s? is an estimate of o?, based on v degrees of freedom and 


* The symbol I will designate the unit matrix, and the attached subscript will indicate its 
order. 
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distributed independently of ¥,, Yo. + + sYn-1, the distribution function of the 
y; and s may be written 


| B 


(27)"—D2 90-226vTy 


= yv/2 


—y’B-y/20v —1lp —vs?/262 
al: ‘ fe y'B™y/2gv —1¢—vs'/2o"dsdy,* 


the multiple integral being taken over the region defined by the inequalities 


Oy, t=1,2,....,n—1, 
0<s <SV. 
B-1 is the reciprocal matrix of B, and y’ is the row vector [Y; Yo. + - Yn-1]- 


Make the non-singular transformation indicated by the matrix equation 
t=Qy, 
where Q is a diagonal matrix, whose diagonal elements are each equal to 


i Nn 
a m= 1 


The jacobian is | Q|-1, and the distribution function becomes 


yv/2 
(277) D220 —2i26v Dy /2 


in which the domain of integration is defined by 


Ik : J QBQ’ |-#e -t(QBQ'yt/2e —ve"/20%sv —1d tds, 


—o<i;<T;,, GO Geet hs 
OnasuaNe 
Since 
tot i Sim sie HT) 
S xeuaet ed. alice) 1 + Sipe I=) | 
Pein) ifs) ft | 


2 
oO" 
= pr say, 


it follows that 
8 


n—1 
joa’ i=(2)" RI 


and integrating for s from 0 to ©, the multivariate distribution function of 
t1, tay. - + gta 18 


Tiv+n—1)/2|R se /R-It/y)-—Vtr-D/2dt 1 
(vm DAL y/2 . VG Rt) dijagiee < (1) 
the integral being taken over the region defined by the inequalities 
12.8) <t,<T,, Waly pes *O yt —l. 


The limiting form of the distribution function (1), as vo, is that of a 
multivariate normal distribution with variance-covariance matrix R. 


* The notation I'm/2 denotes I'(m/2) throughout. 
AA 
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LV. PROPERTIES OF THE DISTRIBUTION 
(a) Mean Values 


The vector of mean values, H(t), is obviously null, and consequently the 
variance-covariance matrix is 


(b) Distribution of Linear Functions 
Suppose 

Xt 
are any p<(n—1) linearly independent linear functions of thet;. The distribu- 
tion of these functions can be derived directly but is more conveniently obtained 
from the corresponding result for normally distributed variates, namely, that if 
Yay Yay + + + 9Yn-1 are distributed in a multivariate normal distribution with 
variance-covariance matrix B, then the variates 

Z=Hy 
are distributed in a multivariate normal distribution with variance-covariance 
matrix HBH’. 


The distribution function of the z; is thus 


| HBH’ |-! ee oe 
~ (2n)P2 | oo aS z'(HBH’) 2/217, 


over the region defined by the inequalities 


2,<Z 4=1,2, «is: ie Ps 
and consequently, the distribution function of 


x=Ht=HQy=Qz 


and s is 


yey 


al a J QHBH'Q’ |-!e—*(QHBH’Q)""*/29 —vs!/20"gv -1dsdz 
over the region defined by 


U;<X,, (=) ok eyes 
S<Se 
Since 


2 
QHBH’Q’=—HRH,, 


THE MULTIVARIATE t-DISTRIBUTION 535 


integration for s from 0 to co leaves the distribution of #,, v,,. . . ,v, in the form 
T(v+p)/2 | HRH’ |-? [ ' ’ 2 
GevPET | ... | +x'(HRH’)-1x/y}-+")2dx. .. (3) 
over the region defined by 
:<X;, t=1,2, i © 10 3P; 


that is, a multivariate t-distribution of order p characterized by the matrix 
(HRA): 


(ec) Marginal Distribution of t,, ta. . - str 
The marginal distribution of ¢,,t,,.. .,t,,7<(n—1), follows from the 
previous result by taking 
( . 
Be| 


and is thus a multivariate t-distribution of order 7, characterized by the matrix 
R; |, R, being the leading submatrix of order r xrin R. The variance-covariance 
matrix is {v/(v—2)}R,, and consequently, the variances and covariances of the 
marginal distribution are identical with their values in the original distribution. 
The limiting form of this distribution as v+oo is the marginal multivariate 
normal distribution with variance-covariance matrix R,. 


(d) Conditional Distribution of ty, te,. + + str 
To find the conditional distribution of t,, ta,. . -,t, When t,41,- . - ,f,-1 are 
given specified values, first partition the matrix R- so that it takes the form 


be R; 

R,’ R, 

where the submatrices R,, R,, and R, respectively are of orders 7X7’, 
{n—(r +1)} x{n—(r+1)}, and rx {n—(r +1)} and the row vector t’ so that 


t=[t,...t, | tate + ta], 
which may be written 
[ti te]. 
Since 
i . Rieke LL Ra ARs R, . 
| rar! viel LR a | wee | R,—R3R, 'R,]’ 


on taking reciprocals 
(R,—R3R;'R;)1=Rz, 
where R, is the submatrix in R corresponding to R, in R™. 
The marginal distribution of t,41) t+) + © + fn-1 May thus be written 


= Ren 3 ae 
ae Ts Bs {1+to(R,—RsRi TR, )ts(v} nhs Ditdts. 
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Express the quadratic form t’R~'t as 
t/R-t=t Rt, +2toRjt, +toR3R; ‘Rjt,+to(R,—RsRi Rs)te, 


and take as the fixed set of values for the variables in t,, the elements of a vector 
a. Using the determinantal relation found by taking determinants of both 
sides of (4), the conditional distribution function of t, is 


Twv+n—1)/2|R; |? 
mv)"/21{y +n —(r+1)}/2 


{1+a’(R,—R3R, 'R,)a jy}tv 4+n—(r+1)}/2 


( (t,+Ry71R,a)’R,(t, +R; 'R,a)+a’(R,—R,R; “R,)a) ~*~ YP 
SG Whew resus ae 5 dt,, 


. integration being taken over the domain specified by 
t,<T,, t=1,2, ous 5’. 


The distribution function (5) is dependent upon the particular set of values 
chosen for the variables in the vector t,, and its limiting form, as v—-oo, is the 
conditional multivariate normal distribution of order 7, with vector of means 
—R,;'R,a, and variance-covariance matrix Rj '. 


The. mean value of t, is 


T(v+n—1)/2 | R, |? 


EG) = cyl bn ark 12 


il-fa(R,—RR7 Rely See 


(oo) ( =! / =] , ty — 3 ) —(v+n—1)/2 
<| os faja t (fer Rif Bae Rhee Reha RaS hse R,a) ) pe oc dt,. 
roe) v ) : 


To evaluate this integral, first make the change of variable 


t, +R; 'R,a=z; 
the jacobian is 1, and, omitting the constant factor, the integral becomes 


© - z’R,z-+a’(R,—R3R; !R,)a) ~ 9+" V2 
| aa fer; Ra)! 14 1 ( 2 amet | 3) ; dz 
v 


= * z’R,z+a'(R, —R2R7!R,)a) ~ Vt" -V2 
=—R, a) ee [At : 3 oo 3) dz. 
© : 


v 


10) 


Since R, is a real, positive definite symmetric matrix, the quadratic form z’R,z 


may be reduced to a sum of squares, after which the integration is easily per- 
formed, and finally yields 


Bit) =—Ry Rid, ee (6) 


which is a linear function of the elements of the vector a. The regression of 
t, on t, thus exists and is linear. 
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The variance-covariance matrix is then 


T(v-+n—1)/2 | Ry |? 
(mv)?/21 {vy +n— (r+ 1)}/2 


E(t,+Ry 'R,a)(t, +R; 'R,a)’= {1 -a’(R,—R,Rj IR, a/v} — C+ D}2 


co 
«| a | AR Ra +R RAY 
ioe) 


1 


( , posed Tia) Rat, FR, Ria) +-a(R,—RR; R,ja) PY" 
v 


and this integral is also readily evaluated after making the congruent trans- 
formation 
t, +R; R,a=Pz 
such that P’R,P=I,. 
The variance-covariance matrix is 


y-+a’(R,—R3R; ‘R,)a 
vt+n—(r+3) 
which depends upon the particular values chosen for the variables in the vector 
Ee 
The limiting form of the matrix (7), as v>oo, is Ry 1 which is the variance- 
covariance matrix of the limiting conditional multivariate normal distribution, 
independent, as it should be, of the values of the fixed variates. 


(e) Distribution Function of t'R™t 
(i) From the transformation of Section III 


t=Oy, 
and so 
tR“t=y'Q’R7Qy 
n 
yy ae 
i=l 
- Consequently 
t’R-!t/(n —1) 


is distributed as e2 with (n —1) and v degrees of freedom. 

(ii) The distribution of t’‘R“t may now be examined when the variables 
are subject to the linearly independent linear homogeneous conditions repre- 
sented by the matrix equation 

Sst=0, 
where S is of order pX(n—1) and rank p<(n—1). 
Construct the matrix H such that 
HRH’=I,_,-1 
and 
HRS’=0, 
and make the non-singular transformation 


x=Pt= 3 t. 


538 E. A. CORNISH 
The distribution function of t’R-1t thus becomes 


| PRP’ |-!T(v +n—1)/2 
(xv)@—D2P y/2 


| Sons Ja +x’ (PRP’)-1x/v}-0+"-Di2dx, 


where the domain of integration is defined by 
* (PRP J 2x =<@), csay. 
Now impose the conditions 
St=0; 
This makes 


Ly—p=Un—ppy = 00 + Hyp = 9, reece eee eee (8) 


and, using the results of Section IV (d), the conditional distribution of 
G4, Loy. = -5Vn—p-y When (8) holds is 


aT yep al af eta gaa 


where xj is the vector [#,, #2. . .,”,_, 1] and the integral is taken over the region 
defined by 


Xx, <Q. 
A spherical polar transformation in (n —p—1) dimensions, followed by a change 
of variable which makes the square of the radius vector equal to aoe reduces 


this integral to the form 


T(v+n—1)/2 
(vp)? D2 (n —p—1)/2 Pvt p)/2 


i (2) —P D201 4 2/(y +-p)} 0 1" Diary), 


which is equivalent to Fisher’s z-distribution with (n—p—1) and (v+p) degrees 
of freedom. The transfer of p degrees of freedom from one set of degrees of 
freedom to the other is a consequence of the fact that the conditional distribution 
is dependent upon the values of the fixed variates. 


The distinction between the distribution (9) and that of t’R t= z y 7132 


when the y; are subject to the restrictions Sy=0, should be noted. The Netter 
distribution is, of course, Fisher’s z-distribution with degrees of freedom (n —p —1) 
and v. Since s is essentially positive, either set of restrictive conditions then 


implies the other, and at first sight it might seem that the two distributions are 
identical. 


(f) Distribution Function of t' At 
The distribution function of the quadratic form t’At, of rank r<(n—1), 
is given by 


Div+n—1)/2 | R|-4 4 
(mv)(@— D2 y/2 LE a Jar 1t/v ) —(vt+n— D2dt, 
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where the domain of integration is defined by 
t'At<Q. 
Make the congruent transformation 


t=Hx, 
the matrix H being chosen so that 
HR=2H’=Ls, 
and 
HAH’=A, 


where A is a diagonal matrix whose diagonal elements are the roots of the 
equation 

| AR 1—A |[=0, 
or, alternatively, the latent roots of the matrix RA. 


The jacobian is | R|*, so that the distribution function becomes 


P S12 
ee ENE : | a+x'x[y)-e-mPax, 


the integral being taken over the region defined by 


pate <a ap 
or 
i © 
x wi <Q, 
i=1 
where 21, Ao. + +A, are the non-zero latent roots of RA. 
After integrating for 2,41, %,49)- + +;%,—-1, the distribution function becomes 
T'(v+r)/2 Baers 
(xv)F2Tv/2 io (1 +x 1x,/v) v ni2dx,, fob 60)G (10) 


where x} is the vector [#, %. . .v,], and the domain of integration is defined by 
“3 
DA wes Q. 
i=] 
Consequently, the necessary and sufficient condition that the distribution 


function (10) is equivalent to the 2-distribution with degrees of freedom r and y, 
is that the non-zero latent roots of the matrix RA are all equal to unity. 


V. PARAMETRIC VALUES OF THE MULTIVARIATE DISTRIBUTION 
In further discussion of the conditional distribution and of regression and 
correlation among the t-variates, consideration is given in particular to the case 
y=1, since this value is of the greatest importance in practice. 


(a) Conditional Distribution 
The determinant 
| R | =n"-2/(n—1)"-4, 
and, if R,; denotes the co-factor of the (ij)th element in | R |, then 
degen" |e — 1)", 
kj; Rael)" *, 1), 
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and hence 
R=; 2(n—1)/n (n—1)/n - . : (n—1)/n “| 
(n—1)jn 2(n—1in > + + (1) fn | 
| (n—1)/n (m—A)/m > + + O(n —1)/m : 
Taking y=1, the relation 
roa| =A 
R; R, 
gives 
R,=2(n—1)/n, 
and 


R,=[(n—1)/n (n—1)/n. . . (n—1)/n), 


a row vector of order (n—2). 
The conditional mean value of the variate ¢, is then 


—R;!R,a=—} da, 
oy) 


Moreover, 
R,—R3R7'R, =| 3(n—1)/2n (@—L)f2n- =< ee (1 fs 
(n—1)/2n 3(n —1)/2n : . . (n—1)/2n 
(n—1)/2n (n—1)/2n  - . - 3(n—1)/2n _| 
and hence 


v-ta'(R, —R3R; 'R,)a=v+23(n —1)a7/2n+2 B (n—1)aja,/2n. 
: j j<k 
The conditional variance of the variate t, thus becomes 


v+3(n —1)Laz/2n +-(n.—1) 23 aja,|n 
Li j<k 


vin—4 2(n—1)’ 
and the average value of this quantity, for all possible values of a, a3,. . .,@,_1, 
is 
3(n—1) v Ww. v ; 
Vong 2) ag a tig ie een ey y n 
vin—4 2(n—1) v—2 2(n—1) 


(b) Regression and Correlation 
From (2), the variance-covariance matrix of the determining variates 
i tas eet eels 


——5 Re, 
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2Qn"-3 ray 
“(n—1)j"-2\y—2)? 


and, consequently, the reciprocal matrix 


of which the determinant is 


y 1 | 7 3(n—1) v—2 m—1 v—2 n—1 y—2- 
| aR| a ey Saeoel 
m—1l v—2 3(n—1) v—2 Vaal  y=o 
Qn V Qn y peated al “On y 
m—1 yv—2 n—l v—2 ' 3(n—1) v—2 
Sb eae y 2n v 2 ea oe 


Also from (2), the covariance of ¢, with each of f, t3,. . .,t,_1 i8 


—v/(v—2)(n —1), 


so that the vector of regression coefficients in the multiple regression of t,; on 
ge howe tay ak 


v cam pec i = rc 1 e 
|, oR. | Vo) } | 4 
[ae ; 
(v—2)(n —1) Z& 
as ; 

 (v=2)(n—I) _ a roe 


in agreement with the coefficients of the linear function for the conditional mean 
value of ¢,. 


The residual variance of ¢t, with respect to t,,tg,. . .,t,-1 18 
v 
yv—2 Oey, n 
y | y—2 2(n—1)’ 
yee 


independent of the values of the determining variates, and equal to the average 
conditional variance given above. 


The square of the multiple correlation of t, with ty, ts. . .,t,-1 18 
y SR | 
——— =(n—2)/2(n—1), 
y vip 
you 2 
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and the partial correlation of ¢, with 1, (j=2,3,, Gh 1) gs 


y n—2 
-(75) aay 
y \nn2 y \nn2 = 
a (<5) Ras] ay 
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THE ANGULAR DISTRIBUTION OF HIGH ENERGY ELECTRONS 
IN AIR SHOWERS 


T. LANDAU APPROXIMATION 
By M. H. KAtos* and J. M. BLATTy 
[Manuscript received May 31, 1954] 


Summary 

The angular distribution of high energy (>5X10*% eV) electrons in air showers 
is calculated on a track length basis, using approximation A of Rossi and Greisen 
(1941) (no ionization loss) and the Landau (1940) multiple scattering approximation. 
We start with a discussion of the approximations used and an estimate of their validity. 
The basic equations are written down; qualitative results and very rough solutions 
are developed and applied to the Furry model of a cascade. For the Furry cascade 
the qualitative arguments lead directly to an Ansatz which yields an exact solution. 
In the actual cascade the corresponding Ansatz does not yield an exact solution. We 
then perform an iteration, employing a general method of Friedman. The final (iterated) 
solution is compared with the exact (in the Landau approximation) solution by means 
of their moments, and appears to be within 10 per cent. of the correct solution for 
E6@/E,<1. Our solution compares well with earlier work on this problem. Appendices 
contain a short derivation of the angular moments, a general inversion formula for going 
from the distribution-in-projected-angle to the distribution-in-angle-with-the-shower- 
axis, and a derivation of the Friedman variation principle in vector space terminology. 


I. INTRODUCTION 

The interactions of extremely high energy cosmic rays can usually be 
observed only from the cascades they produce in the atmosphere (air showers). 
A theory of the cascade process including the angular and lateral distribution 
of the particles is necessary to interpret the observations and infer the nature of 
the primary events. For example, the knowledge of the expected lateral 
structure of the shower of electrons and photons produced by a single source 
will help determine whether an observed shower comes from one particle or 
from a number of lower energy sources. In this paper we discuss a rather 
limited aspect of the more general problem, namely, the angular distribution 
of monoenergetic electrons in a single-source shower. 

Except for some work by Moliére (1946) and by Belenky (1944), calculations 
on the angular distribution (Roberg and Nordheim 1949 ; Hyges and Fernbach 
1951; Green and Messel 1952) have centred on the moments of this distribution 
function. This approach is simpler than a direct attack on the distribution 
function. Many functions can be determined over much of their range from 


3 * University of Illinois, Urbana, Ill., U.S.A.; present address: Laboratory for Nuclear 
Studies, Cornell University, Ithaca, N.Y., U.S.A. 
+ School of Physics, University of Sydney. 
B 


544 M. H. KALOS AND J. M. BLATT 


the sequence of moments. Unfortunately, it is quite difficult to find the 
behaviour near zero in this way. Although there exist some mathematical 
theorems about the uniqueness of the moment inversion, these theorems are of 
little practical help. 

The work described here was undertaken in an attempt to calculate the 
so-called “track length” values of the angular distribution with particular 
emphasis on the behaviour of the function for small argument. The track 
length distribution is obtained by integrating over the whole depth of the 
shower ; it naturally contains less information than the original function with 
depth dependence included. It is considerably easier to work with, however, 
and can be used to analyse experiments in which all electrons above a given 
energy are detected. In such a situation, the distribution-in-angle at any one 
depth ¢ is determined primarily from that part of the energy range which gives 
the largest number of particles at that depth. The distribution of these electrons 
is very close to the track length distribution for that same energy.* 

We shall use the set of approximations which Rossi and Greisen (1941) 
call ‘“‘ Approximation A’; that is, ionization loss, Compton collisions, and 
knock-on collisions are ignored, and the cross sections for pair production and 
bremsstrahlung are replaced by their extreme relativistic values. This set of 
approximations is reasonable for electrons of energy much higher than the 
critical energy (much higher than 100 MeV in air). Furthermore, to simplify 
the mathematics, we shall use, instead of the actual extreme relativistic approxi- 
mations for the cross sections, some mathematically more tractable expressions, 
namely, 

Opair (H,E’)=7/(9E),  Sbrems (H,H’)=(H—E')™. —.-.- (1-1) 


Here E is the energy of the initial particle or photon and 4H’ is the energy of a 
secondary electron. In the case of bremsstrahlung, the secondary photon has 
energy (H—E’), in the case of pair creation the second member of the pair has 
this energy. The cross sections (1.1) are called “ super-simplified cross sections ”’ 
by Friedman (1949); the cross sections differ from the correct ones by about 
30 per cent. at most (see Rossi and Greisen 1941, Figs. 8 and 10), but of course the 
error in the resulting angular distribution function is smaller than this. The 
choice of supersimplified rather than conventional cross sections leads to errors 
of less than 10 per cent. in the region H0/H, <1. es 

As far as the angular spread of the shower is concerned, we shall ignore all 
spreading processes other than Coulomb scattering of electrons by the nuclei 
of the air. The most important processes neglected are the angular deviations 
in bremsstrahlung and pair creation, and the angular deviation due to the action 


* The use of track length quantities has been questioned by Green and Messel (1952). In 
our opinion the approximation suggested above, when applied to air showers, is at least as good 
as some of the basic approximations (neglect of the angular spread in bremsstrahlung and pair 
production, neglect of the effect of the magnetic field of the Earth) made in all calculations so 
far, including the calculations of Green and Messel. Furthermore, it is rather easy to find 
approximation methods for taking into account the deviations from the track length distribution 
once the track length distribution itself is known. 
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of the magnetic field of the Earth.* All these processes have the same 
dependence on energy as the Coulomb scattering (H-1). Their importance 
can be estimated by considering the mean square angles of deviation per radiation 
length : 


Multiple Coulomb scattering: <0?>,,.=(H,/E)? #,=21 MeV, .. (1.2) 
Bremsstrahlung : <6? ave~L[(me?/E) In (H/me?)]?,_ .. (1.3) 
Pair production : <0? > ave [(me?/hv) In (hy/me?)]?. .. (1.4) 


The effect of the magnetic field of the Earth depends upon the direction of 
the shower axis and upon the air pressure, being nearly zero if the shower axis 
is parallel to the magnetic field lines. However, for showers with directions 
appreciably different from that of the magnetic field of the Earth, <6?>avye is 
of the same general magnitude as the <0%>,y. for multiple Coulomb scattering, 
especially so at mountain altitudes where the lower air pressure implies a longer 
actual path for a given path length in radiation lengths. The factor In(#/mc?) 
in the bremsstrahlung and pair production <6?),ye becomes larger as the energies 
increase. However, in practice we are not interested in energies larger than 
101° eV, and for such energies <0?>aye for the radiative processes is smaller than 
<0?>ave for multiple Coulomb scattering by a factor larger than 16. Thus the 
neglect of the angular deviations in radiative processes should not lead to errors 
larger than 10 per cent. in the final angular distribution function. The neglect 
of the angular deviations due to the magnetic field of the Earth leads to errors 
larger than this unless the axis of the shower is substantially parallel to the 
direction of the magnetic field of the Earth. None of the work published so 
far has taken any of these processes into account. 

Besides ignoring these other spreading processes, we shall use the Landau 
(1940) multiple scattering approximation for the Coulomb scattering of electrons. 
This approximation has been criticized lately by Green and Messel (1952), who 
point out that it leads to serious errors in the higher moments of the angular 
distribution function. Their calculations show that the Landau approximation 
leads to serious errors in the distribution function for values of u=HO/E,>1. 
Whether or not the Landau approximation also leads to serious errors in the 
distribution function for small values of u cannot be decided by a comparison 
of moments. 

However, the qualitative arguments given by Rossi (1952), as well as the 
exact calculations of Snyder and Scott (1949) on the simpler diffusion problem 
without cascade multiplication, indicate strongly that the Landau approximation 
is in fact insufficient even for small values of HO/E, The angular distribution 
found by Snyder and Scott behaves roughly like a Gaussian curve for small 
angles, but the width of the Gaussian is not given correctly by the Landau 
approximation unless this width is larger than the maximum angle for single 
Coulomb scattering (Rossi’s criterion of validity, eqn. (14), p. 72). For a 


* The importance of this latter effect has been pointed out recently by Cocconi (1954). 
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typical path length of about 4 radiation unit per electron in the shower* this 
criterion is badly violated. We therefore feel that the Landau approximation 
cannot be trusted even for small distances and angles. 

There is some point in making calculations with the Landau approximation, 
nevertheless. First, all of the previous work not concerned only with moments 
has used this approximation, and hence a comparison is in order. Second, 
once it is realized that the main error of the Landau approximation for small 
angles arises from the error in the width of the Gaussian (for no cascade), a simple 
method of correction presents itself fairly obviously. It consists in altering 
the value of the energy E, in such a way that the width of the Landau Gaussian 
curve agrees approximately with the width of the Scott and Snyder Gaussian 
for depths of the order of 0-1—0-5 radiation lengths. The efficacy of this method 
is now being tested, and will be the subject of a later publication. It should be 
emphasized that this method of correction works only for values of H0/E,<1. 
For larger angles, the moments computed by Green and Messel (1952) are 
sufficient to define the behaviour of the distribution function to sufficient 
accuracy. 

The general approach of this paper is adapted to the study of air showers, 
and several of the approximations made here would not be applicable to other 
types of showers. We have tried to obtain a distribution function which is 
within 10 per cent. of the correct value for all angles which are experimentally 
measurable, and for all energies larger than 5 x 10° eV (at lower energies approxi- 
mation A can not be trusted to this accuracy). 

Section II of this paper gives the mathematical equations to be solved. 
In Section III we give some qualitative arguments ; these arguments lead to a 
very rough guess about the behaviour of the distribution function. In Section IV 
these arguments are applied to the Furry model of a shower, and for this model 
it is shown that they lead naturally to an exact solution. Since the Furry 
cascade does not differ from the true cascade in features which are likely to have a 
strong influence on the angular distribution function, we can have some con- 
fidence that the qualitative arguments of Section III apply also to the actual 
shower. One result of Section IV is that the Furry cascade does not lead to any 
singularity in the distribution function f(w) at w=0. It is extremely likely 
that there is also no singularity of f(w) for the actual cascade. In Section V we. 
apply the same qualitative arguments to obtain an approximate distribution 
function for the actual shower. Unlike the Furry cascade, this is not an exact 
solution. We obtain our final result in Section VI by using the approximate 
solution of Section V as a trial function in a variationally correct iteration 
procedure. The accuracy of the iterated function is tested in two ways: by 
comparison with the exact (in Landau approximation) moments, and by com- 
parison with the results of Belenky (1944) and of Moliére (1946). Both com- 
parisons show that the iterated function is within 10 per cent. of the exact 


* This is the mean free path against bremsstrahlung collisions in which the electron loses 
more than 10 per cent. of its energy. The mean free path for photons is not relevant here because 
photons are not scattered at all under our approximations. 
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function (in the Landau approximation) for values of w<1. Appendix I contains 
calculations of the moments of the distribution function ; Appendix IT gives an 
explicit relationship between the distribution-in-projected-angle 0 (as found in 
this paper) and the distribution-in-angle © between the direction of motion of 
the shower particle and the shower axis; Appendix III contains a general 
statement of the variational method used. 


We realize that experimentalists are not primarily interested in the track 
length angular distribution of monoenergetic electrons, but would like to know 
the theoretically predicted lateral distribution at a given depth t¢ from the origin 
of the shower, integrated over all electron energies. Work on that problem 
is in progress. 


Il. DIFFUSION EQUATIONS FOR THE ANGULAR DISTRIBUTION 


Let 0,(H,,H,t,0)dEd6 be the average number of electrons in the energy 
interval H,A+dE at depth ¢ making a projected angle with the shower axis 
(direction of initial electron) in the range 0,6+d0; the initial electron had 
energy E=H, at the point t=0. Let (Ho, H,t,8) be the corresponding average 
distribution function for the photons. We introduce integral operators A,B,C 
as follows : let f(#) be an arbitrary function of F, other variables being suppressed 
for the moment; then 


oo E-e 
af—tim| — | f(E') Obrems(L",B)dB' +f(#) } conan BB) A8" |, a (2n1)} 
e— ie cet 
Bf=2 | OD (2.2) 
ae | LCE oral Hy! BYOB’ estes eee eeeseee sete nse (2.3) 


The limiting process is necessary because the bremsstrahlung cross section 
contains the infra-red catastrophe. The signs are chosen in such a way that 
the quantities A(s), B(s), and C(s) in Rossi and Greisen (1941) are the Mellin 
transform images of the operators A, B, and C respectively. We also use the 
notation o, for the total pair production cross section ; in approximation (1.1) 
6)=7/9. Finally #,=21 MeV is the characteristic energy for multiple Coulomb 
scattering. In what follows all angles are projected angles, that is, the whole 
shower is projected onto a plane containing the shower axis. This corresponds 
experimentally to taking measurements of angles in a cloud chamber without 
stereoscopic photographs. Furthermore, all angles are assumed to be much 


less than 1 radian.* 


* This approximation is excellent for high energy electrons (H>E,) and it has nothing to 
do with the question whether the moments of the angular distribution function determine the 
function for “‘ large ”’ or ‘‘ small ” angles. The characteristic variable in the angular distribution 
function is not 0 itself, but the combination H6@/E,. For energies E>E, it is quite possible that 
E0@/E,>1 and yet 0<1. Approximation A, which neglects ionization loss, is valid only when H# 
exceeds the critical energy, which is about 4 times H, in air. Hence the condition E>E, is 
automatically satisfied under the assumptions of our calculation. 
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In this paper we shall work with the Landau approximation throughout ; 
the limitations of this approximation will be discussed in a later publication. 
The Landau (1940) diffusion equations are : 

00,,/0t= —Aon+Bo, +(H,/2E)*0*9x/06? +8( Hy —B)3(1)3(8), meen 3 3 

Op, [t= OG —GyPy-  «- tenes «ane a aa ee ts ee ee (2.5) 
The delta function in (2.4) represents a single incident electron at t=0 with 
energy E=E, and direction 9=0. Note that these equations are invariant 
under translation in t even in the case of an inhomogeneous medium such as the 
air. The changing density of the air has no effect on the angular distribution, 
although it does affect the lateral distribution.* 


We now eliminate the photon distribution 9, from (2.4) by using (2.5). 
We get from (2.5): 


Py=(O/Ot+09) Con --- seer e reece (2.6) 
t 
(ajar oy-4o= | ft) exp [o,(é’—t)]dt’. .....- (2.7) 
We then substitute (2.6) into (2.4) and define the operator L by 
L=d/et+A—B(d/dt+o))"C —... . oe -  e (2.8) 
to get an equation containing 9, only 
Lox, —(E,|2E)?20%/002=3(Hy—E)S(t)35(8). ....--- (2.9) 


This is the fundamental diffusion equation for the Landau theory. From 
this equation others can be derived. A particularly useful integral relation is 
suggested by a moment recursion relation found by Nordheim (1952). Let 
us use the Rossi and Greisen notation zx(H,,£,t) for the average number of 
electrons irrespective of angle, that is, 


(oe) 


(Ey, B,t) = | com PER AL) s | Mamet ae BONG Ue NR Ss, (2.10) 


— 0 


The integration extends over an infinite range as a result of the assumption 
of small angles throughout the calculation. Let us denote by z,(E),#,t) the 
mth moment of the function 9,, that is, 


(oe) 


Te, (Ho, Ht) -| 


Clearly m=z. The Nordheim moment recursion relation then reads 


Oph BiE0)d0.0 2) nae teh caer eee (2.11) 


t Ey 
Te, (Ho, H,t)= n(n —1) i ; ar dE’ (E,/2E')?x(Hy,E’ ,t') X m,—-2(B’,E,t —t’). 
25 ge we ie Rg Bh (2,12) 


* The magnitude of the effect on the lateral distribution depends upon how one interprets 
the calculations for a homogeneous atmosphere when applying them to the actual inhomogeneous 
atmosphere. The usual method consists in measuring all distances, radial as well as vertical, in 
radiation units. The effect is then of the order of 10-20 per cent. at mountain altitudes. By 
measuring vertical distances in radiation units but radial distances in centimetres, the effect of 
the changing density of the atmosphere is greatly magnified. As Messel and Green (1952) point 
out, this accounts for the 5000 per cent. correction found by them. 
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Consider the integral equation 
02 t Eo 
On( Ho, H,t,0)= ae a’ GH’ (#,/2E')?r( Lo, L’,t')on(H',£,t —t’,9) 


SOT Ra (2.13) 


By multiplying both sides of (2.13) by 6” and integrating over 0, it is seen 
that (2.13) is consistent with (2.12). Equation (2.13) can also be proved 
directly from the Landau equation (2.9). The proof is rather lengthy and the 
reader is referred to a thesis by one of us (Kalos 1952). 

We shall be working mostly with track length quantities. We define the 
track length v(H),£,8) by 


(oa) 


v( Eo, E,0) = | , ex(BoyB st 0)dt, ct: (2.14) 


The longitudinal track length is 


co 


?n(EoE) = | v(E,,H,0)d0 = | x(Ep,Hyt)dt. .. (2.15) 
0 


To the extent that the main contribution to the integral over the depth ¢ comes 
from a narrow region of t, namely, that region over which electrons of energy 
have their maximum number, the track length v is close to the value of 
On(Ho,H,t,0) at t=tmax.. The advantage of the track length is of course that it is 
much easier to work with. 

By integrating over t from 0 to infinity, we get from (2.8) 


Fv —(E,|2E)?02v/002=8(0)3(Ey)—E), .....--- (2.16) 


where the operator F is the track length analogue of the operator D, (2.8), and 
is defined by 


P= A BG] Og 5 iia cles alee (257) 
A similar procedure applied to the integral equation (2.13) gives 
pace EN 
v(BoB,0)= 35 an(#) 2_(H,H’)v(H’,H,8)+d(O)en(Hy,H). .. (2.18) 


III. QUALITATIVE ARGUMENTS 

Rather than plunge directly into the mathematics of finding solutions to 
these equations, let us first give some qualitative arguments to establish the 
general, rough features of the distribution functions we are looking for. We 
shall be particularly interested in the behaviour of v(H,,H,0) for two extreme 
cases: E<EH,, and E very close to Kp. 

It is clear physically that the nature and energy of the initial particle which 
started the cascade cannot have a great influence on the angular structure of 
the shower at energies H<E,, even though the number of particles of this energy 
depends very much on &,. The high energy particles all stay close to the core 
of the shower, and the angular (as well as lateral) deviations observed for particles 
of energy H arise during the last few radiation lengths, that is, during the period 


550 M. H. KALOS AND J. M. BLATT 


when the particle or its ancestors had energies not tremendously much larger 
than BE. If E<#,, this means that the observed deflexions arise from particles 
all of which had energies E’<H,, and hence the particular value of Hy cannot 
matter for the angular structure of the shower. Once this point is established, 
dimensional arguments applied to equation (2.16) show immediately that the 
angle @ can enter only in the combination 


GEOR LAE See ee (3.1) 


The angular structure of the shower is defined essentially by the ratio v/2;,.- 
Guided by the arguments above, we define the angular structure function 
f(#y,#,9) of the shower by 

f( Bo H,8) =(E IE) olen). oe ence eee (3.2) 
We then expect, 


f=j only, ) f(ujdu=1, for B-ZE Agee wihoso) 


This structure function f(w) is the information of primary interest. Its 
moments, in the Landau approximation, are given in Appendix I as well as in 
the paper by Eyges and Fernbach (1951). Unfortunately, it turns out that 
an understanding of v(H),/,9) for values of close to Hy is necessary in order to 
get useful results for f(w) when H is much less than £). 

In order to gain such understanding, let us for the moment ignore the 
infra-red divergence in the bremsstrahlung cross section; we shall assume 
that the total bremsstrahlung cross section is finite. It is then possible to 
expand according to successive collisions,* that is, we shall group the particles 
according to the number of radiative collisions which have occurred in their 
ancestry. The “zero group ’’ or ‘‘ end group ”’ consists of the initial particle. 
This initial particle is multiply scattered, and its probability of surviving against 
radiative (bremsstrahlung) collisions is exp (—oc,t) where ¢ is the thickness of 
matter traversed, and o, is the (assumed finite) total bremsstrahlung cross 
section. The angular distribution for multiple scattering without cascade 
multiplication, in the Landau approximation, was given by Fermi (as quoted 
in Rossi and Greisen (1941)). It is 7 


G(#,t,0) =(B/H,)(xt)—* exp [—t-1(HO/E,)?].« «ss. . (3.4) 
Thus the distribution function for the end group of particles, that is, for the 
initial particle, is 
9) (Ho, Ht, 0) =G(H,t,0)e— 1S (Hy —E), .......-.. (3.5) 


and the corresponding track length distribution function is 


(By 8,0) =3(By —B) | G(E ,t,0) exp (—o,t)dt. .... (3.6) 
0 


* A much more complicated expansion in successive collisions is possible also with an infinite 
bremsstrahlung total cross section ; this was given by H. J. Bhabha and W. Heitler in their 
fundamental paper on shower theory. In the Bhabha-Heitler expansion, the particles are grouped 
into generations according to the number of photons in their ancestry. The number of brems- 
strahlung events is not counted, indeed that number is infinite. 


ANGULAR DISTRIBUTION OF ELECTRONS IN AIR SHOWERS. I 5d 


The integration in (3.6) can be performed analytically by using an integral 
representation for Bessel functions of imaginary arguments given by Watson 
(1948, p. 183). The Bessel function involved is K_; which is expressible in 
terms of elementary functions. The result is 


VW (Ey, H,8) =(v/ 0) exp (—2v | 0 |)3(H)—£), 
v=(H,/E,)(o,)?. crete Se cicg sgSe wus sees nits Rare RSS (3.7) 


It is worth remarking that the discontinuity in the derivative of this function 
at 8=0 corresponds to a (weak) infinity of the corresponding distribution in 
the angle © between the actual (not projected) motion of the particles and the 
shower axis. Indeed, the corresponding integration leads to the Bessel function 
K, which has a logarithmic infinity at the origin. The same result follows also 
from the inversion formula discussed in Appendix II, which allows one to go 
directly from the distribution in the projected angle to the distribution in the 
actual angle © =(6;-+6;)?. 

The next generation has an angular distribution which is harder to compute 
analytically, and we shall not do so here. If for some reason the behaviour of 
v for B=, (or for E very close to E, in the true cascade) is sufficient, expression 
(3.7) can be used. 

Unfortunately. these considerations cannot be applied directly to the actual 
shower, since the bremsstrahlung cross section co, diverges. This has a consider- 
able influence on the detailed form of the distribution function for H near Ep. 
Let us consider as the end group of the actual shower the initial electron which 
may have undergone any number of bremsstrahlung collisions, but has no 
photon in its ancestry. Then a good first approximation for the longitudinal 
distribution function of this end group is* 

[In (Ho/H))@m2)—? 
E,{(t/In 2)—1) ! ° 
This should be compared with the expression 

(Hy, H,t) =S(Hy—E) exp (—o,t)  ...----> (3.9) 

for the end group of a hypothetical shower with finite total bremsstrahlung 
cross section o,. Of course, the comparison is not really warranted because the 
expression ‘‘ end group ”’ denotes two different things in these two cases. But 
for our purposes, (3.8) is adequate for energies E close to Hy in the actual shower, 
(3.9) is adequate in the hypothetical shower, and in this sense the two are 
comparable. We see that, at least for reasonably small t, (3.8) is very sharply 
peaked near H=E,, but that peak is not nearly as strong as the delta function 
peak in (3.9). 

In the angular problem, a reasonably good approximation for the end group 
can be obtained by multiplying (3.8) by the Fermi function @(£p,t,0). Untor- 
tunately, the track length v© which then replaces (3.6) cannot be found in 
simple closed form. Since we need a simple closed form for our later work, we 
are forced to use a very much rougher approximation. 


(Hy, Ht) = 


* See Rossi (1952, p. 244). This formula was first found by Bethe and Heitler and is some- 
times called the range straggling formula for bremsstrahlung. 
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We shall employ the expression (3.9) for the end group of the actual shower, 
with the constant o, adjusted in some ‘ best” way. The adjustment follows 
the suggestion of Friedman (1949). It is well known that in the actual shower 
the longitudinal track length z;(H),#) is given by 


tn(HyH)=oH,(E?, for B< By, ...2o%----- (3.10) 


where «—0-4368 for ‘“‘ conventional ”’ cross section and «=0-4662 for ‘‘ super- 
simplified ’’ cross section. The longitudinal track length associated with (3.9) 
is 

2.) (Hy, B) =(o) 18( Ey —B). 
Combining these two expressions, we get the following track length formula 
for the shower as a whole 


2q¢( Hip, H) =a | EH? +(0,)18(Hy—E). -« «++ (3512) 
Friedman (1949) shows that the coefficient of H)/H in (3.11) must equal the 


coefficient of the delta function, that is, if we insist on using the very rough 
approximate form (3.9) at all, then we must make the choice 


OP MeO TT eS ee CIOS (3.12) 


Tt should be emphasized that (3.11) with the choice (3.12) for o, is the best 
that can be done for the actual shower if we insist on using (3.9) rather than 
(3.8) for the end group, but it is by no means a close approximation. The best 
that can be said for it is that the area under the delta function in (3.11) corres- 
ponds approximately to the true area underneath that part of the actual z, 
which cannot be represented correctly by (3.10). 

The reason for stressing the behaviour of v for Z close to Ey is related to the 
integral equation (2.18). Let us see what region of H’ contributes most to the 
integral in (2.18). There is a factor (H,/2H’)? as well as 2(H),H’) which itself is 
proportional to (H’)-2. These two factors favour low values of H’. The factor 
v(E',E,6) favours high values of EH’, but presumably it does so no more strongly 
than 2,,(E,,E’) favours low values of #’. The net result is that the maximum 
in the integrand of (2.18) occurs for low values of EH’, that is, for H’ very close 
to E. Thus approximation (3.11) can be used for 2,(H),H’) and approximation 
(3.7) (with (3.12) for o,) or a slightly improved version of it for o(H’,H,0). 


IV. THE FuRRY SHOWER 

We can find an exact solution to an approximate model of a cascade first 
introduced by Furry (1937). We can test the qualitative arguments by applying 
them to the Furry cascade and comparing with the exact solution. It should 
be noted that there is no qualitative difference between the Furry and actual 
cascades as far as the angular development of the shower is concerned. 

The Furry model contains only one kind of particle which can split into 
two particles of the same kind. The probability o,(H,H’) for a splitting event 
in which one of the emerging particles has energy H’, the other energy H —E’, is 


0:(H,B By ane ee (4.1) 
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and the diffusion equation for the average number of particles is 


Dope Pe sia ee, EB, \2e 
yy =a] On (Hy,H 1,0)( jp)ae ~9n+ (#5) ae 
Oe eae OOO) .a ec Se Peas ong 5 5 ee 2S (4.2) 


This equation replaces (2.4) and (2.5) for the actual shower. By integrating 
over t from 0 to infinity we get the track length equation which replaces (2.16). 
We are most interested in the analogue of (2.18). Since (2.18) does not contain 
any reference to the photons in the true cascade, it actually holds also for the 
Furry shower, without modification. The only change is the expression for 2. 
The longitudinal track length in the Furry shower was found by Nordsieck, 
Lamb, and Uhlenbeck (1940). They give 


@ae( Hp, Hi) = 2H, /H?+3(Hy—E).  .....2 eee ees (4.3) 
According to the qualitative arguments of Section III, the end group (corres- 
ponding to the 3(H, —E) in (4.3)) should have a track length given by v, (3.7), 
with o,=1; low energy particles should have a track length given by 
v=(E/E,)enf(u), according to (3.2) and (3.3). We therefore make the initial 
assumption 


v( Ey, H, 8) =v (Ey, H,0) + (E/E,)(2Ho/E")f(HO/E,), .... (4.4) 
where f is so far an unknown function. We substitute (4.3) and (4.4) into the 
integro-differential equation (2.18) to get an equation for f. We make use of 
the fact that 

d? exp (—a | 0 |) 
dé? 
in order to get the following differential equation for f(w) =f(H0/E,) : 


=a? exp (—a | 0 |)—2ad(0) ...... (4.5) 


a _4f(u)=—4 exp (—2 | «|) (4.6) 
que park ne : 
The fact that this is an equation not involving the energy variables H, H, explicitly 
shows that the initial assumption (4.4) is consistent with the equations defining 
the Furry cascade. The differential equation (4.6) is solved easily, subject to 
the boundary conditions that f(w) vanish for w= -+ oo and u=— oo. The solution 
is 

f(w)=te-2 1414] uw [Oe it dee Sk Satin oe (4.7) 


Expression (4.4) with (4.7) for f(u) 1s an exact solution for the Furry cascade in the 
Landau approximation. Since the Ansatz (4.4) was constructed on the basis of the 
qualitative arguments in Section III, these qualitative arguments are thereby 
strengthened considerably, and we can have some confidence in their application 
to the actual shower. 

It is worth remarking that, unlike the expression (3.7) for the angular 
distribution of the end group of particles, the angular distribution for energies 
E<BE, (4.7) does not have a cusp at w=0. Correspondingly, the distribution 
in U—E@/E, (© =(62+02)!) implied by (4.7) is finite for all U, indeed it is 


PTO Cor UODN). icine ates (4.8) 
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Thus, in the Landau approximation at least, the analytic behaviour of the 
end group near §=0 does not give a reliable guide to the analytic behaviour of 
the desired solution. 


V. Toe AcTUAL SHOWER: ROUGH SOLUTION 
In order to get a first orientation about the angular distribution in the 
actual shower, we use the integro-differential equation (2.18) with the approxi- 
mation (3.11) for 2,(H),#) and with the following Ansatz for v(E,H,9) : 
»(H,H,6) =v (Ey,E, 9) +(B/E,)(«Mo/E*)f(B0/B,). .- +... (5.1) 
In this expression v® is taken from (3.7) with the choice o,=1/« for the 
‘effective radiative cross section’? (see the discussion in connexion with 
formula (3.12)). f(w) is an unknown function. 
Substitution into (2.18) and performance of the integration over EH’ leads 
to the following result : 
f(w) =(a/8)[1 + (B?/B?)}f" (uw) +exp (—2a-4| w |). +++ (5-2) 
The presence of the ratio (H/H,)? in this equation means that the Ansatz (5.1) 
is not consistent with the shower equations. When H<E), however, the 
coefficient of f’’ becomes approximately independent of energy. We propose 


to take this limit in solving the equation. In that case the solution of (5.2) 
is, with 


web 1 46, 1 pee ee ee eee Sco. 
given by : 
f(w) =24u[2? exp (—2u | uw |)—exp (—84y | w|)}. .--- (5-4) 
This expression has the property that f(0) is finite and f’(0)=0, just as the 


Furry shower f(w), (4.7). The integral of f(w) over all values of wu is 1, as it 
should be. This relation depends upon the choice (3.12) for the effective cross 


section o,. Any other choice would have led to an incorrect value for | f(wdu. 


Since co, was chosen on the basis of considerations about the longitudinal 
development of the shower, the fact that this same o, makes sense for the angular 
development is encouraging. 

(5.4) can not be an exact solution. We have used an approximate formula 
for zz, expression (3.10), and we have ignored a term in the differential equation + 
(5.2). Direct comparison of the moments of (5.4) with the precise moments 
(in the Landau approximation) shows the same thing; the moments disagree, 
increasingly so as we go to higher and higher moments. (These moments are 
‘given in Section VI, Table 3.) 


VI. THE AcTUAL SHOWER: ITERATED SOLUTION 
The best way to test the accuracy of an approximate solution of some 
complicated equation is to compare it with the exact solution. If no exact 
solution is available, the next best thing is to iterate on the approximate solution 
in some systematic manner. If the iterated function does not differ greatly 
from the first approximate function, then the difference between the two is 
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probably of the order of the absolute error of the original. In addition, the 
iterated function is presumably a better approximation to the truth than the 
original. 

The best method to judge the accuracy of the iterated function is to perform 
a second iteration, with the first iterate as trial function. As will be seen later, 
this is practically impossible here. However, this does not mean that we have 
no way of testing the accuracy of the iterated function. We shall perform this 
test by comparing the moments of the iterated function with the exact (in 
Landau approximation) moments. 

Friedman (1949) has formulated a variation-iteration technique for the 
solution of equations such as (2.16). The Friedman method is discussed in 
Appendix III. This method has two major advantages: (1) the normalization 
of the iterated function is independent of the normalization of the trial function, 
(2) the error in the iterated function is of the order of magnitude of the square 
of the error in the trial function (this latter property is implied by the term 
‘“* variation method ’’). 

Let v(E£p,H,8) be a trial solution of the integro-differential equation (2.16). 
The iterated solution in the Friedman scheme is then given by 


[v9(Ho,H,0) |? 


0, (Ey, H,9) = B Ge 5 
| dB’ | 0’ [Fv9(EyyE',0") —(E,/2B’)26209/80'2]v9(E',,0 0’) 
E —a 
a eee er ee (6.1) 


It is easily seen from (2.16) that the choice %=0 (trial function =exact 
solution) leads to v,=v also. It is shown in Appendix III that the choice 
Uy) =v +E leads to v,; =v +Order(L’), E being the error of the trial function. 

We have carried out the iteration (6.1) explicitly, using as our trial function 
the result of Section V ; since the normalization of vp in (6.1) is of no importance, 
we multiply (5.1) by the constant pH,/2; we also use the notation 


H=2Quu—2HO/H,. ..-se reese eeeeee (6.2) 


We shall use a as our angle variable consistently. With this notation, the trial 
function becomes 
V9( Lo, H, x) =(EH,/E)[exp(—|a|) —2-* exp(—24|a|)] +3H)3( Ly —E) exp(—£,|#|/£), } 
U=0, when E>E,. 
SE tate artis ies el a ae AR (6.3) 
The operator F, (2.17), can be found explicitly from (1.1) and (2.1)-(2.3). 
We shall work with a finite but small value of ¢ in (2.1), and let « approach 0 at 


the very end of the calculation. By interchanging orders of integration in the 
operator product BC, we get the following explicit form for the operator F acting 


on an arbitrary function f(Z) 


Ff =In(B/e)f(B) — | ie f(E')(B' —E)“1dE" sale (E(B —E') dE’. 
(6.4) 


ere) ie ietiey aikey ie) Oi) 6's) “) (er (whi wi<e))'8),8) Jo Ne 


556 M. H. KALOS AND J. M. BLATT 


We now apply this operator # to the function f=(E,/E) exp (—| |). Since 
x is defined by (6.2) so as to contain the energy variable H, we get 


f(B')=(By/E’) exp (—E' | @ |/E), f=0 for B’>Hy, .. (6.5) 
and 
( E,/E be 7 
Pf =(Hy/B)) In( |e) exp (—| #|)— | . ae a - Day 
E/E : 
=a) y AL-y) exp (—y | [dy { = (BalB)G By). .. (6.6) 


The function @ defined by (6.6) can be expressed in closed form in terms of the 
exponential integral. We use the standard notation (Jahnke and Emde 1943) 


SDN) 
—Bi(—2)=| © ay, ps 0, ~ Tle tees (6.7) 
a Y 
and the Euler constant 

y=1-:7811, In(y)=C=0-57722. .......... (6.8) 
We then get, after some manipulation, 


G(w,y) =[n(y | # |) +2 —Ei(| # |—| ay |)Je7!*! 


+(1+2 | # |)[Bi(—| # |) —Ei(—| ay |)]-2yte-l2v,_.. (6.9) 
We introduce the notation g for the following function : 
Ht, == (yg Bgl I), > se sae eerie (6.10) 


to get 
g(x,y) =G (wy) —2-4G(24a,y) + $3(y —1) In(B,/e)e—! 7! 
[yah 1 4 (y= 1) tel eee ae ee (6.11) 

The term with In(#,/<) comes from the bremsstrahlung cross section 
divergence. Corresponding to the cut-off we have used for the bremsstrahlung 
cross section, we must assume that there are no electrons in the shower of energy 
between H, and H,—<«. Thus the formulae written so far are not meant to apply 
within that region. In particular, this is important for the last term of (6.11), 
which becomes infinite at y=1, and would give a logarithmic singularity if 
integrated straightforwardly, in a later stage of this calculation (formulae (6.16) 
and (6.18)). ¥ 


We also need the second term on the left-hand side of (2.16). We introduce 
the function h by 


—(E,|2E)?d2x5/002 = —p202v9/ 00? = +(y2Ho/E)h(a,E,/E). .. (6.12) 
By using relation (4.5) we find 
h(w,y) =8(y —1)d(@) —8(y —1) exp(—| ay |)—exp(—| # |) +24 exp(—2}| a |). 
el : (6.13) 


We now substitute these expressions into the denominator of (6.1). We 
introduce, instead of 0’, the variable of integration 


wn 2uHO'|E ys . 1.0 0een. sees (6.14) 
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and we let D stand for the denominator of (6.1). We use the variable of integra- 
tion y=EH’ /E to get the result 


E/E +0 
D=(E,E/2 nF | ay | __ dax'[g (wy, Ho/Hy) + w2h(xy,By/Ey)| 


x [exp(—| #—a’ |) —2-? exp( —2? | #—a’ |) +(1/2y)3(y —1) exp(—| x —a’ |)]. 
Saha Aeon (6.15) 


It is very convenient to do the integration over energy (over y) before the 
integration over the angle variable x’. We introduce the functions 


y 
ntoa=|_ dy’g(xy’,yly’), 


y 
hy(%,Y) -| dy'h(xy’,y/y’), 


to get the following expression for the denominator D: 


+0 


D=(BB/2uB) | da’ [ g(a’, E/E) + y2h(a',Ho/B)]4 exp(—| #—a" |) 


+ 00 


+.B 2uB) | der’ [ 9, («',Eo/E) + p?h,(2',E,/E)|[exp(—| «—2" |) 


—2-* exp(—2?| w—a@’ |)]. ...... (6.17) 
Explicit evaluation of the functions g, and h, defined by (6.16) is possible, 
and gives the following results : 
g1(@,y) =G (ay) —2-4G (24x,y) +207! ILy In(y/(y —1)) +1 —y"]; 


Ria Seca ste are oat (6.18) 
G, (x,y) =[a- In(yx) —1Je*—(@ +1 -+a-1)Hi( —ax) 
—[a-! In(yay) —y]e- + (@ +1 +a") Bi( —ay) 
+a—1 In[yx(y —1)]e- —a-le-* Bi (aw —xry) 
—(y—y)e™, 1) peelepee e SU ior ic Pade ea (6.19) 


G,(—#,y) =G,(%,Y), 
hy (x,y) =| @ |“2[exp(—| ey |) —exp(—| # |) -exp(—2! | wy |) +exp(—2?| 2 |)] 


— fy exp(—| vy [)HS(@). eevee reece e cee e ees (6.20) 


We are now at the stage where we can make good use of the fact that we 
want the final expressions only in the limit y =E,/E+o. We therefore define 


limiting functions 


at similar expressions for all the other functions involved. Considerable care 
must be exercised in taking this limit. An expression such as y exp(—| vy |) 
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becomes zero in this limit for all non-zero values of «, but can not therefore be 
ignored. The fact that 


+ 0 
| y exp(—| vy |)da=2 
is independent of y indicates that such a term gives rise to a delta function con- 
tribution in the limiting process (6.21), in this particular case equal to 28(z). 
The delta function contributions are very important. Inspection of (6.17) 
shows that d(#) terms in g or h give rise to terms proportional to exp(—| # |); 
there are no such terms, actually ; but a 35(x) term in h,, which does occur, gives 
rise to a term proportional to the original trial structure function (5.4). If (5.4) 
had been an exact solution, the denominator D would be in its entirety pro- 
portional to (5.4). Thus, the more nearly the trial function is equal to the 
exact solution, the more nearly we have g+y2h=0 and g, +h, equal to a 
constant times 3(«). 

The terms proportional to 6(y—1) in (6.11) and (6.13) can be ignored in 
the limit yoo. There is one remark to be made, however. The d(y—1) term 
in g(#,y) (6.11) is multiplied by the constant In(H#,/e) ; if we go to the limit 
<—>0, corresponding to the actual (supersimplified) bremsstrahlung cross section, 
this term becomes infinite. It contributes only at the initial energy H=H 
(i.e. y=1), and the fact that the denominator of (6.1) has an infinite contribution 
proportional to 3(Z)—E) indicates that the iterated function V,(Hp,E,9), unlike 
the trial function Vo, contains no term proportional to 5(E,—E). This is of course 
to be expected of the true solution v, and the fact that the very first iteration 
already gives this result is encouraging. 

We now write down the barred functions : 


giz) =G(a)—2=1G (ata), > ake ee a ee (6.22) 

G(x) =[In(y | # |) +2]e-!*!4(1+2 | w |)Bi(—|@ |), .----- (6.23) 

h(e)=—exp(—| @ |)--2? exp(—2)| @ |), <2.2- S-emeeere (6.24) 

gf, (0) =6, (#) 2-84, (Gia), ~ ES see See ene eee (6.25) 

G4 (a) =[| # | n(y | # |) —LJe“!#!—(| # | +1+| « |) Ei(—| @ |), 
eS ar os (6.26) 

i, (a) = —| w |[exp(—| # |)—exp(—2! | @ |)] +In(2)3(a). .. (6.27) 


It will be noticed that, although there are several ‘ delta function terms ”’ in 
G,(a,y) (6.19) these actually cancel out.* 
In order to exhibit the contribution of the delta function term in h,(#) more 
explicitly, we write 
hy (#) =h,(w) +In(2)3(@), 
ita) = | w |-eo [| eeee ee 


* The delta function terms were found by a more indirect method by Kalos (1952) and there 
appeared to be a very small delta function contribution in G,(x). This was the result of round off 
errors in the numerical calculations. No significant change is introduced thereby into the final 
results ; if anything, the iterated function is improved a little by this correction. 
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The denominator of (6.1) in the limit H<E, is then given by (6.17) with 
the barred functions g etc. instead of the original functions g etc. We now 
transform the integrals slightly, as follows : 


+ 0 00 
| dale’) exp(—|e—a" |)=2 | da’g(x’)K(a,a'), .. (6.28) 


00 


oO-2 


bre ze + 2(In2) [exp(—|x|)-27%? exp(-2¥71x1)] 


ce [Hilx) +Halx)] 


—p2[H3(x) +Ha(x)] 


fo) 2 4 6 8 
x =2pu=2-93(E6/Es) 


Fig. 1.—Intermediate quantities in the iteration of the track 

length angular distribution. The three quantities shown here 

add up to form the denominator of equation (6.35) ; notice the 

reversed sign on —u2(H;+H,). The contribution of the “ delta- 

function term ”’, i.e. the term proportional to the trial function, 
is very appreciable. 


where the kernel K(#,a’) is given by 


K (w,2') =exp(—a) cosh a’, Me. (6.29) 
=exp(—«’) cosh a, LPs i oe 


We then collect together the terms with the same kernel, to get 
D=(B,By|pE)LH, (2) +H,(@) + 2H 4(@) + uP (2) 
+ 4y2(In 2){exp(—| # |) —2-# exp(—2?| @ |)}], «s+. (6.30) 
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where 
ee) — ”- 
H,(#)= | da'[49(a')+91(0' Kay"), «se (6.31) 
0 
2 —_ 
H,(a) = -2-4/ dav’ g(a’) K(24x,24x’), ~~.....- (6.32) 
0 
Ge) —_— _ 
H,(x) -| dar’ [4h(x’) +ho(x')|K(a,0'), .. es (6.33) 
0 . 
oo —- 
A =3-4} da’ ho(x’)K(24a,24a’), ...... (6.34) 
0 
TABLE | 
INTERMEDIATE QUANTITIES IN THE ANGULAR DISTRIBUTION ITERATION 
x H,(x) H,(2) H(x)+H,(x) 
0) 0-53779 —0-40389 —0- 03337 
0-1 0-53182 —0-39599 —0- 03393 
0-2 0-52163 —0-38017 —0- 03534 
0:3 0-50818 —0- 36057 } —0-03727 
0-4 0-49256 —0-33909 —0- 03944 
0-5 047548 —0-31688 —0- 04166 
0-6 0:45744 —0- 29466 —0- 04379 
0-7 0-43881 —0- 27290 —0- 04573 
0:8 0:41987 —0- 25190 —0- 04742 
0-9 0: 40085 —0- 23187 —0- 04880 
1:0 0:38192 | —0: 21292 —0- 04987 
1-2 0- 34486 —0-17847 —0-05105 
1-4 0: 30947 —0- 14863 —0- 05102 
1:6 0: 27623 —0-12316 —0- 04996 
1-8 0: 24540 —0-10165 —0- 04807 
2-0 0-21710 —0- 08363 —0-04557 
3° 0 0-11109 . —0-03028 —0- 02965 
4:0 0: 05394 —0-01059 —0- 01623 
5:0 0: 02499 —0- 00368 —0- 00804 
7-0 0- 00485 —0- 00042 —0- 00166 ~ 
9-0 0: 00087 —0- 00005 —0-00030 


Combining equations (6.1), (6.3), (6.30), and (3.2), we get the following 
expression for the angular structure function of the shower at energies E<E#, 
(with ©=2uu—2uH0/E,) 
f(B0/E,) = 

pe{exp(—| # |) —2-# exp(—24 | @ |)}? 
H, (x) +H,(«) +p*[H3(@) +H ,(»)] + $y? In 2{exp(—| x |)—2-F exp(—2? | @ |} 


eR ete 7635) 


Before going into the evaluation of the integrals (6.31) to (6.34), we point 
out one general property of them, namely, the behaviour of these functions 
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nearx=0. By differentiating H,(x), say, under the integration sign in (6.31), we 
can show immediately that the derivative of H,(x) vanishes at «=0. The 
same holds for the other integrals. The 5(#) contribution gives rise to a constant 
times the trial function (5.4), and this trial function itself has zero derivative at 
“x=0. We therefore conclude that the whole denominator D, and hence also the 
iterated function v, of (6.1), has zero derivative atx=0. There is no singularity 


0-8 
ITERATED FUNCTION 


O-6 
TRIAL \ FUNCTION 


O-2 


TRIAL FUNCTION 
ITERATED FUNCTION —™ 


fe} 2 4 6 8 
xX =2/Lu=2-93(E@ /Es) 


Fig. 2.—The trial function and the iterated function are rather 

close to each other over most of the range, indicating that the 

iterated function is likely to be very close to the true 
mathematical solution of the equations. 


of the angular distribution function of monoenergetic electrons in the Landau 
approximation. This result is in complete agreement with the results of 
Belenky (1944) and of Moliére (1946). The integrals H, and H, can be done 
analytically. The results are, for 7>0: 


H,(w) =4e-*{3(3 —a) + Bi[(1 —24)a] —In(}ya)} 
ere on) —Bil—(1}24ay}, © .......- (6.36) 
H (a) =—8~-} exp( —2#x){Ei[(24 —1)a] +1n(8-#ya)} 
48-3 exp(+2#x){Bi(—84x) +Bi[—(1+24)a}}. .. (6.37) 


cc 
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The integrals (6.31) and (6.32) are best done numerically, and have been done 
in this fashion. Values of H,(«), H,(x), and of the sum H,+H, are given in 
Table 1. These functions are plotted in Figure 1. There we have plotted also 
the contribution from the delta function term in h, so as to show the tremendous 
importance of this delta function contribution. Tt will also be noticed that the 
sum (H,+H,) nearly cancels u?(H,+H,) for small values of 2. 


TABLE 2 
ANGULAR STRUCTURE FUNCTION : THE TRIAL FUNCTION AND THE 
ITERATED FUNCTION ; «=2uH0/E,=2uw 


x | ferial(x) | fiter(a) 
0 | 0-85794 0- 96235 
0-1 0+ 85234 0- 95220 
0-2 0: 83726 0- 92283 
0-3 0-81489 0- 88584 
0-4 0-78709 0-84446 
0-5 0-'75538 0-80065 
0-6 0-72100 0-75584 
0-7 0- 68492 | 71082 
0-8 0+ 64800 0- 66646 
0-9 0-61087 0- 62295 
1-0 0-57404 0-58089 
1-2 0-50277 0-50116 
1-4 | 0-43634 0-42993 
16 0-37585 0-36603 
1:8 0-32175 0-30997 
2-0 0-27400 0-26117 
3-0 0-11607 0- 10437 
4-0 0- 046414 0- 03882 
5-0 0-017978 0-01373 
7-0 0+ 0025671 0-00159 
9-0 0- 00035534 0-000171 


The trial function and the iterated function are compared in Table 2 and 
in Figure 2. The change produced by the iteration is not very large except in, 
the “‘ tail ’’ of the distribution function (large values of #), where the iterated - 
function is smaller than the trial function, as it should be. 

We now examine the moments of the trial function, iterated function, and 
the “‘ exact ’’ moments. These moments are given in Table 3. Two sets of 
exact moments are given there, one for supersimplified cross sections, the other 
for conventional cross sections. We see immediately that the iterated function 
is a great improvement over the trial function. For example, the second moment 
of the trial function is in error by 17 per cent., the second moment of the iterated 
function by less than 3 per cent. The improvement is even bigger for the higher 
moments. 2 

Next, let us compare the iterated function with the true function in the 
approximation we have been using (supersimplified cross sections) through their 
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moments. The second moment is too large by 3 per cent., the fourth moment 
by 7 per cent., the sixth moment by 14 per cent. The main contribution to the 
fourth moment comes from values of # near 4, that is, values of w near 4/3, and 
to the sixth moment from «# near 6 or wu near 2. We conclude that the iterated 


ANGULAR DISTRIBUTION 


1Oc= 


BELENKY 


PRESENT RESULT 


f{(u) 


{a> 


MOLIERE 


10-4 


(x==2-93 £4 =2-93 u) 
Ss 


x==2°93 u 


Fig. 3.—Comparison with other work. The results of Moliére 

and Belenky differ from our iterated function out in the tail. A 

comparison with the exact moments indicates that our iterated 

function is the best of the three. No special significance attaches 

to this region of angles, since the basic approximations (especially 

the Landau approximation of pure multiple scattering) break 
down there. 


function is within 10 per cent. of the mathematically correct solution of our equations 
for values of u=E0/E,<1°5. 


Our equations contain se 
is the use of supersimplified cross sections. 


veral approximations within them. One of these 
When we compare the moments of 
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our iterated function with the exact moments using conventional cross sections, 
the agreement is of course not nearly as good. The second moment is too 
large by 8 per cent., the fourth moment by 21 per cent., and the sixth moment 
by 41 per cent. While it would be in principle possible to use the conventional 
rather than the supersimplified cross sections for the operator # in the 
denominator of the iteration equation (6.1), we feel that the additional work 
involved is hardly warranted by the present experimental data on the angular 


TABLE 3 
MOMENTS OF THE ANGULAR DISTRIBUTION, IN LANDAU APPROXIMATION 


| 
| Exact 
n Trial Iterated Supersimplified | Conventional 
Cross Sections | Cross Sections 
0 1-00 1-01 1-00 | 1-00 
2 0-350 0-309 | 0-300 0-285 
4 Oo 71 0-433 | 0-406 0-360 
6 2-138 1-362 | 1-191 - 0-970 
8 14-416 7-654 5-940 4-89 
| 


distribution of monoenergetic electrons. The moments make it likely that the 
iterated function v, is within 10 per cent. of the mathematically correct solution 
with conventional cross sections for values of w<0°:8. 

Next, our function is in error by an unknown amount because of the use of 
the Landau approximation. We intend to perform the iteration once more, 
using the correct integral operator for Coulomb scattering rather than the 
operator (H,/2E)?0?/00? in the denominator of (6.1). The discussion of the 
errors produced by the Landau approximation is reserved for a later publication. 

Last, we compare our iterated function with the results of Belenky (1944) 
and Moliére (1946). This is done in Figures 3 and 4. We see that the three 
functions agree very well indeed for small values of «. The methods of caleula- 
tion used by these authors were different from each other and different from ours. ae 
Moliére used supersimplified cross sections, and Belenky used the cross sections 
of the Tamm-Belenky theory, which are closely related to the supersimplified 
cross sections. Both authors also used the Landau approximation for the 
Coulomb scattering. Thus it is not surprising that their results should agree So 
well with ours. A comparison of the moments of the various functions with the 
exact moment shows that for larger values of w, where the three functions 
disagree more and more, our ¥, is the closest approximation to the mathematically 
exact solution. However, no great stress should be laid on this point, since the 
Landau approximation has in any case no claim to validity for w>1 (for #3). 
Moliére’s angular distribution function has a minimum at v=8 (u=2-7), and 
the corresponding distribution-in-U (U=EK@/E,) actually becomes negative 
there, but it is apparent from Figure 3 that this is way out in the “ tail”? of the 
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function, and hence the importance of this error in Moliére’s calculation has 
been overestimated in the past.* 


ANGULAR DISTRIBUTION 


PRESENT RESULT 


MOLIERE eg = 0-4662 f(u) 


BELENKY 


0:4662 f(u) 
fe} 
W 


x=2-93 u 


Fig. 4.—Comparison with other work. The results of Moliére and Belenky 
agree closely with our iterated function in the significant region of angles. 
(Notice that the ordinate scale does not start at 0.) The dominant con- 
tribution to the second moment of f comes from the neighbourhood of «=2, 
at the extreme right of the figure. We conclude that it is impractical to 
deduce the behaviour of f(w) for small values of u from a study of the moments 


of f. 


* Blatt (1949). However, the doubts concerning the accuracy of Moliére’s lateral structure 
function are not decreased appreciably by the agreement of the angular structure function. 
The lateral structure function is very much harder to determine. The only improvements on 
Moliére’s work published to date have been concerned with the moments of the lateral distribu- 
tion. These moments disagree with Moliére’s moments quite badly even in the Landau approxi- 
mation, for example, the sixth moment of Moliére is too small by a factor 4:65, the 10th moment 
of Moliére is too small by a factor 1000. These factors get worse if the Landau approximation 


is dropped. 
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APPENDIX I 
Moments of the Angular Distribution 
We start from the Nordheim recursion formula (2.12). We take the 
Mellin and Laplace transform on both sides, and we assume that the dependence 
of the transform 7,,(H,s,A) on the initial energy EH) is given by 


| ss dE E* | . diez, (E,,H,t) =(Ey)?-"M,(8,A).  ...- (Al) 
We then get from (2.12), by inverting orders of integration, 
M,(8,A) =n(n—1)( 4)? Mo(s —1,r)M,-0(8,A). ae eee (A2) 
The fact that H, does not appear in (A2) shows that the assumption (A1) was 
correct. The solution of this recurrence relation is immediate, giving 
M,(8,A) =n !(4H,)"M(8,A)Mo(s —2,A)My(s —4,A) ...My(s—n,a). .. (A3) 


The Laplace Mellin transform M,(s,A) refers to the zeroth moment of the — 
angular problem, that is, to the longitudinal distribution function zy=7 of 
Rossi and Greisen (1941). By comparison with equation (2.33) of Rossi and 
Greisen we see that 


Og tA 
Mole) Fie) iG, OSE Meta ss (A4) 
(A3) and (A4) constitute the complete solution to the moment problem in 
the Landau approximation. It will be noticed that the depth transform variable 
A enters only in a trivial way here, that is, the calculation for arbitrary ) is in no 
way more difficult than the track length calculation (A=—0). The inversion of 
the Laplace transform, to get explicit functions of the depth t, is straightforward 
although somewhat tedious. On the other hand, the inversion of the Mellin 
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transform for arbitrary t can be done only by the saddle point method. This 
is the reason why most published results do not give the depth dependent 
moments, even though they are in principle just as well known as the track 
length moments. The depth dependence of <6?>aye was given in a report by 
Osborne, Nordheim, and Blatt (unpublished, Echo Lake Conference 1949). 

In this paper, we are concerned only with the track length values, so we 
set A—0 consistently. We can then invert the Mellin transform by using the 
theory of residues. For ,=0, the pole of Mo(s,0) with the largest real part of s 
occurs at the point s=1. Thus the dominant pole of (A3) occurs at s=n-+1. 
The other poles give contributions involving lower powers of (H,/H) and can 
therefore be ignored in the limit H<H,. We define the nth moment of the 
angular structure function f(w), (3.2) and (3.3), by 


= E0\” A EH \ 2ren( Lo, Ht) 
f= (a) ) =(z) Zn(HyyH) ’ Sug oruionn (A5) 


where z;,, is the track length nth angular moment, that is, 
+ 0 


zn,(E,E) = | | Ta(ByyHyt)at— | Qy(Hy,H,0)d0. .. (A6) 


This procedure leads to the result, for EH<E,, 

f,=n !2-"M,(3,0)Mo(5,0)M(7,0) . . - M,(n+1,0). .... (A7) 
Since our whole calculation has been based on supersimplified rather than 
conventional cross sections, we use the supersimplified cross sections here also, 
that is, we use expressions (2. 17b) of Rossi and Greisen. This gives for integral 
values of k 


SA tend! 1 Pal leit 
My(k,0)= [14545 ys ae oe cece ise ee (A8) 


The ‘exact ’? moments given in Table 3 are determined from (A7) and (A§8). 
The fact that f, for H<EH, is independent of E and EH, shows that in this limit 
the angular structure function is indeed a function of (H0/H,) only. 

It is interesting to observe that these moments do not allow a practical 
determination of the distribution function v(Ey,H,0) for small 6. If one takes 
our best function for v, that is, our v, of Section VI, and computes the region 
of § which makes the most contribution to the nth moment, this turns out to be 
well in the “ tail’ of the function, even for the lowest usable n, that is, n=2. 


APPENDIX II 
The Projected Distribution Function and its Inversion 
Let © be the angle between the direction of motion of the particle and the 
shower axis, and let 0 be the angle between the projected motion (onto a plane 
containing the shower axis) and the shower axis. Let 0’ be the projected angle 
for a plane perpendicular to the first one, but also containing the shower axis. 
Then, in the small angle approximation, we have 


iy cites eo aa (B1) 
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Let f(0) be the distribution function in the projected angle, and F(@) be the 
distribution function in the full angle, then clearly 


+ 0 (oo) 
fo={ Pier +0'2)h}40"=2 | ae gad Sacre (B2) 


= OS 


This is an integral equation for F(u) if f(0) is known. Since the kernel is 
a function of the ratio u/0 only, this pea equation can be solved directly by 
means of Mellin transforms. The details are given by Kalos (1952). The 
result is 
_[ vd/dxlaf(a)) 
F(u) = —(7u?) if teu MG ens ee Oe (B3) 

If f(a) is an exponential e~*, (B3) leads to the Bessel function (2/~)A,(u). The 
relevant integral representation of Ay(z) is formula (4), p. 172 of Watson (1948). 


APPENDIX III 
The Friedman Variation Principle 

This variation principle is contained in a report by Friedman (1949). We 
would like to thank Dr. F. L. Friedman for permission to publish this slightly 
modified version of his proof. 

The distribution functions used in this work can be considered to form a 
linear vector space. For example, consider two functions of energy and inclina- 
tion, o(H,0) and J(#,0). We define their scalar product to be 


ev=|- az | ae dua F,. 002. 0)" wee ee (C1) 


Functions of « can be treated in the same way; in defining the product for 
functions of ¢ the integration is limited to the range 0 to oo. 

All linear operators used may be written in the form of integrals of the 
type 


Ke(H,0) =| an’ | d0’o(B’,0’)k(H’,H,0—0’).  .... (C2) 


As a rule the kernel k vanishes when H exceeds E’. The unit operator, J, defined 
by the equation Ip =g, is associated with the kernel 5(#—H’)3(0—0’). 

The effect of two operators of this type applied in turn to a function is ~ 
given by 


JKo(E,0) = 


iL am | ao | an’ es d0’o(H’,0’)k(E’, RB’, Ou= Q’ )j (B”, E, He 0”), 
vinssiecee eee (C3) 


so that the product of the two operators J and K in that order is an integral 
operator whose kernel is Jk(H’,E,0). 


Consider the problem of inverting a linear operator. That is, given the 
non-singular operator A, it is required to find B such that 


AB=BA=TI, 
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We shall write a variational expression for the matrix elements of the operator B. 
Suppose that V is an operator, ‘“‘ close to ’”’ the inverse operator B, except perhaps 
for a constant multiplier 4, that is, 


He Beat) Wane araiers Peeves ormne & (C5) 
where < is by assumption a small quantity. 
Let 91, @2,. . . be a complete set of base functions in the vector space in 
question. We define 
(Pn V Pm)” 
Pp it tte C6 
(Pny VA V Qn) ( ) 


The array F,,,, defines an operator in the representation of the base functions 9,. 
The operator F defined in this way depends on the choice of base. Since the 
operators V and A are linear, we may use (C5) to write the last equation as 


pp _ (Pn(B+eR)on)° | 

zy {9n(B +eR)A(B +eF) on} \ 

= (Qy3BQm)? +2€(Gp:BOm) (Pur Om) + (Purl Pm)?e” | 

(9,,BABo,,) +e(0,,BARQ,,) +e(9,,RABQ,,) +e7(9,, RARG,,) 
Ee eg es (CQ6a) 
With the use of (C4) the last equation may be written 
FP = (PnP Om)? +2€(Qn»BOm)( Pn Pm) +27(0,,Ro,,)? :) 

(QnyBQm) F2E(QnyROm) FE Pn ALG n) L =. (Cob) 


=(o,,Bo,,)+terms of order ¢?. j 

Thus the elements of the array F have stationary values when V is near AB. 
Furthermore when V =AB, the elements of F are the elements of B itself, in the 
representation in which the ¢, are base functions. By finding the stationary 
values of F’,,, with respect to variations in V, we get B, that is, the inverse of A. 
Alternatively, we may use (C6) as an iteration scheme ; if V is an approximation 
to the inverse operator, then the operator F is closer to the true inverse, provided 
the process converges. 

In the special case of the vector space introduced above for the distribution 
function, an appropriate set of base functions is 

0, =5(H —E,,)5(0—O,), secre cece e eens (C7) 

where n stands for the two continuous indices #, and 6,. The element (Q,,K Om) 
taken with the operator defined in (C2) and two different base functions of this 
kind is just the kernel k(E,ysEn39% —9m)» If we use this basis throughout the 
equation (C6) and apply (C3), we get a variational expression for the kernel 
b(H,H,0) of the integral operator B=A-1, This expression is 


[v(Ey,H,8)]? ; eg (C8) 
| dE’ { d0’[Av(E,,L’,0’)]v(E’,E,8 —8’) 
0 — 0 


f( Eo, H,0)= 


Here v is a trial function for 6 and f is the iterated function. 


THE ALBEDO FOR THE ATOMIC SCATTERING OF OPTICAL 
RADIATION 


By R. G. GIOVANELLI* and J. T. JEFFERIES* 
[Manuscript received June 10, 1954] 


Summary 
A general method for evaluating scattering is discussed for a multilevel atom. 
It is shown that, in the special case when the gas is either opaque or highly transparent 
to every other spectral line, the effects of interlocking on a given spectral line can be 
disregarded and the scattering readily computed. 


I. INTRODUCTION 

The transfer of radiation through an emitting and absorbing medium can 
be described by the so-called equation of transfer, which in turn is dependent 
‘on the monochromatic source function By, defined by By =, /a,, Hy, and «, being 
the emission and absorption coefficients. If emission in a given spectral line 
arises as a result of previous absorption in the same spectral line, it is referred 
to as scattering, and is said to be coherent if the re-emission is of the same 
frequency as that absorbed, non-coherent if not. The albedo for single scattering, 
denoted by 1—A, is defined as the fraction of absorbed radiation which is subse- 
quently scattered. 


Thus for isotropic, coherent scattering the source function may be written 


J 
By) ee eee (1.1) 


where J, is the total intensity of the radiation and by is a term dependent on 
collisional excitation and absorption of radiation in other spectral lines. 
For non-coherent scattering 
1—r j 
By= Ira, I yay Gy yay +Dby, Sis!) alielce) sXe) el ielieite (1.2) 


where (1—A)gy,dv'dy is the fraction of energy absorbed in the frequency range 
‘v’ to v’+dy’ which is scattered into the range v to v+dy. In a simple case of 


non-coherent scattering, the scattered radiation is redistributed proportionally 
to a, so that 


-and so 


a: — fJyaydv 
Bae aire ce Sere oo 8 eo Cio (1.3) 


* Division of Physics, C.S.1.R.0., University Grounds, Sydney. 
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Another important case occurs in the scattering of continuous radiation 
which is distributed as exp(—hv/k0) for v>vp, the frequency of the beginning 
of the continuum. Here 


Tx ih —h(v —vp) 
B= Tt (4) exp [| fear +by. wees (1.4) 


In general, owing to the dependence of 6 and A on radiation intensities, 
simultaneous equations of transfer are involved in describing the radiant intensity 
and the parameter of importance is not an individual ~A—which then has little 
meaning—but some interlocking parameter obtained by elimination of the other 
radiation intensities. 

Most attention has been devoted to scattering in connexion with the 
formation of absorption lines by atmospheres in local thermodynamic equilibrium, 
and a detailed account of techniques applicable has been given by Woolley and 
Stibbs (1953).* 

A method will now be given for simplifying such problems when, for any 
line other than the one under discussion, the medium is either opaque or trans- 
parent. In these cases it will be shown that the quantities by and 4 depend 
only on collisions and external irradiation. As an example of the application of 
the method general expressions for these two quantities are obtained for the 
ease of an atom with four energy levels. 


II. EFFECT OF INTERLOCKING 
The equation of secular equilibrium for the population N, of the j state 


may be written as 
xP;.N; =v N., elenelcciten.o/ 0) aike,\e Ue) skewer alte (2.1) 
8 8 


where P,; is the rate of transition s—>j per atom in the s state, and is the sum of a 
radiative term A,; (which would be zero for a forbidden transition) and a collision 
term f,;. 

By solving the set of simultaneous equations (2.1), the ratios of the popula- 
tions may be obtained in terms of the transition rates. Thus in a four-level 
atom it is found that 


N, _Palt —PedP ac) +Pac\Pes +) aD av) +P aalP av +P acP cv) 122) 
N, P,,(1 —P dP ac) Daa +P) dP aa) +P pa(P aa +DacPca) 


where 


This equation shows how N,,/N,) and hence the source function for (b,a) radiation, 
depends on the intensity of each line emitted by the atom. 

Now, if the medium is optically thin (tp><1) in any line, self-absorption in 
this line can be neglected with respect to other excitation processes, and radiative 
excitation in this line can be due only to irradiation from outside the atmosphere. 


* Woolley, R. v. d. R., and Stibbs, D. W. N. (1953).—* The Outer Layers of a Star.” Ch. 8. 
(Oxford Univ. Press.) 
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Again, if the atmosphere is of sufficient optical depth then 
Ah Ny AN ce aiid ay oan eee eee ee (2.4) 


On cancelling these terms in (2.1), except for the transition (a,b), P,, and P,, 
are replaced by R,, and R,, respectively, with corresponding changes in (2.2) 
and (2.3). 

If for each spectral line other than the line (a,b) itself, either of the two 
above conditions applies, then the effects of interlocking on the line (a,b) may 
be disregarded. 


III. DETERMINATION OF A AND Db 
In such a case, NV, is the sum of a term N, proportional to the rate of absorp- 
tion of (a,b) radiation, and a term n, which is explicitly independent of absorption. 
Then 


A, N= (tJ) ALN. 3 ce see Sees (3.1) 
Thus 
A gid TP. c 
1 See oa Bae) 5, pac oat il (3.2) 
where D is the denominator on the right-hand side of (2.2). 
Hence 
Ryq(1 — Papal +P ADs +P dP aa) +P yal P aa +P acPca) 
hao D Ree EES: 


The other quantity, b, involved in the source function can also be obtained 
from (2.2), for 


where e,, can be found from expressions for the emission and absorption co- 
efficients. Thus 


b Rab 3 Ryd Papa.) Sm AV +P -aP av) +P a(Pas +P acP cr) 
WD ? 


0mm Ar 


boy ee 


where in both (3.3) and (3.5) for lines of high optical depth P,, is replaced by 
k,, and for lines of low optical depth self-absorption may be neglected. : 


IV. CONCLUSIONS 

The solution of the transfer equations is simplest in the case of a gas in 
which the values of R and P in (3.3) and (3.5) can be taken as constant through- 
out. This will be so in a uniform density isothermal atmosphere of small optical 
depth in the resonance lines. 

Where the optical depth is high in the resonance lines, condition (2.4) 
breaks down near the boundaries, but this will not usually have a serious effect ; 
the main result will be a reduction in the central intensity of the first resonance 


line, and a corresponding increase in the central intensity of some of the other 
lines. 
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When the atmosphere is of intermediate optical thickness in one or more 
lines, or near the boundaries of the gas, equation (3.3) still gives formally the 
effective scattering parameter, though in these cases A varies with the intensities 
in the other lines. Unless these can be shown to be negligible, the radiation 
intensities in such cases are to be found only by solving the equations of transfer 
simultaneously. 


THE EMISSION OF RADIATION FROM MODEL HYDROGEN 
CHROMOSPHERES. II 


By J. T. JEFFERIES* and R. G. GIOVANELLI* 
[Manuscript received August 5, 1954] 


Summary 
An improved method is presented for calculating the characteristics of the radiation 
field of Ha, La, L@, and the Lyman continuum emitted by model hydrogen atmospheres 
which are isothermal at one of a number of kinetic temperatures in the range 10* to 
2-5xX105°K. It is found that earlier estimates of the intensities of these lines need 
revision and improved values have been obtained. 


I. INTRODUCTION 

Excitation in and the quantity of radiation emitted by high temperature 
hydrogen atmospheres have been discussed by a number of authors. Basically, 
excitation is due to collisions ; self-absorption of radiation may, however, cause 
a profound modification of excitation conditions. Since the radiation emitted 
in or transmitted through such an atmosphere may undergo scattering or 
absorption, excitation and the transfer of radiation are interrelated in a manner 
which is further complicated by possible changes in wavelength upon interaction 
between radiation and atoms. 

The problem may be formulated in terms of a set of simultaneous equilibrium 
equations, one for the population of each atomic level, and a set of second order 
differential equations, one for the transfer through the atmosphere of radiation 
of each wavelength. But the solution of these equations has proved so formid- 
able that substantial simplifications have always been unavoidable. The two 
most important of these have been 


(i) a restriction in the number of energy levels and corresponding wave- 
lengths considered, and 


(ii) the derivation of approximate rates of emission and absorption by 


assuming the radiation intensities and then estimating excitation 
conditions. 


Thus, in considering the emission of radiation from model solar chromospheres, 
Giovanelli (1949) and Jefferies (1953) assumed black body radiation at 5000 °K 
except in the Lyman lines and continuum, while Thomas (1949) and Matsushima 
(1952) assumed either no radiation or black body radiation at 6000 °K other 
than in the Lyman lines. 

Nevertheless, assumptions as to radiation intensities, particularly of Ha, 
can have a significant effect on the computed emissions, not so much of the 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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Lyman « line but of the other Lyman and subsidiary lines. We present here a 
method which substantially avoids these assumptions, the H« intensity being 
carried as a parameter. 

Previous work of the present authors has differed from that of Thomas. 
and of Matsushima in that we have restricted consideration to the states and. 
substates of principal quantum number 1, 2, and 3 and to the ionized state. 
Thomas considered states of principal quantum number 1-10 and the ionized 
state, collisions other than with ground state atoms being neglected. Matsushima. 
extended Thomas’s results by including collisions with excited atoms. 

There is considerable simplification in ignoring the fine structure of the 
quantum states, and there is now some evidence that this may be justified. 
Giovanelli (1948) pointed out that transitions between the 28 state and the 2P’ 
state could be ignored unless the appropriate collision cross section was abnor- 
mally large. But Purcell (1952) has shown that the effective cross section for 
collision with positive ions may be as high as 10’ra,’, which is sufficient to ensure 
that the principal transitions involving the 28 state will be to and from the 2P 
state. At electron concentrations of the order of 5 x10" cm~-* or more, this 
alone would ensure that the 2S and 2P populations are in the ratio of their 
statistical weights. Further, while computations ignoring 2822P transitions 
have shown a strong overpopulation in the 2S state in the presence of low 
radiation densities (i.e. very thin atmospheres), the Lyman radiation intensities 
in hot atmospheres will normally ensure that the populations of even the 2S and 
2P substates are of the same order. This follows, for example, from explicit 
solutions of the equilibrium equations given by Giovanelli (1949) and J efferies 
(1953). A high 2822P collision rate will promote an even closer approach to 
populations distributed according to the statistical weights. We therefore 
propose to ignore substates and consider the simpler problem so formulated. 
As before, only the three lower quantum states and the ionized state will be 
considered. 

The present work is confined to a range of physical conditions in which 
excitation by collisions between neutral atoms may be neglected. This will 
almost certainly apply for temperatures of about 104 °K and higher, and may 
apply for lower temperatures depending on the cross sections (as yet unknown) 
for excitation from the excited states. 


II. ExcrratioN AND COLLISION RATES 

The total rate of excitation per unit volume from state j to state lis denoted 
by P;,N;, where N, is the population of the 7 state. P,, may be dissected into a 
radiative component, A,,, and a collisional component, R,,, which includes the 
electron concentration N, as a factor. 

The rates of collision excitation between substates have been discussed by 
Jefferies (1953)—henceforth referred to as paper I. Owing to an error in 
numerical integration, the collision rates in Table 1 of that paper are too large 
by a factor of 2. The rates used here are the corrected values. 
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III. THe EQuATION OF RADIATIVE TRANSFER 
With Eddington’s approximation, the equation of radiative transfer is 


Las’ 

pee oT ol PaO is tk kara S| 

3 da J —4rB, ( ) 
which may be written, for a coherently scattering atmosphere, as 

1 day 

ATE ee PAL ED 2 ey eae: Shee 3.2 

Re AJ —4nb, (3.2) 


where 1 — is the fraction of the absorbed radiation which reappears as scattered 
radiation in the same line. 

The present authors (Giovanelli and Jefferies 1954) have shown that in 
a four-level atom 

Ryq(1 —P dP ac) +P bel Pca +P cdP aa) +P va\Paa +P acP ca) (3.3) 

o— sie e's 
a0 Py (1 —P Pac) +P vl Pea +P caP aa) +P ra\ Pan +PacP ca) 
where P,, is the rate of transition /—j per atom in the / state, and is the sum of a 
radiative term A,, and a collision term f,,; and 


A 


Dy sp ate shiek: Tae Tee (3.4) 
Further, : 
anh see ne —P tic) +P adP er me +Pad(Pas TPacPeo) -. (3.5) 
where D is the denominator of (3.3), and. 
py a Won dtbi cb Sef! (3:6) 


®, and w, being the statistical weights of the states, for line transitions. For 
transitions involving the continuum 


ahve 2 rs 
pipe | | IN. tye Cras i Sed) 


For transitions for which the atmosphere is of great optical depth, P,; and P;, 
may be replaced by #,; and R&;,, while for transitions for which the atmosphere 
is of small optical depth, self-absorption may be neglected ; and, if either of 
these conditions applies to every spectral line other than the one under con> 
sideration, interlocking can be neglected. 


In an atmosphere in which \ and } do not vary with t, the solution of (3.2) 
may be written 


ja he exp (V3At) +8 exp (—V3at), ........ (3.8) 


where the integration constants « and ® are determined by the boundary con- 
ditions. In particular, for a very thick atmosphere with no external illumina- 
tion, the emergent intensity is given by 

4nb 2V2/3 


Jo ae ee Se : 
Deel ie 2V/ BI al 
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while for a very thin atmosphere, V3AT <I, 
P= 42RUT OF SHOT es oe pus wale oe os (3.10) 


depending on whether reflection at the base is negligible or complete. The 
symbol 7! represents the total optical depth of the atmosphere. 


IV. THE GROUND STATE POPULATION 

The intensity of any spectral line is closely associated with the populations 
of the upper and lower states involved, except in the special case of an optically 
thin atmosphere. Consequently the population of both the ground and ionized 
states will generally be related to the intensity of the Lyman continuum. 

Tf Lyman line and continuum radiation is negligible, i.e. if the atmosphere 
is optically very thin, particularly in La, almost all ionizations occur directly 
by electron collision from the ground state. These are balanced by recom- 
binations, so that 


where N, (=N,) is the ion concentration, the subscript denoting the ionized 
state, and P,, the rate of recombination per ion to the /-quantum state. 

In an atmosphere optically thick in the Lyman lines, any excited atom has 
a high probability of returning direct or by cascade to the ground state, emitting 
a Lyman quantum. But, except in the unimportant case near the top of the 
atmosphere, this quantum will be reabsorbed and the process repeated until an 
ionization occurs. Consequently almost every collision excitation from the 
ground state results eventually in an ionization. These, together with direct 
jionizations from the ground state, are balanced by recombinations direct to the 
ground state, since any recombination to an excited state also results in a sequence 
of emissions and absorptions of Lyman quanta until an ionization occurs. Thus 


Ny Py 
= oY «ast ha eR (4.2) 
N, Ryyt+RigtPrs 


This relation is valid provided the rate of superelastic collision from any excited 
state (effectively the 2-quantum state) is small compared with the rate of 
ionization from that state. It follows from the values of the excitation rates 
that this holds for all values of NV, at kinetic temperatures T of 1-5 x104 °K or 
higher, and for V,<10” em" tor 1=104"K. 

Provided the atmosphere is optically thin and not strongly. irradiated in 
the Lyman continuum, P,, may be replaced by Ry, in (4.2) so that 


Bas eB atleircay ayhs eEyS.|\. (4.3) 
N, xR) 


where, since recombinations are predominantly radiative, P,, has been replaced 
by the rate of radiative recombination Ay. In (4.1) and (4.3) the ratio N,/N,4 
is independent of electron concentration and of thickness of the atmosphere. 
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If the atmosphere is not optically thin in the Lyman continuum, we require 
the rate of absorption A,,. The rate of emission of Lyman continuous quanta of 
frequency v is given by the expression 


[42b+(1—A)T]aydv/hy, «eee ee ee ee eee (4.4) 


where a, is the absorption coefficient. With J written as 


(4.4) becomes 


1—~A es 


sb] 14 7 @(A, T) 


Since the ratio of the rate of emission of such quanta (which equals the rate of 
ionization in accordance with (4.2)) to the rate of absorption is increased by the 
factor 
1—r’ 
LF ls tT) 


over the corresponding case for +<1, it follows that 


Dia Aitnmes aph at. ei be (4.7) 


Nass ree 
; ER, 1+ ——“9(, | 


which varies between the limit A4,/2R,, and 1A 4,/2R,, according as t?<1 (p =0) 
and 7,711 (p=1). 
From (3.3) it follows on neglecting small terms that 
Fy +0(Pao+Pas) 
Patel Ba OP ion aes a 


where «=(?+71'31)/(Poa+P3q) and ESOS 8 


Avs 


In the range of NV, and T of interest here, the transition rates are such that 
LL o,/Po, and Ry, is negligible, so that 


De Ate a(P4o+Pas) 
At” Paid ieee bia ed Le ae tae 


which is approximately proportional to V,, and so is dependent on t,,. We shall. 
consider only two broad regions of the atmosphere such that, at the head of 
the Lyman continuum, V/3Az,, is greater than or less than unity. In the lower 
region 


with 7 given by (4.9). In the upper region, the intensity of the Lyman 
continuum will be roughly that coming from a uniform atmosphere with physical 


conditions the same as those at V3At,4~1. It follows from (3.9) and (4.5) 
that 


22/3 
QA, Teva 
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in this region, 4 being computed for conditions applying at V3At,4~1, so that 
for A not too large, (4.7) reduces to 


where A,, and R,, are values at the electron concentration under consideration 
A, /=R,, is actually independent of N,). 

From (4.9) and (4.11) we may compute the values of WV, at V3d%44=1 
and so estimate the electron concentrations for which (4.10) and (4.11) apply. 
Results are given in Table 1. In the intermediate region where V3Aty~1, 
the ratio N,/N, changes rapidly with depth by a factor of the order of 10. 


TABLE | 


VALUES OF N, AND N,/N, AT VARIOUS TEMPERATURES 


T N, at Corresponding Values 
V3dt44=1 of N,/N, 
(104 °K) (em-*) 

An 

1:0 5 X 101 a KOK 10 BN, (102>N,>5 X10!) 
eet 4 | 
Aj; 
sno 5™ 10-2 (N,<5 X 10?) 
a 2-2xX10-BN, 

1-5 5x10" (102>N,>5 x 104) 
ER, 1+1-5x10-4N, 
Ae 
SR te 8x10 (N <5 X 101") 

2°5 ae —— —— 


The computed values of N, are shown in Table 2, for a variety of physical 
conditions. 


TABLE 2 


VALUES OF N,/N, FOR VARIOUS ATMOSPHERIC MODELS 


a Thin Thick 
Atmospheres Atmospheres Adopted 
(°K) Eqn. (4.1) Eqn. (4.3) 
1-0 x 104 5-310 8-0 x 10-1 Me aleepien 
1:5 x 104 1-8x107 9-7X 10-3 fe 
2-5 X 104 1-7X10-% 2°2.%10-4 2-2xX10-* 
5:0 104 3-8x 10-5 9:4x10-° 3:8x10- 
1-0 10° 4-4x 10-8 1:4x 10-8 4-4x10-§ 
2-5x 105 7-8X10~" Fal lO 7-8X10-7 
| —_ 


For T—5 x104 °K, the La and Lé optical depths are about unity, which 
makes computations of radiation intensities difficult. In general, we shall 


interpolate in this range. 
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V. Tue Lyman ConTINUUM INTENSITY 

The emergent intensity at the Lyman series limit follows from the solution 
of equation (3.2) with A,4 given by (4.9) and, provided the optical thickness in 
La and Lé@ is large, 

4rcby4=Pra a ee, Pee ee (5,1) 
41 
where 9,4 is given by (3.7). 

Evaluating 2,, and 47b,, for the electron concentration at V3At%4=1 and 
substituting in the solution of (3.2) we obtain the emergent intensity. For 
kinetic temperatures greater than 1-5 x10* °K, the atmosphere is thin in the 
Lyman continuum if N)<10" cm~*, and assuming A and b to be independent 
of t, the emergent radiation is, from (3.10), 


J. =ArDysT14 


~e.N 2a(1, vo), 


EFFECTIVE TEMPERATURE AT 
LYMAN SERIES LIMIT (103 °K) 


104 10S 10& 
ELECTRON TEMPERATURE (°K) 


Fig. 1.—Effective temperature at the beginning of the Lyman 
continuum. N,=5 X10%cem- , B=6X10-* cm. 


where z is the scale height for electrons, «(1, vo) the Lyman continuum absorption 
coefficient per 18 atom and 9,4, has the value appropriate to the base of the 
atmosphere. 


Neglecting reflection at the base, the emergent Le intensity, expressed in 
terms of the equivalent black body temperature for hemispherical emission, is 
shown in Figure 1, for N,=5 x101! cm-’ and z=1-66 x108cm. A comparison.~. 
with the results in paper I shows that, for 7 =104 and 1-5 x104 °K the emission 
found here is much greater. This difference arises from neglect of scattering, 
resulting in too high a ground state population, in the previous work. For the 
higher temperatures the present results are in agreement with those before. 


VI. THe LyMAN LINE INTENSITIES 


To evaluate the Lyman line intensities the scattering parameters and source 
functions are required. From (3.5) we find, on neglecting small terms, that, 
when the atmosphere is opaque to L8, 
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and 
jiyeeut a +(P ea +P asP sa)P ar wert 

a att 
If the atmosphere is optically thin in La and L868 the emergent L« intensity is 
independent of A,., while 


Arby Ape +R P42 +(Bis ty sPas)P ao 

Avy 
From equations (6.1), (6.2), and (6.3), 47b,, and A,. depend on N, and so on 745. 
However, for atmospheres of high optical depth, the emergent La radiation is 
approximately that from a uniform atmosphere of VY, and A equal to that at 
V3At.=1. For V3Ati2<1, the emission has been computed for an atmosphere of 
constant b,, using the electron concentration at the base of the atmosphere and 
assuming complete reflection there. 
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Fig. 2.—Effective temperature at the centre of La and L6. 
ios 10" em=*; (8 srl 07 ems. 
For L§, in cases where V 32419 >1, neglect of small terms yields 
Lh, —Paky, 


Atth13™ 013 rE 7 Coat, 9.4 Ae a area (6.4) 
R P3,+P 
Ais at a s2P 24)P a1 Pra eae (6.5) 
while, if V3AtTI2<1, 
bby yoy tot RaePan tae Pas, Ree eit (6.6) 


The values of 2,3 and 47b,, depend on the rate of absorption of Ha, and so on 
the H« intensity. Since the mean level of origin for the escaping L@ radiation 
is given by V3i113=1, a level where the optical depth is Ha is small, P,; has 
been computed adopting H« radiation intensities appropriate to the top of the 
atmosphere (see Section VII). 

With boundary conditions that there is no incident radiation on the top 
of the atmosphere and that perfect reflection occurs at the base, the central 
intensities of the Lyman lines can now be found, and are shown in Figure 2 in 
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terms of equivalent hemispherical black body temperatures. These values 
are not directly comparable with those in paper I, which are calculated for an 
atmosphere of uniform electron concentration N,=5 x10" cm-3 and thickness 
equal to 1/(6Xx10-%) cm, while here we have adopted N,=N,e-* with 
6=—6 x10-® cm! and Ny=5 x10" cm-*. The effect of this difference may be 
seen from Table 3 where we have given values of V, such that V3h7=1 for La 
and LB. For T>105°K, V3ac1<1. 


TABLE 3 
ELECTRON CONCENTRATIONS AT THE MEAN LEVEL OF ORIGIN OF THE 
ESCAPING La anD L6 RADIATION 


if | N, | NE 


| at V 30 2=1 at / 3A 13=1 
(°K) | (em-%) (em-3) 
| | 
1-0 104 | 1-4 108 2-6X 107 
1-5x108 5+2x109 1-3 10° 
2-5 X10! | 7-1 101° | 2-1 1010 


VII. THe Ho INTENSITY 
To find the Ha intensity we proceed slightly differently. The intensity 
of H« is given by the equation 
1 ds N 
3 aq) Pay we) Gael, we) 8) 5) 61 lef se; wits ie) = 
in which N, may be eliminated using the equilibrium equation 
(P4394 Pi) Nae=—Pigt i tia N at Pagh i kD eeee- (7.2) 
For regions in which V3\t13=>1, which, for the lower temperatures, is 
certainly so where V3AtT,;~1, we may put 4;,N,=A,,N,, when (7.2) reduces to 


(Rs +Pso.t+P34)N3=—higNi +Ps,N, +P4,N 4. SRT PS (7.3) 
The transfer equation (7.1) may then be written 
Lay) Rui} PasNatPosWs ok 
3 ar2 23 (Re tPoatP so) 2 9 ‘©, 6,4) (a) 0) eal s . ) 
and so 
Rs +P5,+Rk 
Rese aes LP yo oko cc ck (Aso) 
32 
Further, 
on, as — tBagN a Sfcpevetised aime (7.6) 
32°" 2 


a result which may ¢ also be obtained from (3.5) on omitting very small terms. 
If, for L@, V3A7!<1, we find 


As wk 4 
patti ea ae ee efie) «fe 6 sl et ss emetetielle tens (7.7) 
RN 5 +Ry3N, +P 4 


AD 93 Pog 
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In paper I, 4,3 was found to be ~1/3 in the chromosphere and to be almost 
independent of NV, and 7, whereas here, for V3At,3>1 it is found to be much 
smaller (~10-?) and to vary with the physical conditions. This difference is 
due to the explicit neglect, in paper I, of H« scattering following the transition 
28—+3P+18. For V3Ati3<1, Ag is of the same order as that found previously, 
as expected. 

The value of NV, needed in (7.6) and (7.8) is found from the relationship, 
valid if the La optical depth is not too small, 


while N,/N, is given in Table 2. 

As before, the atmosphere is taken as uniform, A,, and 47b., being computed 
for the electron concentration at V3At,;=1. If V3A733<1, the corresponding 
quantities adopted are those applicable at the base. 


Since in H« the chromosphere is superimposed on a surface of comparable 
brightness, transmitted photospheric radiation has also to be taken into account. 


The solution of (3.2) for the emergent intensity of Ha is in such a cage 
(paper I equation (18)) 


vw ts [Me exp (—V3aAt) +(VWA—V2) exp (—2V'3A?) 
ry r D 


2(1+2/V3)V an’ exp (—V3Ar})J, 
=F oF ? 


where 
D=(142V7)8)(VA+V2) + (1 —2V0)8)(VWA— V0) exp (—2-V3A7}) 


and J,, is the intensity of the neighbouring continuum. 


In this equation, +1 is the optical thickness of the chromosphere while 2’ 
represents the photospheric scattering parameter defined by 


Oy 
Gy +Xy+%Xo 


(oy +%y)A, +o 
Gy tRy+%q ” 


where oy and oy+x,y are respectively the scattering and absorption coefficients, 
%» is the continuous absorption coefficient of the negative hydrogen ion, and 
A, =%/ (oy +xy) is the line scattering parameter of Ha. 

In paper I, A, was found from observation to have a value ~1/3 in the 
wings of the line (i.e. in the deeper photospheric layers). To calculate A, for 
the photosphere the rates of collision excitation by neutral atoms as well as by 
electrons are required. Bates and Griffing (1953) have shown that 1S8—excited 
state transitions in hydrogen caused by H or H+ impact are of the near adiabatic 
type with consequent very low cross section at low energies. If similar results 


1—2’ 
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apply for excitation from the 2-quantum state it 1s justifiable to neglect excitation 
by neutral atom collisions compared with that by electrons under photospheric 
conditions. In any case such neglect will give a lower limit to 4,. From (7.5) 
it readily follows by considering only electron collisions that, for an atmosphere 
of kinetic temperature 5000 °K, 


2-3 x105+4-2 x10-"N, 
L~ 4-4107+4-2 x10-"N, 


Adopting Munch’s (1947) values for the electron pressure in a model solar 
atmosphere we find that, at t=0-01 (corresponding to the centre of H«) 
Az=1°7 x10; and at +=1-0 (corresponding to the wings) 4,=0-25 in fair 
agreement with observation, + being the optical depth in the continuum. 

On substituting for the transition rates and putting Ky Sageal-T x10, 
the central intensities of the emergent H« line are obtained as fractions of the 
adjacent continuum. Results are given in Table 4 for a variety of temperatures 
and electron concentrations at the base of the atmosphere. For P5404, 7K, 
the results have again been found by interpolation. 


TABLE 4 


Ho CENTRAL INTENSITY 
B=6x10-* cm™ 


= | 
YN, (emc®) 
He 102 5x 101 2x 101 1041 
T (°K) ae 
1-0 104 24 (24, 0)* 24 (24, 0) 22 (17, 5) 20 (4, 16) 
1-5 x 104 39 (39, 0) 39 (39, 0) 32 (24, 8) 22) (5) 17) 
2-5 x 104 60 (60, 0) 60 (59, 1) 42 (32, 10) 26 (7, 19) 
5-0 x 104 60 (58, -2) 37 .(25,, £2) 27 (10, 17) 27 (3, 24) 
1-0 108 33 (23, 10) 28 (5, 28) 24 ( 0, 24) 24 (0, 24) 
2-5 xX 105 26 ( 2, 24) 24 (‘U, 24) 24 ( 0, 24) 24 (0, 24) 


* Chromospheric and photospheric contributions, in this order respectively, are included in, 
parentheses after the corresponding Ha central intensity. The intensity of the surrounding 
continuum equals 100 units. 


Comparison of these values with the corresponding ones given in paper I 
shows that the present chromospheric components are in general much greater. 

The origin of this difference lies in the adoption in paper I of a definite 
value for the Ha intensity in the earlier stages of the computations. Thus, 
while the transition rates due to absorption of radiation are in general much 
greater than collisional rates, the origin of the radiation lies in these collisions 
together with the radiation incident on the atmosphere. It is not in general 
legitimate, therefore, to neglect collisional in comparison with radiative 
transitions ; we may approximate between collisional rates or, between radiative 
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rates but not between the two. By approximating to the H« intensity in paper I 
we effectively did just this and in consequence held down the computed value 
of the H« intensity. 


VIII. Discusston 


Comparison of the results of these computations with observations of the 
emission from the Sun is made rather difficult by lack of knowledge of the 
chromospheric structure. From the results found in paper I it appeared that, 
if the Ha emitting regions had a temperature in the range discussed, it would lie 
between 1-5 x104 and 3-5x104°K. From the present results, however, it 
would seem that this temperature is less than 1-5 x104 °K, although the non- 
uniformity of the chromosphere could modify this conclusion considerably. 


Until recently, H« intensities were the only ones available for comparison 
with theory. However, during recent rocket flights, the solar La line has been 
photographed and this will provide very valuable data, the more so as there 
seems less doubt attached to computed Le intensities than to Ha and LB. 


At the present stage it appears that the most useful application of the results 
would be in interpreting observations of prominences and flares—where con- 
ditions are more likely to conform to our model of an isothermal atmosphere— 
and possibly, from limb observations of the chromosphere, in ascertaining the 
temperature gradient. 
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THE MULTIPLE SCATTERING OF PROTONS IN NUCLEAR 
EMULSIONS 


By J. R. Brrp* and K. C. HINES* 
[Manuscript received September 6, 1954] 


Summary 

The multiple scattering theories of Williams and Moliére have been adapted to 
give the r.m.s. lateral deflection of protons which lose all their energy in nuclear emul- 
sions. Measurements of 1-5 MeV proton tracks show significant differences from the 
former theory at low energies and from the latter at higher energies. The introduction 
of alternative expressions for the minimum angle due to screening does not give a 
satisfactory explanation of the observed results. It is found, however, that the experi- 
mental r.m.s. deflections display the same dependence on maximum single scattering 
angle as is calculated. 


I. INTRODUCTION 


During the last few years considerable prominence has been given to the 
multiple scattering theory of Moliére (1948). Some authors have obtained 
results which appear to indicate that Moliére’s theory is in better agreement 
with experiment than, for example, the older theory of Williams (1939). At 
the present time, however, the issue is somewhat confused. This would seem 
to be largely due to the inherent uncertainties in the experimental measurements 
and to variations in procedure adopted for the comparison of theory with 
experiment. 

The two main assumptions which underlie the development of multiple 
scattering theories are, firstly, that the energy of the particles has not changed 
over the path in the scatterer and, secondly, that the single scattering angles 
which contribute to the calculated multiple scattering distribution are small 
enough for sin © to be replaced by Q. 


In all experiments performed to date the use of thin. scattering foils has been 
necessary to reduce energy loss but because of this the scattering parameter 
will be small and there will be considerable statistical uncertainty in the measure- 
ments. It seemed desirable, therefore, to find some way of overcoming the first 
assumption of small energy loss. 

The second assumption means that if one wishes to consider particles over 
an appreciable part of their range there is a limitation to heavy particles. This 
follows since electrons would be scattered through such large angles that the 
small angle approximation would not be applicable. Not only this, but for 
larger angles the penetration depth in the scatterer would not be a satisfactory 
representation of the path length, as it is taken to be in all the current theories. 


* Physics Department, University of Melbourne. 
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Simple calculation shows that for protons with energies of the order of 
5 MeV, which lose the whole of their energy in photographic emulsions, conditions 
will be such that (with certain reservations) the small angle approximation 
will be valid up to the end of the range of the particles. This is not true for 
tracks which exhibit a sudden change in direction attributable to a single 
scattering event. It is found that the value obtained for the mean of the 
multiple scattering distribution depends on the upper limit of single scattering 
angles included in the determination of the mean. This indicates that to obtain 
a satisfactory basis for comparison the same range of angles must be included 
in both experimental and theoretical work. 

A final consideration is that measurement of length is inherently more 
accurate than measurement of angle. For this reason it was felt that if the 
theoretical distribution of the lateral deflection for protons at the end of their 
range could be obtained, taking account of energy loss and adopting a satis- 
factory procedure for dealing with the effects of the single scatters, an accurate 
comparison would be possible with the experimentally observed results. An 
account of such a comparison is given in the present paper. 


II. CALCULATIONS 
For protons the spin dependent term in the Mott formula for single elastic 
scattering is negligible if the energies are less than 10 MeV. If the small angle 
approximation holds then sin © may be replaced by © and this expression may 
be written 
2 m* dw 


Z(@)d0 =n (4)r8 page Ga? cect (1) 


where N is Avogadro’s number, 7, the classical electronic radius, m the mass of 
the electron, Z and A are respectively the atomic number and the atomic weight 
of the scattering material, and for low energy non-relativistic protons p°Q* 
may be expressed in terms of the particle energy # by p*B2?=4 Kh. 

Following Williams, upper and lower limits of © are introduced by making 
use of the concepts of finite size of the nucleus and screening of the nuclear 
field by the atomic electrons. The expressions obtained by Williams for these 
limits are 

AZA!8 7K 


C) 


Onn.= In(137)7,’ max.— an KO-BIrg Lil MA Be Oks (2) 


in which d is the de Broglie wavelength of the incident particles. 

Making use of the above limits and of the fact that the single scattering 
cross section (1) is effectively zero for angles outside these limits, the mean 
square angle for multiple scattering is given by Rossi and Greisen (1941) : 


@max. 
(Oa,=de | og, OelOwRnOUO 


=delénN aaa In (1stZ=08), oe. (3) 
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This result may be considerably simplified by introducing a new unit of 
length, the so-called radiation unit, which eliminates most of the constants in 
formula (3). The radiation unit is defined as 


© 4 Ak ys 
— =-—_ N|— 1288) a es tee 4 
Xx, ala )rg In (18 ) (4) 
Introducing (4) into (3) the mean square angle of multiple scattering over a 
distance dt radiation units is 


£0 q==(ER/4 EP )dty\) aos vane! I ae (5) 


in which other constants have been combined into the factor Ez in which £, 
has the dimensions of energy. Equation (5) is the well-known Rossi-Greisen 
relation for the mean square angle. Over a finite range of ¢ for which the energy 
may not be regarded as constant the mean square angle will be 


: Sao the oan | dE 
<O = (E;/4) | = —(dB/dt) i?’ wile) ielfen's; aiettee mv ial ie) fal (6) 


where #, and EH, are the energies at 0 and ¢ respectively. 


In the calculation of the radiation unit for photographic emulsion it must 
be remembered that the definition (4) represents the constants in the scattering 
formula and, in view of the fact that this describes individual processes, a 
fallacious result will be obtained if mean values of Z and A for the particular 
compound are substituted into (4). The value obtained in this way for the 
radiation unit in the C2 emulsion is of the order of 3 x10*y. Using the correct 
method and working out a mean value for the quantity (In 181/Z*)Z?/A for 
substitution into (4) a value of 7-09 x10* u is obtained. 

Equation (6) makes it possible to determine the value of the mean square 
angle for multiple scattering when the energy of the particles does not remain 
constant over the path in the scattering material. In order to obtain an explicit 
value some form of range-energy relation must be inserted into the formula. 
The usual empirical relation used in emulsion work is 


where the constants have the values y=0-262, 5=0-575, «=—0-0558, and 
6B=—0-74. 


If the effect of the multiple scattering on the range is neglected, then, 


denoting the residual range in radiation units by s and the total range by 8, it is 
clear that 


t'+s=S, 


where ¢’ is the penetration depth in the scatterer. If n is the number of microns 
per radiation unit, (7) becomes 


sy inl S i) teen ee eee (7a) 
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Using these results may be integrated to yield 


(6) 
E, (yn8)—A+ B29 —8A+By/2 ( t’\ —8a+8) 3 
2 {@+B)na}? g}nisensat | 


A formula having the same form as this equation has been derived by Wilson 
(1947) but is not as satisfactory for two reasons. Firstly, the empirical range- 
energy relation is more accurate for energies above 2 MeV than the approximation 
to the Bethe-Bloch formula used by Wilson and, secondly, this author, in his 
derivation, has made an approximation which, according to his paper, introduces 
an error of about 5 per cent. 


Orin. == V <2) aa 5 (9) 


The relation (7) is satisfactory above 3 MeV, but for lower energies the 
experimental range-energy results cannot be fitted using a constant y. For this 
reason (9) is valid only for particles with energy high enough so that the part of 
the range during which the energy falls from 2 MeV to zero is small compared 
with the total range. If this condition is not satisfied then the integration of (6) 
must be done numerically using empirical range-energy results. 

As has been stated in the introduction, comparison with the experimental 
values is possible only if, instead of taking a theoretical upper limit for single 
scattering angles, values are chosen to conform with the experimental procedure. 
For this reason the lateral deflection has been calculated using upper limits of 
5, 10,15, 20, and 25°. Since it is more convenient to measure projected quantities 
rather than space quantities, use is made of the fact that the mean square 
projected angle is half the mean square space angle. 


Under these conditions equation (5) becomes 


es dtE, In (9 X104VH/2-03) 
a= Toe iiarZ- 4 


where § is now a projected angle and ¢ takes on the arbitrary values given above. 
From this result the root mean square value of the lateral deflection from the 
original direction is readily obtained 


*t 
Vewts. | ‘ Gat Oyee ell Gt, alaiecd tie ste SOR (11) 


The required value of ¥;m.s, is found by inserting the root mean square value of ) 
from (10) into (11). For protons of initial energy 10 MeV or less the values of 
Yrms, Must be obtained by numerical integration. 

In the evaluation of (11) successively greater values of ¢ are introduced 
and from these results a curve of root mean square lateral deflection versus upper 
limit of single scattering angle may be plotted. Curves of this kind for four 
values of initial energy are given in Figure 4. 

The values of the lateral deflection are found from the Moliére theory 
using the formula for the mean multiple scattering angle after particles have 
traversed a distance o g/cm? of scattering material : 


22-97% 
On= 94/nE 


“ {BYP +0-982B-4/?—0-117B*"}, rity) (12) 
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where the parameter B is related to a second parameter Q, which is given by 


The relation between B and Q, is 
9 es Ie GY CL) eee as Se (14) 


and 
a=2:095/VE 

for protons in photographic emulsion. 

Since the energy is a function of o these formulae will only be true over an 
infinitesimal range of o. 

For finite o we will have 
° 0:0269do’ 
9 1°13H+16:-5’ 


log gt 8215 +Hlogo| 


in which the constants for the particular scattering substance have been inserted. 
By integration of (15) and the use of (14) the values of B corresponding to a 
series of values of c from the beginning to near the end of the range of the protons 


are obtained. 


It is then possible to use the relation 


fo) 
15-87)?,., ; 
=| melt {B1!2 4.0 -982B-1/2—0- LInBer de Ts. Ao) 
to find values of 0,, along the path. 
TABLE | 
THEORETICAL AND EXPERIMENTAL VALUES OF LATERAL DEFLECTION 
Energy (MeV) .. 4-87 3:91 2:66 1-35 
R.m.s. deflection (15° limit) (u) 
Experiment ‘ 11-0+0-2 8-0+0-3 4-38+0-06 | 1-70+0-038 
Rossi-Greisen B 
Omin. eqn. (17) 11-16 + 7:96 4-80 2-07 
Rossi-Greisen C 
Omin. eqn. (2) 10-78 (eg 4-60 1-96 
Rossi-Greisen E ~. 
Omin. eqn. (18) 10-39 7:41 4:37 iS 
Mean deflection (all tracks) (2) 
Experiment : 8-9+0°3 6-7+0:3 3:5+0-1 1-34+0-05 
Moliére 8-19 5:92 3:38 1-40 


Now a defect of the Moliere theory is that it is impossible to find a mean 


square scattering angle. 


In fact the general expression for the kth moment of 


the distribution becomes infinite for even values of k. It is thus only possible 


to find mean values of the various quantities using Moliére’s results, and a 
comparison with experiment is only possible after expressing the experimental 


results aS means. 
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Owing to the fact that the Moliere expression for the kth moment is obtained 
by integrating over all angles from 0 to oo, and that it is only because of this 
choice of limits that the complicated expression for the general moment reduces 
to the simple form (12), the lateral deflection has not been worked out in this 
case for a series of upper limits on the single scattering angle considered. , 

Values of the mean lateral deflection are found using equation (11) with 
O:m.s. replaced by 0,, of (16). Results for the four different proton energies are 
plotted to give the curve in Figure 5. 

All the calculated results have been collected in Table 1. 


Ill. EXPERIMENTAL PROCEDURE 
Tracks of monoenergetic protons were obtained by exposing Ilford C2 
emulsions to protons from the reactions °Be(d,p)!Be, ®Li(d,p)7Li, and ?O(d,p)*C. 
The exposures were made in a camera which has been described by Martin et al. 


Fig. 1.—Photographic plate showing location in camera and 

method of predicting initial direction of tracks. DD, deuteron 

beam ; 7’, target spot; W, ‘‘ Cellophane » windows ; /’, micro- 
scope field of view. 


(1949). It contains a photographic plate parallel to the incident deuteron beam 
- and 1cm above it (Fig. 1). A copper ring supports the plate and the target 
holder and has ‘Cellophane ’’ windows which stop the scattered deuterons 
but allow the more energetic reaction products to reach the outer parts of the 
plate. Those particles which reach the plate at a distance of 4 cm from the point 
C vertically above the target spot strike the emulsion at an angle of 13° to the 
plane of the surface. At various positions on one plate, therefore, a range of 
angles from 13 to 167° relative to the incident deuteron direction is obtainable. 
This, together with the use of one or more thicknesses of ‘‘ Cellophane ”’, provides 
a range of proton energies from 1 to 5 MeV. 

- The reactions used were chosen since they have accurately known Q-values. 
and characteristic energy spectra which allow a group of protons with a particular 
energy to be distinguished without measuring the length of each track. The 
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use of thin targets and suitable control of the bombarding energy ensures that 
the reaction products will have a small spread inenergy. The length of exposure 
was chosen in each case to give a high density of tracks in the emulsion. The 
limiting condition on the track density was provided by the requirement that 
tracks should not interfere with one another. With a high density the required 
number of tracks can be obtained in a small area of plate over which the change 
in energy due to change in angle relative to the direction of the deuteron beam 
will be small. For the same reason the diameter of the deuteron beam is 
restricted by diaphragms to 0-020 in. 

In order to test the dependence of the width of the scattering distributions 
on experimental conditions, emulsions from various batches and of various 
thicknesses were used. They were vacuum dried to constant weight prior to 
exposure and maintained under vacuum during exposure. A constant value of 
3-94 g/c.c. was then assumed for the emulsion density in the calculation of the 


Fig. 2._Schematic representation of a track and eyepiece graticule. 
0. initial angle; @, single scattering angle; a, average angle, 
x, predicted initial direction ; y, lateral deflection. 


combined effect of the component elements on the scattering distribution. The 
processing of the emulsions was varied to some extent, but as far as possible 
care was taken to prevent distortion and reticulation. 

From a knowledge of the relative positions of the deuteron beam, target 
spot, and photographic plate one may predict the initial direction of tracks 
which appear on any part of the plate. During exposure the plate rests on the 
upper edge of the target holder and this is placed accurately at 45° to the direction 
of the incident beam. The holder prevents scattered deuterons from blackening 
the plate except where two V-slots occur in the top of the holder at known 
distances from the point C (Fig. 1). In this way the position of the slots is 
registered on the plate. After processing, therefore, the position of the point C 
and the direction of the target holder can be ascertained. 

As a check on the geometry, a mask was constructed to fit in the top of the 
camera, and marked with the various positions and directions. During loading 
of the camera a brief exposure to light produces an image of the markings on the 
surface of the emulsion nearest the glass backing. 

The measurements were made with a microscope fitted with a polar stage 
on which the plates were mounted with the target direction, along the 45° line 
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and with the point O over the centre of rotation. The stage can be moved 
along a line joining the centre of the objective and the centre of the stage. 
Since the tracks appear to originate at a point above the centre of the stage, their 
initial direction will coincide with the direction of linear motion, no matter what 
part of the plate is studied. Location of the plate was checked in each case by 
observing the behaviour of the image of the mask as the stage moved. In all 
cases the angular settings of the stage agreed with those of the mask to within 
1°, This is consistent with the accuracy possible in the construction of the 
mask. 

In order to measure the lateral deflection of each track from its initial 
direction use was made of an eyepiece graticule which has a scale and its per- 
pendicular bisector engraved on it (Fig. 2). The orientation of the eyepiece 
was such that the perpendicular to the scale lay in the direction of linear motion 
of the stage and was then assumed to indicate the correct initial direction for all 
tracks. The displacement of the end of each track from this direction may be 
determined by moving the track so that first the beginning and then the end 
passes across the scale, and taking the difference between the readings for each 
position. Each reading was made to the nearest half division, so that the lateral 
deflection was accurate to the nearest division. The magnification is about 
1500 for all tracks, since with the procedure adopted it does not matter if the 
tracks are more than one field of view in length. With this magnification, one 
scale division corresponds to less than 1p and is of the order of magnitude of 
the average grain size, so that no gain in accuracy could be achieved by trying 
to make measurements more accurately than this. 

The actual initial direction of each track, 0;, could be checked by observing - 
the scale reading at a certain distance from the beginning of the track, chosen 
so that a deflection of half a division would correspond to an angle of 1° ain 
this way a rough estimate of the angle was made, allowing for any curvature in 
this first section of the track. A check of this kind is necessary since an appreci- 
able number of protons are scattered in the “ Cellophane ” and therefore all 
particles do not arrive at the emulsion with the same initial direction. 


A second eyepiece scale was used in conjunction with an eyepiece protractor 
to measure the approximate magnitude of any single scattering events which 
occurred. Reasonable accuracy could be obtained for large angles but, for angles 
less than 10°, not only was the accuracy of measurement poor but also the 
chance of detecting such events became increasingly less. No attempt was 
made to measure angles less than 5° and these were only included when obvious. 

A total of about 8000 tracks was measured and the characteristics of each 
tabulated. If any sign of distortion appeared no tracks were measured in that 
neighbourhood. Measurements were made at the four energies selected for 
comparison with the calculations. These values were obtained by measuring 
the range of about 300 tracks at each energy, and then using the range-energy 
relation for C2 emulsions. The values found checked satisfactorily with those 
calculated from the energetics of the particular reaction used and the energy 
lost in traversing the ‘“ Cellophane ”’. 
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IV. RESULTS 

At each proton energy histograms are plotted for the lateral deflections of 
those tracks which have a correct initial angle, a separate histogram being 
plotted for each group of tracks having a particular range of magnitude of single 
scattering events. A typical histogram is shown in Figure 3 and compared 
with a Gaussian distribution which has the same standard deviation. The 
characteristic features of a scattering distribution are indicated by the increased 
number of tracks at the centre and extremes, while at the intermediate deflections 


—40 -20 ie) 20 40 
LATERAL DEFLECTION (}1) 


Fig. 3.—Typical histogram of number of tracks v. lateral deflection. 
Smooth curve is the Gaussian with the same r.m.s. deflection. 


there are less than would be found for a Gaussian distribution. The ratio of 
standard deviation to mean for the experimental curves is found to be larger 
than the value V 7/2 for a Gaussian distribution, the increase being about 3 per 
cent. at the higher energies investigated, and nearly 20 per cent. at the lowest 
energy. 

The increase in standard deviation at each energy, as increasing single 
scattering angles are included, is shown in Figure 4, together with the probable 
errors calculated from the number of tracks associated with each measurement. 
A direct comparison can be made between these results and the calculations by 
the Rossi-Greisen method, but not with the mean values which are obtained 
from the theory cf Moliére. The Moliere values indicated in Figure 5 are 


obtained using the observed values of the ratio of the standard deviation to the 
mean. 
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The experimental results at the two higher energies are both a combination 
of two separate measurements, the difference between them being less than the 
probable errors for each. The results at 3-91 MeV have been analysed in two 
different ways in order to check the measurements of initial angle. The tracks 
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Fig. 4.—Variation of r.m.s. deflection with single scattering limit. Full curves, experi- 


mental values; dashed curves, Rossi-Greisen with Omin. from equation (17); dot and 
dash curves, Rossi-Greisen with Omin. from equation (2); arrows, Moliére values. 


are divided into groups according to their estimated initial angle and each group 
analysed separately. The observed centre of each group agrees with that 
expected from the initial angle, and the standard deviations calculated about 
these centres are also consistent. The results obtained by combining standard 
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deviations for all initial angles are plotted in Figure 4 for comparison with the 
zero-angle results. 

The centres of the distributions for zero-angle tracks should be zero, and 
in all cases the average deflection when divided by the mean range indicates 
an initial angle of less than 3°. This verifies that the plates have been located 
during the experiment to this degree of accuracy. Each non-zero average 
deflection has been used to give a small correction to the standard deviations 
which should therefore be free from the effect of errors in the geometry of the 
experiment. 


- R.M.S. EXPERIMENTAL (15° LIMIT) 

- RM.S. ROSSI-GREISEN 

- MEAN EXPERIMENTAL (ALL TRACKS) 
- MEAN MOLIERE 


LATERAL DEFLECTION (,:) 


° 1 2 3 4 5 
PROTON ENERGY (MEV) 


Fig. 5.—Dependence of mean and r.m.s. deflection on proton energy. 


The effect of loss of tracks by scattering out of the emulsion has beenx. 
investigated empirically, since an accurate calculation would be difficult. The 
number of tracks lost depends on the distance of the point A (Fig. 2) from both 
surfaces of the emulsion and can be obtained by direct observation as well as 
from the number of tracks having a sufficiently large lateral deflection. The 
distribution in radial deflection was assumed to be approximately Gaussian 
with a variance twice that observed for the projected lateral deflection. The 
tracks having a small range of radial deflection were assumed to be distributed 
uniformly over an annular strip which may be divided into a number of segments. 
The projected deflection was plotted for the tracks in each segment, the centre 
of which lay outside the emulsion, and then summed for all annular strips 
contributing to the total distribution. The variance obtained in this way for 
the lost tracks can be used as a correction to the variance, of the observed 
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distribution in lateral deflection. The correction was found to be } per cent. 
for the one plate for which the loss of tracks was considerable, and negligible 
for the others. 


At the lower energies grouping of the tracks into one-division intervals 
has an appreciable effect on the standard deviation and so Sheppard’s correction 
has been applied (Kendall 1947). The final values for a 15° single scattering 
limit are included in Table 1, together with the values of the mean deflection 
obtained by including all events. The dependence of these values on proton 
energy is illustrated in Figure 5, in which the probable errors used are a com- 
bination of the statistical uncertainties and the uncertainty in proton energy. 


V. DISCUSSION 

The use of arbitrary values of Onax,. in the calculation of multiple scattering 
by the Rossi-Greisen method gives results which vary in the same way as the 
measurements, using the same Omax. values (dot and dashed curves in Fig. 4). 
At small angles the experimental values fall a little faster but this may be due 
to systematic errors in the detection and measurement of these angles. The 
two low energy curves are seen to be appreciably higher than the experimental 
ones. 

Since the form of the single scattering expression in equation (1) should 
be reliable for the protons used, we need to investigate the form of Onin, used in 
the equation of type (3) for projected mean square angle. The dot and dash 
curves in Figure 4 have been obtained using the value for the projected Omin. 
given in (2). This angle was calculated by Williams on the basis of a simple 
consideration of the screening of the nuclear field by the atomic electrons. 
The value found is a direct consequence of the use of the Born approximation 
in the derivation of the single scattering formula. 

On the basis of a more refined consideration of the screening effect Williams 
has obtained the result 

6. Rede TOA 
vane AV ely oe 


In this estimate account is taken of the fact that the cut-off due to screening 
is not abrupt but is spread over a range of angles. This effective screening 
angle has been obtained using the calculations of Bullard and Massey (1930) 
for the Thomas-Fermi field of the atomic electrons. 

The dashed curves of Figure 4 have been calculated using this value for 
Omin. They are seen to agree with the experimental results more satisfactorily 
than the other curves, although the variation with Omax. remains unaltered. A 
comparison (Fig. 5) of the results for a particular value of Omax, and using Onin. 
from (17) shows reasonable agreement with experiment above 3-5 MeV, but at 
lower energies the calculated results are still considerably higher. 

A comparison of the experimental results with the theory of Moliére, 
_ however, indicates the opposite effect (curve D). There is reasonable agreement 
at low energies, but the calculations are low at the higher energies. Both 
these discrepancies are outside the experimental errors and indicate that neither 
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approach to the multiple scattering of protons can adequately explain the 
observed results. 

This is indicated more clearly in Figure 6, in which the average angle a 
(Fig. 2) is plotted against energy. In this figure curves B and C represent the 
results for Omin, given by (2) and (17) respectively. 

Curve E has been obtained by working out the lateral deflection again, 
using the Rossi-Greisen method and the Moliére value for 9min. : 

1-142mZ1!3( Die age, das 
Onia. = {37M p 118+ Ganeee) 5 heat (18) 


where M is the mass of the proton. 


- EXPERIMENTAL 

- ROSSI-GREISEN, EQN. (17) 
- ROSSI-GREISEN, EQN. (2) 

- MOLIERE 

- ROSSI-GREISEN, EQN. (18) 


R.M.S. ANGLE 


PROTON ENERGY (MEV) 


Fig. 6.—Dependence of average angle on energy. 


It is interesting to note that this curve lies fairly close to curve D found 
from the Moliére theory itself. The slope of these two curves is almost the same 
although curve H is closer to the experimental curve. 

The characteristic screening angle does not occur in the Moliere theory in 
the form of a lower limit but is included in the approximate single scattering 
expression. The dependence of the Moliére values on screening angle is thus 
quite complicated and it is of interest that the values obtained in this way are 
less satisfactory than those represented by curve #. This may be due to the 
approximations which Moliere has been obliged to make. 

The shape of the curves in Figure 6 is very similar to those presented by 
Groetzinger, Berger, and Ribe (1950) and Groetzinger, Humphrey, and Ribe 
(1952) for the multiple scattering of electrons with energies up to 2 MeV. In 
both cases the theoretical results are too high at the lowest energies, and decrease 
too rapidly with increasing energy. 

Using 115 MeV electrons Corson (1950) claims better agreement with the 
theory of Snyder and Scott (1949) than with the Rossi-Greisen theory. Corson 
uses a value of 2-92 cm for the radiation unit in Ilford G5 emulsions and obtains — 
a value of 0:28°/100 u for the mean multiple scattering deflection using the 
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Rossi-Greisen theory. The value of the radiation unit for the emulsion obtained 
using the correct averaging procedure is 7:41 cm, and gives a mean deflection 
of 0-18°/100 yu. Using the Snyder-Scott theory which does not involve the 
use of radiation units he finds 0-20°/100 u. In contrast to Corson’s conclusion, 
therefore, his experimental value of (0-17°--0-02)/100 u is in better agreement 
with the Rossi-Greisen result than with that obtained from the more complicated 
theories of Moliére or Snyder and Scott. 

Moliére’s theory, however, is presented in such a way that it is necessary to 
choose with care the method of evaluation for any particular case. This is 
illustrated by the work of Spencer and Blanchard (1954). These authors 
have shown that the Moliére distribution may be improved by the introduction 
of a more accurate single scattering expression for the large angles which fits the 
multiple scattering distribution for small angles better than the Moliere large 
angle formula. With this modification they obtain a curve for the multiple 
scattering of 15-7 MeV electrons which differs from the observed shape obtained 
by Hanson et al. (1951). This is in contrast with the claim made by Hanson 
et al. that their results were in good agreement with Moliére’s. 

Other experiments on the scattering of electrons and protons do not show 
any systematic agreement with either theory, although where the theory of 
Williams gives wider distributions than the Moliére theory the experimental 
values are usually lower than the former. The differences are seldom found 
to be greater than 10 to 15 per cent. and often are of the same magnitude as the 
experimental errors. 


VI. CONCLUSIONS 

Using conditions under which a simple single scattering law is valid, the 
calculation of multiple scattering by the Rossi-Greisen method gives a satis- 
factory dependence on the maximum scattering angle. It is found, however, 
that none of the usual expressions for the minimum angle gives an energy 
dependence which will explain the observed results. 

Use of the more complicated Moliére expression for the screening angle in 
the Rossi-Greisen calculations gives a better fit than the VE dependence of the 
Williams expressions but it still has too strong a dependence on energy. Further 
measurements are required to investigate these effects for particles of higher 


energy. 
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APPENDIX I 
Range Straggling due to Multiple Scattering 

A procedure similar to that in Section II may be adopted to obtain an 
estimate of the effect of multiple scattering on the straggling of protons in the 
energy range considered. Because of multiple scattering some particles follow 
more devious tracks than others and the perpendicular penetration depth in the 
scattering material will not be the same for all. In actual fact the measured 
range will not be the penetration depth (OA, Fig. 2), but the distance between 
the point of entry of the particle into the emulsion and the point where the 
track ends (OP). 

The path length corresponding to the root mean square angle will be 


t 
dt 
=| TSS Che (19) 


If the distance t is small enough so that energy loss may be neglected one may 
use equation (5) to obtain the result 


EB, 2 rR E, 4 B 
por (a) 2x2! +5(z4) Spii e ee (20) 


For most applications, however, this is not a satisfactory approximation and 
one must use instead the relation (6) to obtain 


reget [Daca So 5 eusichesetel DL 
t= [oor [E tf, aman BS |e 2D 


This expression has been evaluated for a series of values of initial proton 
energy. The values of Z so found may be regarded as a measure of the mean 
value of the path length for all particles. The difference between this and the 
range of the particles will be a convenient measure of the magnitude of the 
multiple scattering effect on the straggling. Thus it is required to work out 
L—S, where S is the OP of Figure 2. Values of IL have been expressed as a 
percentage of the range and it is found that for protons with energy of the order 
of 10 MeV the effect is about } per cent. For protons with energy 0-5 MeV 
the value has increased only to 1-18 per cent. In view of the fact that the 
observed straggling for protons with these energies at the end of their range 
is about 6 per cent., it is seen that the major contribution to the total straggling 
must come from the variations in ionization energy loss. 


MEASUREMENTS OF THE COSMIC RAY NEUTRON RATE IN THE 
HIMALAYAS AND AUSTRALIAN ALPS 
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Summary 
The variation of ~-track density in boron-loaded emulsions and the star rate in C2 
emulsions have been measured at the same sites at mountain altitudes at two latitudes. 
The «-count is proportional to the slow neutron density in the atmosphere while the 
stars arise chiefly from fast neutrons. The variation with altitude can be represented 
in each case by a simple exponential of the form: J =e", Values were derived 
for the attenuation length ZL for each latitude : 
geomagnetic lat. 21 °N., L=148 (slow neutrons), 139 (stars) ; 
geomagnetic lat. 45 °S., D=—141 (slow neutrons), 130 (stars). 
The close resemblance and direction of variation of Z values for neutron flux and star 
rates is evidence for their generic connexion. The latitude variation of LD is less than 
observed in the upper half of the atmosphere. JZ values are also somewhat smaller than 
measured at higher altitudes, consistent with a degradation of the nucleon component 
with increasing atmospheric depth. The star rate in the atmosphere has been calculated 
to be ~1-3 stars em~* sect at geomagnetic latitude 45 °S. 


I. INTRODUCTION 

It has been recognized since soon after the discovery of the neutron that 
the cosmic ray flux through the atmosphere includes a neutron component. 
Because of its lack of charge (and hence immunity from accelerating mechanisms) 
together with its instability it cannot constitute an appreciable part of the 
primary radiation. However, it is plausible that neutrons comparable in energy 
to the primary radiation could be produced as disintegration and exchange 
products of high energy primaries interacting with oxygen and nitrogen nuclei 
in the top layers of the atmosphere. Interactions of this kind are observed as 
large stars in photographic emulsions exposed by balloons at ~100,000 ft and 
it seems reasonable to expect neutrons to be released comparable in energy and 
abundance with the observed proton tracks. 

High energy (~BeV) product nucleons (both protons and neutrons) from 
primary interactions give rise to collision cascades reaching down through the 
atmosphere, the average energy being degraded by successive collisions which 
give rise to stars and release more, but lower energy, nucleons. At ~100 MeV 
star production ceases, energy loss by ionization for protons and slowing by 
elastic and inelastic scattering for neutrons being the predominant processes. 
The final product of the neutron component which escapes capture comprises 
slow neutrons (~1 eV) in random diffusion in the atmosphere. 


* Australian Atomic Energy Commission, University of Melbourne ; in conjunction with the 
University of Ceylon, Colombo, Ceylon. 
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This picture of the secondary origin of cosmic neutrons has been confirmed 
by the determination of a primary transition maximum near the top of the 
atmosphere both for neutron star rates (Camerini et al. 1949; Freier, Ney, and 
Oppenheimer 1949) and the slow neutron intensity (Yuan 1948, 1950). 

The present report is concerned with fast and slow neutron fluxes at ground 
level in the lower half of the atmosphere. Experiments were set up to determine 
the variation of neutron intensity with altitude at two different latitudes. From 
the altitude studies the attenuation length of the neutron-producing radiation 
and related quantities have been derived. 


TI. Location AND METHOD 
The measurements were made in the Garhwal Himalayas during September 
and October 1951 and in the Australian Alps during January and February 
1953. Ilford Nuclear Research emulsions, type C2, 100-200 ». thick were used 
as detectors. Conditions encountered and the suitability of the Garhwal 
Himalayas for cosmic ray measurements* have been described (Mather 1952). 


The plates were used to make two kinds of measurements : 


(A) Determination of relative slow neutron flux by measuring the density of 
y-tracks from the “B(n,«)"Li reaction, using Ilford C2 plates loaded with 
0-023 gem-3 of boron. This reaction generally proceeds to the first excited 
state of 7Li leading to an «-track of 1-48 MeV colinear with a recoil of 0-85 MeV 
giving a track ~7 » long. A small correction has to be applied for the capture 
of slow neutrons in nitrogen present in the gelatin, N(n,p)“C (cross section 
1-7 barns compared with, ~740 for the boron reaction), which gives rise to ~6 p 
protons not readily distinguished from the g-tracks. This was determined 
experimentally by exposing unloaded C2 plates under the same conditions. 


(B) Direct determination of the high energy flux by observing the production 
rate of stars per ¢.c. of emulsion. The majority of evaporation stars at mountain 
altitudes are due to neutrons of several hundred MeV energy which are them- 
selves products of interactions at higherdevels of the collision chain. 


Plates were exposed in the Himalayas as follows : 


Satpuli. . .. 2,100 ft, residual atmosphere 955 g cm-? - 
Pauri jc) gtd,500 849 
Hanuman Chatti 8,400 757 
Badrinath .. 10,400 701 
Saraswati Camp 15,800 565 
Mana Pass ~.. 18,400 508 


Exposures, including allowance for ascending and descending times, ranged 
from 1200 to 540 hr. Geomagnetic latitudes were between 19° 30’ and 21° 9’ N. 


* A 17kW diesel-electric generator is now installed at the town of Badrinath (10,400 ft, 
geomagnetic lat. 20-5 °N.) so that electrical equipment can be operated .there. 
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The same quantities were measured in the Australian Alps, except that 
some boron-loaded plates were shielded with 0-5 mm of cadmium which absorbs 
all neutrons <0:4eV energy. The Australian positions were: 


Melbourne sea-level, residual atmosphere 1,030 g em-? 
Mt. Kosciusko {5,200 ft 853 
area 7,300 788 


Exposures were ~1300 hr, geomagnetic latitude 45° 4’S. In all cases exposures 
were long enough to provide good time averages of neutron intensity. More- 
over, aS an obvious precaution against local variations of slow neutron flux 
(Section III), several groups of plates were placed about each site in the hope 
of averaging out differences. 

Very little control could be exercised over temperature in these experiments. 
At the higher Himalayan sites day-time temperatures in the direct blaze of the 
Sun were uncomfortably high and would have led to severe fogging of the 
emulsions. On the other hand night temperatures were below zero. Some 
obvious precautions were followed. The emulsions were prepared by Ilford Ltd. 
with extra plasticiser. At the lower altitudes boxes of plates were left in villages 
under a light covering. At higher altitudes they were given shade by covering 
with an outer highly reflecting tin cover. In spite of this some of the emulsions 
showed signs of deterioration, generally in the form of background fog. 

To minimize fading of the latent image (which can be troublesome in long 
exposures) the plates were sealed in containers with silica gel. In addition a 
number of vacuum-tight aluminium boxes were constructed to contain plates. 
These were pumped and sealed before leaving Colombo. 


III. OrrGrmn oF Stow NEUTRONS AT GROUND LEVEL 


First consider the case of neutron measurements in free space (strictly 
speaking only balloon flights in which a lightly covered detector is suspended 
well below the balloon). The average neutron energy from evaporation stars is 
probably ~15 MeV. These fast neutrons will be moderated by inelastic and 
elastic scattering by air atoms, those which survive capture being reduced to 
~1eV in ~130 collisions in a r.m.s. distance of ~150¢ em’. The neutron 
intensity changes by only a factor of ~2-5 in this depth so the slow neutron 
measurements essentially reflect the local neutron production rate in nitrogen 
and oxygen (Bethe, Korff, and Placzek 1940; Davis 1950). 

At the surface of the Earth the situation is considerably modified for two 
reasons. Firstly, neutrons originating in air within 150 g cem~? from the ground 
may diffuse into the ground where they are moderated and may then escape 
back to air. Secondly, neutron production occurs in the ground. Neutrons of 
~15 MeV require perhaps 200 collisions in the ground to slow them and they 
may then return into air from production depths up to ~200 g em~. Both 
effects will modify (to a degree depending on the atomic composition of the 
ground surface, and very difficult to estimate) the neutron spectrum and the 
slow neutron intensity so that the counting rate of a slow neutron detector 
cannot be related simply to free space measurements. 


F 
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However, this does not invalidate ground neutron measurements of altitude 
behaviour provided conditions remain constant. It is well established that 
neutron production rate measurements in local condensed materials of light 
elements lead to the same attenuation length values as free space experiments 
(Simpson 1951; Simpson and Uretz 1953). In the present work the boron- 
loaded plates were exposed at ground level in topographical settings as 
comparable as possible. At higher Himalayan sites they were located on 
extensive outcrops of windswept-rock which, during the summer, remained 
essentially snow-free. 

The basic assumption had to be made that the atomic composition of the 
underlying ground was the same at all sites, which did not appear unreasonable 
for selected sites in the same mountain range. We believe this assumption has 
been vindicated by the comparatively small scatter of the results. This is in 
line with the remarkable uniformity of elemental composition of the lithosphere 
so far as major constituents are concerned.* 

In view of the belief that slow neutrons are final products of star neutrons 
a direct measurement of star rates (B) can be expected to display approximately 
the same attenuation with altitude. ‘‘ Back-streaming’’ of neutrons of 
~200 MeV is much less probable and it may reasonably be assumed that most 
stars will arise from fast neutrons proceeding downwards, making the result less 
dependent on the proximity of ground. 

On the other hand a proportion of emulsion stars are disintegrations of 
heavy nuclei (silver and bromine) for which anomalous absorption lengths have 
been reported (e.g. in lead, Simpson and Uretz 1953). 


IV. Stow NEUTRON MEASUREMENTS 

We shall consider the altitude study in two parts, the present section dealing 
with slow neutron production in local ground and air. 

Boron-loaded emulsions were scanned at 450 x using a C.T.S. microscope 
with a 45 x fluorite objective of N.A. 0-95 which revealed the «-tracks clearly. 
However, extremely careful scanning was necessary to detect the steeply inclined 
tracks. The possibility of a small loss is unimportant for relative flux measure- 
ments of the kind being reported here but for absolute determinations (for 
instance, to correlate the «-count with counting rates of boron trifluoride counters) 
it must be determined. The problem is considered further in Appendix I. ~. 

Tracks were counted only if both ends lay inside the emulsion, which 
resulted in a certain loss from tracks beginning within distance R of either face 
of the emulsion, where F is the «-range. This factor can be calculated ; 


tracks counted Bf Sone Bags 
= ?—_ = 1 — —.sin6.d0.d 
true number of tracks oJo eve i 


or 
where ¢ is the emulsion thickness. For a 100 u emulsion with R=7 up, F=0-97. 


* Most rocks are dominated by the light elements oxygen, silicon, and aluminium in the 
following proportions: 48, 28, and 8 per cent. 
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Figure 1 shows the counting rates for «-tracks from experiments at the 
two latitudes v. residual atmospheric pressure in gcm-?. Assuming that the 
intensities J may be fitted by an exponential of the form 


ye We gat 
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Fig. 1.—Altitude variation of «-tracks in boron-loaded emulsions 

due to slow neutrons. The upper curve is for A=45 °8., the 

lower for A=21°N. Points x are taken from Kaplan and 
Yagoda (1952) for A=50°N. 


where # is the atmospheric depth and L the characteristic attenuation length, 
values of IZ were obtained as follows : 
geomagnetic lat. 21°N., 2=148+5¢ ene"; 
45°S., D=141+6g cm. 
In view of the estimated experimental errors the difference between these is 
hardly significant although the small increase in L would be consistent with 
reduced average primary energy at higher latitudes leading to shorter collision 
chains of the nucleon component in the atmosphere and probably also to a smaller 
multiplicity of secondary events. Table 1 lists Z values measured in the lower 
atmosphere by several other workers. 
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There is a tendency in the Himalayan data for the slope to decrease (L 
increase) for «2600 g cm~’, implying a degradation of the average energy of the 
neutron-producing radiation as # increases, although the accuracy of the present 
work is insufficient to prove this. Unfortunately the boron-loaded plates 
located at the Mana Pass were disturbed several days before the end of the 
exposure by a band of Tibetan shepherds. They were thrown into snow some 
distance away and although many of them were still wrapped and proved 
usable the effect of the change on the local neutron flux is not known. The 
value for 508 g cm~? is therefore uncertain to this extent. 


TasBLE 1 


SOME CONTEMPORARY L VALUES AT VARIOUS LATITUDES FROM SIMILAR METHODS 


Magnetic | 
Latitude L Method Reference 
(deg.) | 
0 145 S.n. (C)* | Simpson, Fonger, and Treiman (1953) 
21 148 Sana | Present paper 
21 139 Stars | Present paper 
4] 144 Le asikeig (©) | Simpson and Fagot (1953) 
45 135 Stars Bernadini, Cortini, and Manfredini (1950) 
45 141 Seas Present paper 
45 130 Stars | Present paper 
46 _ 190 Stars Lattimore (1949) 
46 150 Stars George and Jason (1949) 
50 143 Stars | Yagoda and Kaplan (1949) ; Yagoda, Kaplan, 
| and Conner (1949) 
5l | 160- | assis Kaplan and Yagoda (1952) 
52 <148 S.n. (C) Simpson and Fagot (1953) 


* S.n. (C) means detection of slow neutrons produced in local carbon. 


+ S.n. means detection of slow neutrons. 


Nevertheless there is reason to believe that intensity v. altitude curves are 
not strictly exponentials. The value of ZL probably decreases slowly with 
increase in w Simpson and Fagot (1953) reported a ~17 per cent. fall in Z 
from 7~300 to 700 g em~2 and concluded that L is a function of depth, decreasing 
with increase in # from a high altitude value depending on the magnetic 
latitude 4 towards an approximately constant value for all 4, L140 g cm~? for 
25600 gem-*. The present work is not inconsistent with this result. From the 
latitude measurements of Simpson (1951) and Yuan (1949) at aircraft altitudes 
(200-500 g cem-*) LZ values of 190 and 170 can be interpolated for latitudes 21 
and 45° respectively compared with our measured values of 148 and 141. The 
evidence from the present work is that Z is rather insensitive to 4 and tends to 
a value between 140 and 150 g cm~. 


Boron-loaded plates shielded with cadmium (cut-off ~0-4 eV) showed 
track densities ~0-2 of the unshielded, corresponding to a cadmium ratio of 
~5 which is considerably greater than observed in free Space (~2-1, Yuan 
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1948 ; Simpson 1949 ; and others) indicating, as expected, a greater proportion 
of slow neutrons due to the presence of the ground. The slow neutron flux 
(unshielded —cadmium shielded) showed the same exponential absorption with 
altitude. 

The only published data which we can compare directly with our absolute 
values are those of Kaplan and Yagoda (1952) who used boron and lithium 
loading in plates on mountains (A=50°N.). Their boron data are shown on 
Figure 1 (reconverted to «-counts using o=715 barns, as adopted by them). 
Lithium data are not strictly comparable, choice of average cross sections being 
involved. The conditions of exposure of their plates is not known and pre- 
cautions may not have been taken against variation in local ground material, 
which may account for the greater scatter of their points. However, the slope 
of the intensity-altitude relationship is not inconsistent with ours. Moreover 
it will be seen that I;, >I,;>J,, in accordance with the well-established latitude 
variation. No detailed latitude comparison can be effected because of the 
different longitudes involved.* 

Sea-level values over ground have special interest as controls for flux 
measurements underground and will be referred to in detail. For direct com- 
parison with certain other measurements which have been published we have 
converted the «-counts to thermal neutron flux 9 (=nv) as follows : 


p=I(a)/d, 


where I(«) is the number of «-tracks em~? day? and & the macroscopic cross. 
section =N,,. 0, NV, being the number of boron atoms per cm? in the emulsion 
(1-28 x1024) and o the cross section for natural boron (18-8 per cent. 1B) is 
718 barns for thermal neutrons (2200 msec-!). If one assumes the neutron 
spectrum to be thoroughly thermalized and also that the surrounding medium 
obeys a 1/v law, the effective average cross section is 1V7x. o~600 barns, giving 
¥—0-77 em-1. In view of the large cadmium ratio found this may not be too 
bad an approximation for ground measurements although the shortcomings of 
the procedure are obvious. 

Doing this we obtain as best sea-level flux values ~95 (extrapolated) and 
~180n em-? day—! at 21 °N. and 45 °S. respectively, which may be compared 
with ~270 (corrected to o=600 barns) at 50 °N. due to Kaplan and Yagoda. 
(1952). These are at least qualitatively consistent with latitude and longitude 
differences expected for the regions. 

Eugster (1954) reported a value of 23n cm? day-! at Berne, Switzerland, 
at an altitude of 560m, equivalent to 966 gcm™. Correction to sea-level 
reduces this to ~15 which is some 18 times lower than the Kaplan and Yagodat 
(1952) value for the same latitude (and the longitude difference should not be 


* A neutron minimum probably occurs in the direction in which the equivalent dipole 
representing the Earth’s field is off-centre, viz. ~160°E. long. A correction for longitude 
difference is expected to be in such a direction as to elevate the Himalayan and Australian data. 
somewhat relative to the North American (Fig. 1). 

+ An earlier value of ~20 published by Yagoda and Kaplan (1949) has been stated by Yagoda. 
(personal communication) to be wrong. 
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large in this case). Eugster employed boron-loaded emulsions, so his results 
should be strictly comparable. Local ground fluctuations might account for 
some of the difference but an order of magnitude effect is highly improbable. 
Latent image fading during the long exposure he used (116 days) may have been 
responsible for the low result. This can cause serious loss of tracks unless 
stringent precautions are taken to minimize it ; for instance, exposing the plates 
in vacuum or a well-desiccated atmosphere. The Swiss experiment was per- 
formed at 29 °C and ~60 per cent. R.H., the high temperature in particular 
suggesting severe fading over quite modest periods of time. A not-unrealistie 
value for the mean life of tracks against fading under these conditions would be 
~30 days. It would therefore be more appropriate to divide the observed 
track density not by the exposure period but by the mean life, which would 
increase the flux estimate by a factor of ~4—at least nearer the mark. It 
seems probable therefore that sea-level thermal rates for neutrons are in the 
region 100-300n cm~? day~? depending on the latitude. 


V. STAR RATES 

Ilford C2 plates exposed at the above-mentioned sites (Section II) were 
scanned for stars using a 20 x objective. Only stars originating in the emulsion 
and having three or more prongs were recorded. At least one prong must 
exceed 50 u to exclude natural «-decay of thorium impurities in the emulsion. 

The results are shown in Figure 2 as star population cm~* day? v. altitude 
for both latitudes. The star rate in the lower half of the atmosphere can be 
represented satisfactorily by an exponential as in Section IV. Attenuation 
lengths were calculated to be the following : 

K=21°N:, Los 8eem=; 
A458. E=126 +15 g em. 

There are not enough values from the mountain work at 45° to secure an accurate 
value for Z. The dotted line drawn in Figure 2 attempts to connect the mountain 
results with a preliminary value (600 stars cm~* day~)* for 43,000 ft (170 g em-?) 
obtained by exposing plates for ~30 hr.in a Canberra jet aircraft flying over 
the Melbourne area. This is a dubious procedure which we have not yet fully 
investigated. Star production on mountains may be more influenced by the 
surrounding material. Moreover, it is clear from Simpson’s work referred to in” 
Section IV that the radiation-attenuation is not a simple exponential from 
sea-level to 200 gcm-*. The mountain data alone (A=45 °N.) would favour 
I~133 g cm-? (full line, Fig. 2). 

However, the results generally are consistent with three observations : 


(1) To within experimental uncertainties L values from star rates agree 
with those from slow neutron fluxes. 


(2) Lstar tends to be somewhat sherter than DLpeutron- 
(3) Ly, is probably larger than LZ,,; for stars, as in the case of slow neutrons. 


* This value is based on the total time spent over 40,000 ft. The time spent at lower altitudes 
is not known for this flight so the present value must be regarded as an upper limit. 
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These facts together confirm the view that stars produced in the atmosphere 
are the source of the slow neutron component of cosmic radiation. A longer 
absorption length in each case nearer the equator suggests a higher average 
energy for the primaries of stars (and hence also the slow neutrons) which is in 
line with a higher primary cut-off imposed at the equator by the Earth’s field. 
The latitude difference is, however, considerably smaller than observed in the 
upper half of the atmosphere. 


X 
‘ 
N 
N 
x 
Zz pe ; 


STARS CM~? Day” 


200 400 600 800 1000 
ATMOSPHERIC PRESSURE (G CM”) 


Fig. 2.—Altitude variation of star rates in photographic emulsions. Points 
CO for A=45 °S., @ for A=21°N. Points + are from other workers in the 
48-55 °N. latitude range and points x in the vicinity of A= (Oy 


On Figure 2 we have also plotted for comparison a selection of star rates 
observed at other magnetic latitudes. The data between 48 and 54 °N. are seen 
to lie above our 45° line, the difference in absolute star rate being due as much 
to longitude as latitude difference. This again resembles the regional behaviour 
of slow neutrons, emphasizing a generic connection. 

It is probable that star rates reflect the high energy neutron flux for the 
following reasons : 


(1) The majority of evaporation stars observed had no apparent initiating 
primary. For C2 emulsions protons of energy +100 MeV were not recorded, so 
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this argument is inconclusive. However, the same thing is observed when G5 
emulsions are used, and these are sensitive to minimum ionization tracks. 


(2) The average evaporation star energy is ~200 MeV excitation energy 
and a proton of this energy has a range in air of only 20g em? and would 
therefore be absorbed by ionization loss rather than nuclear collision. 


(3) Competing star-producing processes are: ~—star, p—star, and y—>star. 
In the lower half of the atmosphere these are all improbable processes. They 
have been estimated and discussed by Bernadini, Cortini, and Manfredini 
(1949, 1950) and Simpson (1951). Not more than 10 per cent. of the stars can 
arise from these processes. 


We now consider the total star rate in a vertical column of atmosphere of 
unit cross section. As a first approximation we represent the star rate 
(stars cm~% day!) over the whole depth of the atmosphere at A=45 °S. by 


L=2000e 42" 


(where L130 has been adopted as probably a close figure for this latitude). 

We can then calculate the star rate in air from the above rate in emulsion by 

assuming that the effective cross sections for star production are proportional to 

the geometric cross sections of the elements involved (oc <A?! where A is the 
atomic weight) : 

I, (stars g-! day-1) = Aa I, (stars em~3 day-1) 

si Oi oa : 


é a~e 


From the known composition of air and emulsion we find J,=—0-41/,, whence 
TS 20a ee 


Integrating this expression from 0 to 1030 g cm~ gives the total rate of stars 
occurring in a vertical column of lcm? This leads to: I,~1-1x105 
stars cm? day! or 1:3 cm~*sec"4, which is somewhat lower than generally 
assumed, the difference probably being due to the latitude and longitude of the 
location. However, for other reasons this value may be somewhat low. The 
exponential representation ignores the transition effect in star production near 
the top of the atmosphere. However, taking this figure as an average for the 
whole atmosphere (the star rate at 1=45° will again be slightly lower than. 
average which probably occurs nearer 50° but the error should be less than 
~10 per cent.) we can calculate the total star production in the atmosphere of the 
Earth =4rR? X1-3~6-5 x1018 stars sec-! or ~1:4 x10?! MeV sec"! allotting 
220 MeV per average star (& being the Harth’s radius). 

We can also estimate the intensity of the nucleon radiation responsible for 
Stars at A=45° on the assumption that the cross section for star production is 
the geometric one o=—7(7).A+)?. For an emulsion the weighted average of A 
is A,=30 and of o is c,=4:5 X10-25 cm? giving 0-65 nucleons cm-? sec! at 
the top of the atmosphere (based on 2000 stars em-? day-1) and therefore 
0-65e—7/130 at depth x. This formula will certainly not be true in the transition 
region but is probably a reasonable approximation below ~150 gcm-2. More- 
over, the true cross sections will be somewhat lower than geometric. There is 
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some evidence to indicate that nuclear transparency is most pronounced for 
heavy elements such as dominate the emulsion. This makes the present result a 
lower limit for the true flux. Similar calculations can of course be carried 
through for the lower latitude, A=21 °N. from the data of Figure 2. 

The mean geometric cross section ¢,=3-5 X10-25 cm- for air corresponds 
to a mean free path ~70 g cm~? or rather more if allowance is made for trans- 
parency. Since the observed attenuation length is ~130 gcm~? the primary 
nucleons of the nucleon component must make on the average rather less than 
two collisions in air. 


VI. StaR MULTIPLICITY 

If for any one latitude Z values are shorter in the lower atmosphere than 
the upper and if the transition is gradual (as is presumably the case, corres- 
ponding to a degradation of the average energy of the nucleon component) 
then there should be an accompanying decrease in average star size and energy 
with atmospheric depth. An analysis is being conducted of star multiplicity 
at A=45 °S. at mountain, aircraft, and balloon altitudes. This is at present 
incomplete but tentative data seem to bear out the supposition (see Table 2). 


TABLE 2 


VARIATION OF STAR MULTIPLICITY WITH ALTITUDE 
Only evaporation stars are included 


Residual 10 and more 
Altitude Atmosphere 2-4 Prongs 5-9 Prongs Prongs 
(ft) (g cm) (%) (%) (%) 
7,300 788 68-6 27-6 3:8 
43,000 170 67 28 5 
70,000 46 60-1 33-2 6-7 


The mountain data are taken from plates exposed on Mt. Kosciusko, 
7300 ft. The values for 43,000 ft are tentative but seem to confirm a relative 
increase in number of larger stars at the expense of stars in the 2-4 prong class 
(prong number here includes recoil track if observed). However, the possibility 
of the difference being due to the presence of ground must be admitted. This 
might cause an increase in the number of small stars due to back-streaming of 
secondary neutrons (~100 to 150 MeV) from stars produced in the ground. 
The data for 70,000 ft were kindly supplied by Dr. V. D. Hopper from plates 
exposed by him in balloon flights. The stars used were all of the evaporation 
kind having black tracks with some grey tracks but no shower particles. 

The 70,000 ft data correspond to the region of the transition maximum 
and a marked shift from ~3 prong (~150 MeV) to ~T prong (~300 MeV) 
and larger stars occurs. While considerably more data are required (especially 
free-space data in the lower atmosphere) the evidence is generally in favour of a 
decrease in average star energy with atmospheric depth, consistent with Simpson’s 
conclusions on the trend in Z (Simpson and Fagot 1953). 
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APPENDIX I 


Correction for Scanning Loss 

When searching for short tracks there is more chance of failing to observe’ 
tracks which are steeply inclined in the emulsion. However, because of the 
dependence of solid angle on cos 5, where 6 is the dip angle, most tracks appear 
fairly flat and the chance of loss applies only to the relatively small proportion 
of very steep tracks. The following measurements were made to determine the 
actual loss. 

In order to obtain a high track density and improve statistics of counting, 
two boron-loaded C2 200 pu plates were exposed in a bucket of water surrounded 
by paraffin blocks (both of which served to moderate the neutrons) close to the 
beryllium target of a 500 keV deuteron electrostatic generator. Emulsion 
thicknesses were measured just prior to exposure and again after processing and 
drying to give the shrinkage factor S=2-69-+2 per cent. 
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(i) Measurement of Track Density—The same region of one plate was 
scanned with a 45x and a 95x objective and a track count made with each 
using a calibrated eyepiece graticule. The results, based on ~2250 tracks at 
each magnification, were : 

95 x 6:28+0-13 x105 tracks cem~?, 


45 Xx 6-34+0-13 x10 tracks cm~?, 


AVERAGE 


B80 


n/cos 5 


60 


ao 


20 


Oo 20 40 60 BO 
re) 
Fig. 3.—Distribution of dip angle 6 for «-tracks from 
0B(n,«)’Li reaction in emulsion. 


which agree to within the limits of counting. There is no suggestion of greater 
loss at 45x than at 95x. 


(ii) Distribution of Dip Angles.—Within a selected area the horizontal and 
vertical range of every recognizable track was measured using the 45 x objective 
‘under exactly the same conditions as adopted for the cosmic ray plates. Vertical 
ranges were corrected for shrinkage (2-69) and the dip angles calculated 
(i.e. 3, the angle of dip formed in the original emulsion). Assuming the distribu- 
tion of «-tracks to be isotropic in space a plot of n(5)/cos 5 v. 5 should be isotropic 
if no tracks are neglected in scanning. If steep tracks are missed this should be 
revealed by a fall-off at large 5. The result obtained is shown in Figure 3 
based on 500 tracks plotted in 10° blocks. The sharp peak in the first blocks 
followed by relatively few tracks from 10-20° arises from the large depth of field 
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which is a feature of the 45 x fluorite objective. A check on this showed that 
a single grain could be focused sharply over ~0-7y% movement of the fine 
focus. Now a 7 u track having 0-7 uw vertical dip would have a 5 value of 15°. 
Hence tracks up to ~15° appear flat in the field of view and would be recorded 
with zero dip which would emphasize the 0-10° block at the expense of the 
10-20° block. It is probably a better representation to average over 0-20° 
and this is shown dotted in Figure 3. 


The result is a histogram consistent with isotropy from 0 to ~7 0°. There 
is some suggestion of an increase in ordinate from 0 to 50° which has been 
confirmed by more accurate range-depth measurements with the 95 x objective 
which has a more restricted depth of field. However, this effect, which is 
probably linked with the choice of S, is not important to the present discussion 
and will be reported separately. 

A decline occurs beyond 70° which has been interpreted as a loss of tracks. 
The loss factor may be deduced by comparing blocks 70-90° with the average 


(87-1) of the range 0-70° (Table 3). ‘The proportion of tracks which should be 
8: 
between 95, and 34, is 3 cos 5. dé. 


TABLE 3 


LOSS FACTOR AT DIP ANGLES GREATER THAN 70° 


Angle Tracks Loss Absolute 
Range Expected Factor Loss of Tracks 
(deg) (%) (%) (%) 
70-80 4-5 10-4 0-47 
80-90 1°5 64-4 0-97 


Hence the total absolute loss of tracks due to scanning by the method used is 
~1:4 per cent. This correction was applied to the «-density (Fig. 1). 


AERIAL SMOOTHING IN RADIO ASTRONOMY 
By R. N. BRACEWELL* and J. A. RoBERTS* 
[Manuscript received May 17, 1954] 


Summary 
When an aerial is used to survey the distribution of radio brightness over the sky, 
the observed distribution is smoother than the true distribution; the broader the 
beam of the aerial, the greater the smoothing. It is shown that the aerial does not 
register those spatial Fourier components of the true distribution having frequencies 
beyond a cut-off determined by the aerial aperture. Components of lower frequency 
are registered but their relative strengths are altered. 


Two important consequences follow. (i) There are invisible distributions which 
produce no response when scanned by the aerial. Consequently there is not a unique 
solution to the problem of correcting for aerial smoothing. The established method of 
correcting by successive smoothing, leads to the principal solution, in which Fourier 
components accepted by the aerial have been restored to their full values, but the 
components rejected by the aerial are still not represented. (ii) In conducting a survey 
it is sufficient to observe at discrete intervals. The measuring points must be closer 
together than half the period of the Fourier component at cut-off. For an aperture of 
width w, this peculiar interval is equal to 4A/w (radians). 


I. INTRODUCTION 


It is the objective of much radio-astronomical work to determine the 
intensity of the radio waves arriving at the Earth from different directions. 
For any one frequency and polarization the energy flux of this radiation field is 
conveniently specified by a distribution of brightness temperature over the 
celestial sphere. Such a description is appropriate since, in the régime where 
the Rayleigh-Jeans law holds, the brightness of a black body is directly pro- 
portional to the temperature. 

One may be interested in the distribution of brightness temperature over 
the whole of the celestial sphere, a small area the size of the Sun, or, in the case 
of ‘ radio stars ’’, over still smaller areas. In all cases, the aerials used tend to 
blur the detail of the distribution. The energy received when an aerial is 
pointed in a given direction is determined not by the brightness temperature 
in that direction alone, but by a weighted mean of the temperatures in all the 
directions contained within the aerial beam. If the aerial pattern is fine enough 
compared with the scale of the temperature distribution studied, then the 
observed distribution will approximate closely to the true distribution. Often 
this is not the case, and then the question arises whether, from an accurate 
knowledge of the aerial response, it is not possible to reconstruct the original 


distribution. 


-* Division of Radiophysics, C.S.I.R.O., University Grounds, Sydney. 
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It is known that certain types of smoothing process are reversible. For 
example, it is possible to recover daily sunspot numbers in full detail from daily 
values of the much smoother 30-day running means. The means must, however, 
be given without approximation. Aerial smoothing is so closely allied to 
smoothing by running means that one might surmise that the limit to detail 
obtainable from a survey with a given aerial could be improved indefinitely by 
increasing the accuracy of the observations and the closeness of their spacing. 

In a number of investigations (Hey, Parsons, and Phillips 1948; Bolton 
and Westfold 1950) radio astronomers have attempted to reconstruct the original 
distribution which gave rise to their observations. A proposed restoration 
may be tested by smoothing it artificially with the known aerial directional 
diagram, and comparing the result with the observations. Good agreement is 
usually obtainable, and it has been thought that a restoration, so tested, must 
be a good approximation to the true distribution. This assumption now proves 
to be wrong, for it will be shown that there are always an infinite number of 
different restorations, all of which satisfy the test exactly. 

A clear insight into the nature of the blurring produced by the aerial is 
obtained by studying the effect of the aerial on the spatial Fourier components — 
of the temperature distribution. The true temperature distribution is supposed 
analysed into Fourier components, each being a sinusoidal temperature distribu- 
tion of a certain strength and spatial frequency. The aerial affects these 
components by eliminating a semi-infinite band of high frequencies and altering 
the relative strengths of the lower frequency components. Thus, in the observed 
distribution the finest detail is irretrievably lost, while the less fine detail may 
be substantially modified. 

The rejection of a semi-infinite band of high frequencies by the aerial is 
responsible for the existence of invisible distributions. These are distributions 
containing only frequencies which would be rejected by the aerial. They 
produce no response when scanned by the aerial. There is a great variety of 
such invisible distributions and consequently a great variety of distributions, 
each of which when smoothed by the aerial directional diagram reproduces the 
observed distribution. These possible solutions differ from each other only by 
the addition of invisible distributions. 

To emphasize the importance of this effect two examples from the literature. 
are shown in Figure 1. The radial distribution of brightness across the Sun 
at 21 cm obtained by Christiansen and Warburton (1953) is shown in Figure 1 (a). 
The authors state that, on the basis of their observations, they could not dis- 
tinguish between the two very different distributions represented. In the 
second example (Fig. 1 (b)) the full line gives the distribution of 100 Me/s cosmic 
noise along the galactic meridian passing through the galactic centre, as deduced 
by Bolton and Westfold (1950) from their measurements. In the same figure 
the broken line shows a (renormalized) distribution which according to Brown 
and Hazard (1953) gives the same result, when scanned with the aerial, as does 
the full curve. 

This indeterminacy in the restoration of the observations made with aerials 
of finite resolving power seriously affects several important current investiga- 
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tions. One of these is the study of solar limb brightening, where there is a need 
for observations to compare with existing theories (e.g. Smerd 1950). As is 
Suggested by Figure 1 (a), the peak brightness at the limb is not an appropriate 
quantity for comparison of theory and observation. Some sort of integral is 
more suitable. In another important investigation (Piddington 1951) the 
brightness of the galactic centre is taken from surveys on different frequencies 


over a 30: 1 range, in order to ascertain a spectrum. The correction for aerial 


smoothing may here be of vital importance. The same serious problem would 


arise in determining the spectra of discrete sources from attempted measurements 


of the central brightness. 
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Fig 1 (a).—Solar distributions of brightness temperature (Christiansen and 


Warburton 1953) which could not be distinguished after subjection to aerial 
smoothing. 


Fig. 1 (6).—A pair of similarly indistinguishable galactic distributions (Brown and 
Hazard 1953). 


Given only the observations made with a finite aerial it is impossible to 


decide which of the feasible solutions is the true distribution. 
those distributions which reproduce the observations when scanned by the aerial, 
the one which contains no invisible part has a certain uniqueness and is termed 
the principal solution. It is this distribution which is found when the observa- 
tions are corrected by the process of successive substitutions (Section VIII). 
When the true distribution is well resolved by the aerial, the principal solution 
is a good approximation. However, if the true distribution is not well resolved, 
the principal solution may be a poor approximation, and even physically 


impossible. 


However, of 
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To improve on the principal solution one must take into account further 
information about the distribution which may be available in particular cases. 
How best to do this in each case is an outstanding problem. 

In Section VI we discuss a by-product of this investigation, namely, an 
important theorem which arises from the rejection of high frequencies by the 
aerial. There exists a critical angle, peculiar to each aerial, and such that no 
increase in information is obtained by making observations at finer intervals. 
In fact, from observations spaced at the peculiar interval, it is possible to infer 
the intermediate observations. This theorem is expected to be valuable both 
in the making and in the reduction of observations. 


II. BAstc FORMULA 

For the present purpose of studying the effects of aerial smoothing and the 
possibilities of restoration, we shall discuss the simplest case, namely, when the 
brightness temperature T(¢) depends on a single angular coordinate ¢ only. 
This case includes the essential physics of aerial smoothing and in fact covers 
many of the practical applications in radio astronomy. 

It is convenient to specify the directional characteristics of the aerial by 
the power response A to a point source. Thus when the aerial beam is directed 
towards 9=@, the response of the aerial to a point source at 9=f is by definition 
proportional to A(g,—8). A is normalized so that 


f A(g)dg=1. 


It follows that the measured temperature distribution, T,(9,), corresponding 
to a point source of temperature 7 situated at 9o=( is given by 


T (0) =A(9o—8)T. 


The response to a point source, A(¢), is the power directional diagram, A(9), 
taken with » in the opposite sense, i.e. A(~p)=A(—¢). For the development 
of the theory A proves to be more convenient than A, for reasons explained 
below. In many practical cases the directional diagram is symmetrical, so 
that the distinction need not be drawn. 

When now the true temperature distribution 7(9) is observed with the 
aerial pointed in the direction 9», the measured temperature 7',(99) will be a 
weighted mean of 7 given by 


L,(90)=J A(go—B8)2(8)dB. 


When the aerial is reasonably directive A(g) becomes negligible beyond a small 
range of ¢ and the limits of integration may be extended to +00. For con- 
venience, we also drop the subscript ‘‘ 0 ”’, and thus obtain the equation 


r(q)=|_ Ale—BT (ap. inher. 2 (1) 


This equation expresses in its simplest form the phenomenon of aerial 
smoothing and forms the basis of the present communication. In other circum- 
stances, the expression on the right-hand side of (1) would be known as the 
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convolution, composition product, Faltung, fold, etc. of A(g) and Z(o) or as 
the (unnormalized) cross-correlation function of A(—¢) and T(¢). To represent 
the convolution of two functions we shall use the abbreviated notation 


at=|" Ale—sreae=|_ Te—BALBrAe, 


and in this notation 

T =Ask, 
We may also write 

TT, =ANT; 
wherey 


A¥T = | _ Ale —9)7(6)48= | _ eT eA (B)AB. 


In statistics A4#Z would be called the (unnormalized) cross-correlation function 
of A and T. 


III. ForMAL SOLUTION BY FOURIER TRANSFORMS 

Equations of the same type as (1) arise frequently in physics (see e.g. 
Trumpler and Weaver (1953) for references). Typical instances are the instru- 
mental blurring of (i) optical spectra (van Cittert 1931 ; Burger and van Cittert 
1932; van de Hulst 1941, 1946), (ii) X-ray spectra (Stokes 1948; Paterson 
1950 ; Waser and Schomaker 1953), and (iii) solar limb darkening curves (Fellgett 
and Schmeidler 1952). A good survey of various methods of dealing with two- 
dimensional examples arising in astronomy is given by Burr (1955). 

In the present application we make use of the special properties arising 
from the restriction of A(g) to be the response of an aerial to a point source. 
For this class of problem the approach from Fourier theory is most enlightening.. 
In this procedure the temperature distributions and the aerial pattern are 
regarded as built up of a spectrum of components harmonic in the angular 
variable o. Thus 7',(¢) is specified by its spectrum 1',(s) which is the (complex) 
Fourier transform of 7',(¢) and gives the amplitude and phase of the harmonic 
component with s wave crests per unit of 9. 


When functions are related as in equation (1) the corresponding relation 
between their Fourier transforms is very simple. This relation is given by the 
convolution theorem (Sneddon 1951) which can be stated in the form : 


+ Because the operation of convolution (denoted by *) is commutative ( Seg =94f), associative 
(f*(geh]=[f*g]*h), and distributive ([f-+g]*h =feh+9*h) (Doctseht 1937), it may be treated 
algebraically like ordinary multiplication and thus leads to simple mathematics (Section Men IT 
On the other hand the operation of smoothing 7 with A (written AT) is perhaps more direct 
for some purposes than forming the convolution A+T of A with T. In either case it is A which 
is plotted or tabulated when the calculation is performed. And, of course, A is the customary 
quantity in aerial physics, not A. However, the smoothing process, being non-commutative 
and non-associative, proves to be not as convenient as convolution in the type of analysis occurring 
in the present paper. 

G 
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If T,(s) is the Fourier transform of T (¢) defined by 


T(3)= | T (o)e-2ed 9, 


—a 


and, if T(s), A(s) are similarly the transforms of T(¢) and A(¢), then, when 


T,=—A+T, 
the transforms are related by 
TG)=AG)TG) ee eee (2) 


To state this theorem in words: if 7’,(@) is obtained from 7(¢) by convolution 
with A(¢), then the Fourier transform of T (¢) is the algebraic product of the 
transforms of Z(g) and A(¢). 

Equation (2) emphasizes the importance of zeros in the Fourier transform 
of the aerial diagram. Since T., is obtained from T by multiplication with A, 
it follows that for those frequencies s, for which 


A(s,) =0, 


the value of 7 is lost in the smoothing process. For example, if T(s) contained 


= 


a “ spectral line ’’ at s=s,, 7,(s) would contain no trace of it. 


For values of s such that A(s) +0, the Fourier transform of the true distribu- 
tion is given by ; 


But when s=s,, making both A and T, zero, equation (2) shows that ae 
indeterminate. Thus when s=s, equation (2) is satisfied not only by T(s) but 
also by 


T(s) +2a,5(8 —8;), 


where the a, are arbitrary and 35(s—s,) is unit impulse at s=s,. It follows that 
T(¢) is not the only solution of the integral equation ; it is also satisfied by 


T(~) +2Xa,e27%9, 
k 


(If A(s) is zero, not at discrete points, but over a continuous range, the summation ; 
is replaced by an integration.) The additive functions La, exp (i278,9), which 
we term invisible distributions for the aerial, are obviously solutions of the 


integral equation 
ioe) 


A(o—8)(8)a8=0. 


They are of such a nature that it is impossible to detect them with the aerial in 
question whatever their magnitude (see Section VI). 
It is thus clear that the zeros of the transform of A(@) play a vital role in 


the theory. For this reason it is now necessary to investigate the Fourier 
transforms of aerial patterns. 
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IV. AERIAL THEORY 

In considering the nature of the Fourier transforms of aerial patterns in 
this section, we first illustrate their characteristics by discussion of a common 
type of aerial, and then establish a general theorem. For this purpose we regard 
the aerial as used for transmission or reception, whichever gives the simplest 
description, since the directional diagrams are identical in the two cases. 

Thus for illustration consider an aerial consisting of a finite one-dimensional 
aperture of width w, across which is maintained a field constant in amplitude 
and phase. For this aerial the A(¢) for small ¢ is approximately 


A( sin (xpw/A) d” 
wl ™ ams 


A(o) 


the numerical factor being chosen so that | A(g)de=1. A(¢) is shown in 
—o 

Figure 2 (a). The beam width of the main lobe between zeros is 2/w, the width 

to half power is 0-89A/w. Figure 2 (b) shows A(s), the Fourier transform of 


>I 


(a) (b) 


Fig. 2.The response to a point source, A(¢), and its Fourier transform A(s) 
for a uniformly illuminated aperture. 


A(g). Since A(s) is real and symmetrical in this case, it may conveniently be 
plotted against |s|. (In subsequent figures illustrating transforms, we have, 
where convenient, taken them real and symmetrical.) The particular feature 
to notice is that A(s) is zero for all values of s greater than the limiting frequency 
$,=w/rA. We shall now show that this feature is common to all ordinary aerials. 
consisting of finite plane apertures. 

It is known (Booker and Clemmow 1950) that a one-dimensional aperture 
distribution of electric field H(v/A) and the angular spectrum P(sin ¢) to which 
it gives rise are reciprocal Fourier transforms with respect to sin ¢ and xh, 


that is, 
. le BI” )eizma sin og (7 
E (sin ©) = 7 e ? x ’ 


and 
(2) £ | P(sin @)e-2@/) sin ed (sin 9). 


The angular spectrum P(sin g) is proportional to the field directional 
diagram for real values of 9. When | sin g|>1, that is, for imaginary values 
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of o, P(sin @) represents the evanescent field of the aerial, which is normally 
small for very directive aerials.* If we assume it to be negligible the power 
directional diagram A(g) is given by 


A(o)=const. | P(sin 9) |? 
STEN Ua Ee tg, og hoa ckin i a neee de ie eat a (3) 


where Pt is the complex conjugate of P=P(sin g). The directional diagram 
A(o)=A(—g¢) is used here instead of A(g), the response to a point source, to 
obtain agreement with the usual practice in aerial theory. 

As a further consequence of the assumption of directive aerials, it is per- 
missible to replace sin @ by ¢ in the equations above, since P(sin ¢) is negligible 
where this approximation is invalid. Then applying the convolution theorem 
of Section III to equation (3) we have 


A(s)=const. Py«P, 


and with a little further reduction 
A(s)=const. E¥E+. 

Stating this important result in words, the Fourier transform of the aerial 
response pattern A(¢) is proportional to the (complex) auto-correlation function 
of the aperture distribution (see also Booker, Ratcliffe, and Shinn 1950). 

For an aperture of width w, it follows that A(s) is zero for frequencies greater 
than w/t. This result is in obvious agreement with the discussion of the 
uniformly fed aperture above, but it extends this result to more general aerials. 

We have not covered all aerials but we know from experience that the 
directivity of a broadside array-cannot be exceeded very much by rearranging 
its elements within the same overall dimensions. In any particular case the 
existence of the cut-off could be verified and the value of s. determined by taking 
the Fourier transform of the aerial diagram. 


The highest frequency which can be present in A(g), the cut-off frequency 
8, is given by 


Ww 
8=>: 
The inverse of this frequency 
‘ « 
Ver oe 


may be termed the cut-off period. For a uniformly illuminated aperture it is 
half the beam width between zeros or 1-12 times the beam width to half power. 


V. AERIAL SMOOTHING 
It has been shown in Section III, equation (2), that the effect of aerial 
smoothing may be described in terms of spectra by the statement that the 
spectrum of the observed temperature distribution 7, is obtained from the 


* Very directive aerials with large evanescent fields have been mooted (see, for example, 
Woodward and Lawson 1948) but are of more theoretical than practical interest. 
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spectrum of the true distribution 7 by multiplication with the spectrum of the 
response of the aerial to a point source. But, according to the result of Section IV, 
the spectrum of any aerial response vanishes for all frequencies s beyond a 
limiting value s,. The high frequency components of T are thus entirely rejected 
by the radiometer. 


Z 


CZ 


Fig. 3.—Showing how the spectrum of a smoothed distribution, 
T' (s), is related to the spectrum of the original distribution T(s). 


Is| 


This is illustrated in Figure 3. T(s) is the spectrum of some T(¢~) which 
includes high frequencies. In T (s), the spectrum of the observed distribution, 
the whole of 7(s) for frequencies greater than s, (cross-hatched area) has been 
lost, and furthermore the lower frequency components have been reduced by 
the loss of the stippled area. 


T(4) Tap) A(4) 


Fig. 4.—The effect of scanning a point source illustrated in terms of transforms. 


Figure 4 gives the corresponding diagram for a point source scanned by an 
aerial consisting of a uniformly illuminated aperture for which 


A(o)= 1 (2248) ‘ 
Te @ 

Since 7(¢) is an impulse function, its spectrum T(s) is flat (see Fig. 4). 7,(s), 
which contains none of the higher frequencies, and in which the lower frequencies 
have been reduced, is triangular as shown. 1,(¢9) has the same shape as A(¢), 
as is obvious. 

Further illustrations of the spectral aspect of smoothing are given in Figure 5, 
which shows two cases of T(o), a rectangular distribution and a Gaussian error 
curve. Both true distributions are sufficiently broad, compared with the aerial 


beam, to be fairly well resolved. 
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In all cases 7,(¢) is a distribution which contains no frequencies greater 
than a certain limit. This feature has important repercussions on the possi- 
bilities of restoration on the one hand and on the other hand has a practical 
bearing on the conduct of surveys. In the following section we discuss the 
properties of such ‘‘ band-limited ”’ functions. 


VI. A THEOREM CONCERNING OBSERVED DISTRIBUTIONS 
Observed distribution functions 7',(¢), by virtue of containing no frequencies 
greater than a limiting value s,, have a property which is of great practical 


Ta(¢) 


oa 


Ta(¢) 


c |s| Fy 


(b) 


Fig. 5.—The effect of scanning (a) a rectangular and (6) a Gaussian source with the aerial 
pattern A(9). 


significance. An observed distribution is completely determined by measurements 
spaced at equal discrete intervals which are at least as narrow as }@¢e=48-1. The 
interval 3@, is peculiar to the aerial used for the observations. For example, « 
an aerial consisting of an aperture of overall width w has a peculiar interval of 
3Aw—', which in the case of a uniformly fed aperture is numerically equal to 0-56 
times the beam width to half power. In this latter case also it is worth men- 
tioning that the peculiar interval is just half the Rayleigh limit of resolution. 

The peculiar interval theorem is analogous to one now well known in 
communication theory (see e.g. Shannon 1949). The proof given below is novel. 

For the discussion of functions sampled at equal intervals of ©, it is con- 
venient to define the improper function III(~) which consists of an infinite 
sequence of unit impulse functions at unit separation, that is, 


Ce Si 


n= — 0 
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This useful function is the same as the ‘‘ row of impulses ” of Heaviside (1922), 
who expressed it as the limit of a Fourier series. We find the symbol IIT con- 
venient and pronounce it shah after the Cyrillic character. The function III 
has the simple and important property that its Fourier transform is also ITI. 
This is easily found by taking the limit of the Fourier series for a rectangular 
waveform. The transform of III(o/b) is ObIII(bs). A further notation 
which is convenient when dealing with cut-off functions is I(s) for the even 
rectangle function of unit height and base ; II(s) is unity for —4<s<, zero for 
|s|>4, and Il(+%)=3. The function II(s/b) is a rectangle of unit height and 
base b and its Fourier transform is (z¢)~? sin mbg. 


Ta (#) Ta (S) 
(a) 
¢ Se Isl 
il (£) TI (TS) 
i 
ay le 
x 
—T 
LL LLEFLLLL EL (b) 
¢ Is] 
m (£) Ta (¢) Till (TS) * Ta (S) 


4 Sc (sl 


(2s¢)"'u (sez) * Ta(S) 


Sc \s] 


Fig. 6.—Several functions and their spectra, (a) an observed distribution, 

(b) a special sampling function, (c) sampling the distribution at discrete 

intervals is equivalent to multiplication by the sampling function, 
(d) sampling at the peculiar interval. 


Samples taken at intervals + from a function 7',(¢) contain the same informa- 
tion as III(9/t)Z,(¢). This function, which is a sequence of impulses at intervals 
x and of strength proportional to T,(¢9), is illustrated on the left in Figure 6 (c), 
impulse functions being shown as finite spikes of height proportional to their 
integral. 

The Fourier transform of III(¢/t)T,(¢) is III (ts)*7,(s), that is, a function 

‘formed by repeating T (s) at intervals +’. This follows from the convolution 
theorem, or it may be verified directly by calculating the Fourier coefficients 
of the periodic function III (rs)*T',(8). If 7, is sampled at sufficiently small 
intervals (< sufficiently small) the spectrum of III (9/7)Z,(¢) will consist of 
well-separated parts as shown on the right of Figure 6 (c). It is evident that, 
as long as t~! is greater than 2s,, that is, while the sampling interval + is less than 
¢,, the separate parts will not overlap. Hence, when 7<49,, the exact spectrum 
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of 7, is deducible from the spectrum of III(¢/7)7,(¢), and therefore, finally, ie 
itself is deducible from the values of 7, at intervals t. 

To recover 7, from ITI(9/z)7,(¢), it is merely necessary to remove all the 
Fourier components with frequencies beyond s,, that is, to multiply the spectrum 
of IIT(o/t)T,(¢) by II(s/2s,). By the convolution theorem this is equivalent to 
smoothing ITI(9/t)7,(¢) with (7) sin 2x8,9. Since III(¢/+)7,(¢) is a sequence 
of impulse functions, the smoothing integral reduces, without approximation, 
to a summation. 

In practice, interpolation midway between values of 7’, given at the peculiar 
interval $0, is the most frequently needed process. To do this, first prepare 
a table in which 7, appears in a column at unit intervals of O=90/3}0,=2s,9. 
Then tabulate (x®)-1 sin e® for +4, +14, +24, etc. in a strip thus: 


1273 
2122 
6366 


— 


6366 
2122 
1273 


the spacing being the same as in the table of 7,. The decimal points are omitted 
and negative values are indicated by bars. Table 1 gives further values. Place 
the strip alongside the 7, column, and the sum of the products of the adjacent 
numbers then gives the interpolated value of 7’, opposite the arrow. To establish 
this procedure, put ®=integer+4 and t=4s,-1 in the general equation for 
recovery of 7. Thus 


in 2 
jp eee ent 2)7,(0) 


a 


TO T 
sin 278.0 
al “Fase tet ee.9)7 (9) 
sin tO 
a T,(49.0 —9). 
E0-3 14/5 ee 29-0 —) P 


This property of the observed distributions, that they are sufficiently 
specified by spot values at intervals, is a direct consequence of the nature of 
aerial diagrams, and is obviously of great importance. For the observational 
programme it implies that (apart from the reduction of errors) nothing is gained 
by taking readings at intervals closer than 49,=48,1=}irw—. 

For computational work the property is equally important as it permits a 
band-limited function to be represented exactly by a set of discrete values. To 
ensure that data used in numerical work are in fact free from high frequencies, 
the data may be first “ filtered ’”? by smoothing with 


sin 7O 
asl) 
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TABLE 1 


INTERPOLATING FUNCTION 


: sin tO sin r@O si i i 
| | (| 1 | sin tO || sin 7D |o| sin 7 
7™O ™O ™O brat) ™O 
$ 0-6366 74 —0-0424 144 0- 0220 214 —0-0148 | 284 0:0112 
14 —0-2122 84 0-0374 154 —0-0205 224 0:0141 294 —0-0108 
24 0-1273 94 —0-0335 | 163 0-0193 234 —0-0135 304 0:-0104 


34. —0-0909 103 0-0303 174 —0-0182 244 0-0130 314 —0-0101 
4} 0-0707 114 —0-0277 184 0:0172 254 —0-0125 324 0-0098 
54 —0-0579 124 0-0255 194 —0-0163 263 0-0120 334 —0-0095 
64 0-0490 134 —0-0236 204 0-0155 274 —0-0116 344 0-0092 


VII. POSSIBILITIES OF RESTORATION 


Having studied the nature of A(s) for practical aerials we are now in a position 
to consider the solution of the integral equation (1). It follows immediately 
from the general discussions of Section III that there is no unique solution. 
From any known solution an infinite set of further solutions can be 
found by adding one of the invisible distributions. These are of the form 
ff(s) exp (i2x¢08)ds, where f(s) is arbitrary and the integration extends over any 
values of s for which A(s) is zero. These distributions produce no output when 
scanned by the aerial. 

An infinite variety of such invisible distributions can be constructed. Those 
illustrated in Figure 7 are as follows: a harmonic distribution with spatial 
frequency beyond the cut-off frequency s,; a ‘‘ wave packet ”’ containing only 
spectral components beyond cut-off ; an impulse function from which the low 
frequencies have been removed ; and a step distribution from which low fre- 
quencies have been removed. 


In Figure 8 we have several solutions to a particular problem obtained by 
adding some of these distributions to an already known solution. 

Since the invisible distributions contain no zero frequency component, 
they must all contain negative as well as positive values. In fact, to ensure 
that the aerial receives nothing, they must oscillate from positive to negative 
within the space of about one beam width. At first sight it would seem that 
distributions of this type could be disregarded as being physically implausible. 
However, when they are added to other particular solutions the result can be 
acceptable. In particular, the true distribution will contain some such invisible 
distribution whenever its spectrum extends to high frequencies. 

In view of the lack of a unique solution to our problem, it may be asked 
whether any solution can be regarded as the most acceptable representation of 
the true distribution on the basis of the information available. In the past 
solutions have been obtained by methods of trial or iteration, using as a criterion 
of their approximation to the true distribution only that scanning them with the 
aerial should satisfactorily reproduce the observed curve. If there were only 
one solution, these methods would lead to it, but we now realize that in radio 
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astronomy there are many solutions. Unawareness of this fact has led to false 
conclusions about the distribution of solar and galactic radiation. 

If there is no knowledge of 7'(¢) other than that contained in T,(9), the 
most that can be done is to restore to their full value those (low frequency) 


Sc s| 


o~ 


Fig. 7.—Some invisible distributions (left) and their spectra (right). 


components of 7 which, while present in 7, have been reduced in amplitude. 
This gives a unique result which we shall call the principal solution, S(o). We 
may define it as that solution whose spectrum is the same as the spectrum of 
the true distribution at all values of s for which A(s) 40, that is, 


gE yyrny et 
S(s)= an (Ale) 40) Senda any Hae ae (4) 
=. (A(s) =0) 


Figure 9 illustrates this for a typical aerial. 
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When there are no errors, the information contained in S is exactly the 
same as that given by an interferometer consisting of two aerials used at all 
spacings from zero up to the aerial width. However, the interferometer gives 


a 
zie 


Fig. 8.—A variety of distributions which when scanned with the same aerial all give the 
same result. 


the Fourier components of 7 directly at their full value, whereas the aerial reduces 
the components so that they must subsequently be restored. As components 


C Is| 


Fig. 9.—The relation between S(s) and 7s) for an aerial consisting 
of a uniform aperture. 


near the cut-off frequency are very considerably reduced, the corresponding 
restored values in S are subject to very large errors. With this proviso the 
discussion below of solutions derived from S applies equally to the cases of an 
aerial and of an interferometer with variable spacing. 

The degree of approximation of the principal solution to the true distribution 
depends markedly on the form of T. Thus when 7 contains no spectral com- 
ponents at those frequencies for which A is zero, S is identical with 7. However, 
when the spectrum of 7 is still appreciable at the cut-off frequency s,, the 
resulting discontinuity in the spectrum of the principal solution can cause 
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spurious oscillations in S. The effect of such a discontinuity is illustrated in 
Figure 10 where the principal solution is shown for two examples of T(9), an 
impulse function and a rectangular distribution. In both cases the principal 
solution has implausible oscillations, and indeed negative values which, in radio 
astronomy, are not physically possible. 

When the principal solution is not a good approximation to the true 
distribution, three general methods are available for deriving a physically 
acceptable distribution which is an approximation to T. In the first approach 
the discontinuity in S, which is responsible for the spurious oscillations in the 


T(¢) 
S($) 
Ta(¢) 
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Fig. 10.—Cases where the principal solution S(@) is physically impossible. 


solution, is changed to a smooth transition by reducing all the components below 
s. by some suitable weighting function. This procedure yields a less oscillatory 
distribution, but at the expense of sharpness. It is commonly used in crystal- 
lography (Waser and Schomaker 1953) where the advantage of removing spurious 
maxima is considered to outweigh the disadvantage of loss of detail. (The. 
information obtained from X-ray or electron diffraction is analogous to that 
obtained in radio astronomy with a two-aerial interferometer of variable spacing.) 
In radio astronomy the observed distribution 7, may be regarded as the result of 
applying such a weighting function, as is illustrated in Figure 9; the method of 
restoring by successive substitutions discussed in Section VIII is a method of 
successively reducing the severity of the weighting factor (Fig. 11). 

A second approach, also sometimes used in crystallography, is to extrapolate 
the restored spectrum S to frequencies beyond the cut-off. The method has 
the advantage that no detail present in 8 is discarded. However, detail put in by 
extrapolation must be treated with due caution. In radio astronomy this 


method has been used to some extent with variable spacing interferometers 
(O’Brien 1953). 
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A further method is to construct families of physically plausible distributions 
and to match their spectra to S(s). The form of the trial distributions can be 
chosen so that the number of parameters to be fitted is as great as the knowledge 
of S(s) allows. This method has the advantage of using not only all the informa- 
tion available in S(s), but also any circumstantial knowledge of the true distribu- 
tion. In practice one may fit either the spectra, or the values obtained at the 
sampling points when the trial solutions are scanned by the aerial. 

The former case arises when variable spacing interferometers are used. An 
example is furnished by the attempts to find the diameter of the radio stars. 
Thus Smith (1952) measured S(s) for Cassiopeia and Cygnus and expressed his 
results in terms of the uniform disk whose spectrum agreed best with the observa- 
tions. This unexceptionable procedure has much to recommend it, especially 
when, as in this case, a small number of parameters is deemed adequate to 
describe the measurements. The statement of the result contains a clear 
indication of the uncertainty. 


VIII. RESTORATION BY SUCCESSIVE SUBSTITUTIONS 

One of the restoration procedures which has already been used in radio 
astronomy is equivalent to solving the integral equation of Section III by the 
method of successive substitutions (see e.g. Lovitt 1950). We study it here for 
its interest as a current procedure and its importance as a way of finding the 
principal solution. The process can be understood as follows. Suppose T,,, 
is some approximation to 7. Then it can be tested by scanning it with the aerial 
and comparing the result with 7. The discrepancy (7, -AxT,,,) is taken as a 
first estimate of the difference between 7,,, and T. This leads to a further 
approximation 


(ie gs Soe ian Set De MeO (5) 


If 7, itself is taken as the initial approximation to T one obtains as the first 
approximate restoration 


T,—T,+(T,—AsT,). 
By applying the same procedure to T, we have a second restoration 
T =T,+(L,—A*l)); 
and the nth restoration is derived from the (” —1)th by the formula 
=f, ,+(f,—A+T,1)- 
In practice the iteration is halted when smoothing the trial distribution with the 
aerial gives a result agreeing with T,, within the experimental error. 


The approximate solution (5) can be written in two alternative useful 
forms. In the first form 


Ge eres te ey ee tee (6) 


where 
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etc., the successive correction terms being obtained by convolution of the 
preceding correction with 5—A. In practice, operation on the correction term 
obviates the necessity for comparison with 7, as required in the form (5).~ dm 
the second alternative form the relation is expressed in terms of successive 
smoothings of the observed distribution : 


T,=2T,—As+T,, 
T,=3T , —3A+T,+A+*AxT,, 


T,-y=nT,— (" jaer, “Ae. JAcasT, ne Ae et, es 


where A*”=AxAx. . . *A, the A appearing n times. van Cittert (1931) obtained 
the formula in essentially this form. 

This elegant procedure, by which one restores smoothed out detail by further 
smoothing, appears to have been introduced into astronomy by van Cittert 
(1931) in connexion with the instrumental broadening of spectra. Bolton and 
Westfold (1950), and (in less explicit form) Hey, Parsons, and Phillips (1948), 
applied it in radio astronomy to correct their surveys of galactic radiation. It 
has since been used in other radio-astronomical applications. 

Bolton and Westfold thought they had proved that the sequence of successive 
distributions converged to the true distribution. But, as we have shown, it is 
in general not possible to recover the true distribution from the observed one. 
We have therefore studied the process and find (i) that the sequence of distribu- 
tions does not always converge to a limit and (ii) that when it does the limit is 
the principal solution defined in Section VII. Whilst developing the proof which 
follows we had the benefit of a discussion with E. J. Burr. 

The Fourier transform of the nth restoration is, by eae (6), 


={1+[1—A(s)] +[1—A(s)]?+. . +11 —A(s)]9F,(s). .. (8) 
The series laa in braces ay be recognized as the first ait terms of the 
binomial expansion of {1—{1—A(s)|}-1. Hence, provided that | 1—A(s Peer & 
lim T (sya. Eels) 
n> A\s) 


This condition for the convergence of the binomial expansion is not met when_ 
s=s, since A(s,)=0; but in that case T,,(s) is zero for all n since T (8) 18 itself 
zero (equation (8)). Therefore, when | 1—A(s)|<1 for all s+s,, T(s s) tends 
to the spectrum of the principal solution (equation (4)), and 7, tends te the 
principal solution. 

This sufficient condition is met by many aerials. For example, in the case 
of symmetrical aerials, for which A(s) is real, the condition amounts to requiring 
A(s) to be non-negative and <2. Now A(s) cannot exceed 1 on account of the 
normalization of A(p). Hence it is sufficient that a symmetrical aerial have 
A(s) non-negative in order that restoration by successive substitutions should 
converge to the principal solution whatever the form of T,. 

It shonld be noted, however, that | 1—A(s)|<1 for s4s, is a sufficient 
condition. It is not a necessary condition ; consequently convergent results 
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may be obtained in cases where aerials do not obey it for all values of s, namely, 
where 7’,(s) is zero at those values. Should cases of this sort become important, 
each 7, would have to be examined individually for convergence. The possibility 


T(s) 
T($) 
Is| 


Fig. 11—Successive restorations (right) of a point source, and their 
spectra (left). 


of 7, approaching S asymptotically, even though ultimately divergent, would 


also become important. 
To summarize, the necessary and sufficient condition for convergence is 


that | 1—A(s) | <1 for all s such that T (s) 40. 
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The convergence of 7',(@) to the principal solution is illustrated in Figure 11 
for the case of a point source scanned by an aerial consisting of a uniformly 
illuminated aperture. It is seen that the restorations tend towards a distribu- 
tion of the form 9~! sin @, which was shown above (Fig. 10) to be the principal 
solution for this case. 

For any 7(¢) the spectra on the left may be interpreted as factors which, 
when multiplied into T(s), give 7, T,, T,, T2,. . .,S; the distributions on the 
right, on convolution with T(9), give T, T,, 7,, T.,. . .,S. The distributions on 
the left may be regarded as weighting functions, in the sense of Section VII ; 
the graphs of 7, T;, and 7, show that the reduction of the spurious oscillations 
by drastic weighting is offset by broadening and lowering of the central peak. 
The distributions on the right may be interpreted as the point source responses 
of hypothetical aerials, which, if used to survey a temperature distribution, 
would yield 7, T,, T,, etc. as the observed distribution. 

Several stages of restoration may be performed in a single smoothing 
operation. It is evident from the forms (6) and (7) that we may write 


si =k,*T,; 
where the n-fold restoring distribution FR, is given by 
R,=d5+(5—A)+(8—A)*?24+. . .+(5—A)*", 


or by 
R=in+1ys—("St)as("S tare, (ea, 

For theoretical purposes &,, may be usefully expressed in the closed form 
RF, =A[5—(5—A)*@+)], 


where A,, the inverse of A, is defined by Ajx*A=5. Notice that R, does not in 
general approach a limit as n tends to infinity. When it is known how many 
stages of restoration are likely to be justified, it is possible to go direct to the nth 
restoration by using this formula. However, one should guard against over- 
restoration which leads simply to an enhancement of errors. In Table 2 we 
give the restoring distributions R, and R, for a uniform aperture. 


In this case 


In-2O-2, O odd, 
=3"5, ® zero, 
0, other integral ®. 


The normalizing factor makes XA=1. Table 2 also contains A, A*?, and A*%, 

If for any reason 7’, contains frequencies beyond the cut-off these will be 
enhanced n-+1 times in the nth stage of restoration, as can be shown from the 
form (7). T, may contain high frequencies due to errors, or high frequencies 
may be introduced by initiating the restoration process with a trial solution 
which contains high frequencies. To avoid the enhancement of such spurious 
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TABLE 2 
THE RESTORING FUNCTIONS R, AND R; FOR A PLANE APERTURE FED UNIFORMLY AND IN PHASE. 
THE RESPONSE TO A POINT SOURCE A AND ITS SUCCESSIVE SELF-CONVOLUTIONS A*? anp A*? arE 
ALSO TABULATED 


| ® | A AX A* R, R, 
0 0-5000 0-3333 0- 2500 1-8333 2-0833 
i 0- 2026 0: 2026 0-1808 —0:4053 —0-5861 
2 09-0000 00507 0-0760 00507 0- 1267 
3 00225 0- 0225 0-0323 —0-0450 —0:0773 
4 0-0000 0-0127 0-0190 0-0127 0-0317 
5 0-0081 0- 0081 0-0120 —0-0162 —0- 0282 
6 00000 00056 0- 0085 00056 0-0141 
7 0-0041 0-0041 00062 —0-0083 —0-0144 
8 00000 00032 0-0048 0-0032 0-0079 
9 00025 0-0025 09-0037 —0-0050 —0-0087 
10 0-0000 0-0020 0-0030 00020 0-0051 
11 0-0017 0-0017 0-0025 —0- 0033 —0:0058 
_ 2 0-0000 0-0014 0-0021 0-0014 0- 0035 
13 0-0012 0-0012 0-0018 —0-0024 —0-0042 
14 0-0000 0-0010 0-0016 00010 00026 
15 0-0009 0-0009 0-0014 —0-0018 —0- 0032 
16 0-0000 0-0008 0-0012 00008 0-0020 
17 0-0007 00007 0-001] —0-0014 —0-0025 
18  0-0000 0-0006 0-009 00006 0-0016 
19 0-0006 0-0006 00008 —0-0011 —0-0020 
20 0-0000 00005 0-0008 00005 0-0013 
21 0-0005 0-0005 0-0007 —0): 0009 —0: 0016 
29 | 0-0000 0-0004 0-006 00004 0-001] 
23 0-0004 00004 00006 —0-0008 —0-0014 
24 0-0000 00004 00005 00004 0-0009 
25 00003 00003 0- 0005 —0-0006 —0-0011 
26 0-0000 0-0003 00005 00003 0-0008 
27 0-0003 00003 00004 —0- 0006 —0-0010 
28 0-0000 0-0003 00004 00003 00007 
29 0-0002 00002 00004 —0- 0005 —0-0008 
30 0-0000 0-0002 00003 00002 00006 


components, it is therefore necessary to filter the initial data as outlined in 
Section VI. Then the numerical work should be carried out at the critical 
interval to prevent the introduction of further high frequencies during the 
calculations. 


IX. APPLICATION TO THE QUIET SUN 
(a) Data 
In this section the foregoing theory is illustrated for a practical case. The 
A(o) is that of the central beam of the high-resolution aerial developed by 
Christiansen (1953) and is closely of the form g*sin?9. It has a beam width 
to half power of 3 min of are and a beam width between zeros of 6-50 min. 
The peculiar interval }¢, is therefore 1-62 min. The angle g measured in units 
of this peculiar interval is denoted as before by ®. Integral values of ® are 


TL 
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then sufficiently closely spaced to define the band-limited functions. In terms 
of this normalized angle the aerial response is that given in the second column 
of Table 2. 

For the observed distribution 7, we are indebted to Dr. Christiansen for 
providing a graph representing the quiet Sun (see the thin curve of Fig. 13). 
From this graph we have read off 7, at intervals to obtain Table 3.. 2, is 
symmetrical,gand zero outside the range given. The limits of error quoted 
were +0-020(0<10) and +0-030 (®>12) whilst, on the steep portion 
10<@®<12, D was subject to error up to +0-2. 


Is|/18s¢ Li 
30 ° —0-106 | —0°238 
1 16-134 17+O083 11 0-363 0-934 
2 =5-559 | —6°254 12 —0-082 | —0-245 
3 —2:187 | —2°624 13 —O-152 | —O°547 
ae 4 2-987 3°841 14 0-085 0-383 
5 —0O-116 | —O-161 15 0:028 0*170 
6 —1°517 |—2*276 16 —0°036 | —0*322 
7 0-659 1-079 17; 0*9000 | —0-006 
8 0-000 
9 
ee 2 


Sc {s| 


Fig. 12.—Distribution across the quiet Sun (Christiansen and Warburton 1953). The spectra 
of the observed distribution 7’, and the principal solution S (above) and the difference 
between them (below). 


The data 7, should be free from Fourier components of period shorter than 
©,, but the reduction processes intervening between the actual records and the 
adopted 7',, especially the subtraction of sunspot effects, might well introduce 
high frequencies. In the present case it was found that no correction for high 
frequencies needed to be made. In the following work we therefore adopt 
for our observed distribution the band-limited function defined by 7,(®), with 
® integral. 


(b) Restoration and the Spectrum 
We now attempt restoration by using the Fourier transforms of the two 
functions A and 7,. The Fourier transform of A(¢) is the triangular function 
c I; | 8 | <8, 
te) | 8 |>8,. 
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The transform of 7, must be computed numerically. By our previous results, 
we may compute instead the transform of III(®)7,, and the Fourier integral 
then reduces without approximation to a summation of products. For each value 
of s there are 18 products as only 18 of the sequence of numbers defining 7, 
are non-zero. The transform of 7, shown by the heavy curve in Figure 12, is 
oscillatory and decays to zero amplitude at the cut-off frequency s,. (For 
reference the calculated values have been tabulated on the figure.) 


TABLE 3 


THE BRIGHTNESS DISTRIBUTION ACROSS THE QUIET SUN AT 21] CM (CHRISTIANSEN AND WARBURTON 
1953). THE OBSERVED DISTRIBUTION 7’, AND THE PRINCIPAL SOLUTION S 


|e S (Pe ee, S oe Ss 
| 
0 1-000 1-018 1-005 | 13 0-115 0-084 
| 1-000 7 | 1-005 1-024 | 0-087 
1 1-001 1-019 1-005 } 14 0-064 0-027 
1-001 |= 8 1-004 1-036 0-047 
2 1-001 1-020 | 1-004 15 0-034 0-012 
1-002 9 1-002 1-089 0-024 
3 1-002 1-022 0-966 16 0-015 | —0-007 
1-003 10 | 0-854 0-995 0-008 
4 1-003 1-024 | 0-680 7 0-004 | —0-013: 
1-003 11 0-490 0-440 0-000 
5 1-004 1-029 | 0-324 18 0-000 | —0-014 
1-004 12 0-212 0-120 0-000 
6 1-004 1-028 0-153 19 0-000 | —0-011 


From 7, and A, S may be calculated by division. It is shown as the light 
curve in Figure 12. The difference curve S —T , shows the spectral distribution 
of the correction applied. The amplitudes of the Fourier components near the 
cut-off frequency are small, even after restoration. 

To obtain the principal solution S it is now necessary to transform 8. 
Unfortunately the distribution S is not of finite extent, so that values of S at 
discrete intervals do not fully define S. It is therefore necessary to know S 
at sufficiently small intervals of s to permit evaluation of the transform of 8 by. 
numerical integration. On the other hand the Fourier integral need be 
evaluated at discrete intervals only. However, the labour involved in estab- 
lishing S and transforming it is formidable. For interest we show by the heavy» 
line in Figure 13 the result of transforming ITI(18s/s,)S(s), that is, substituting 
for the Fourier integral of § a summation based on the 18 spot values of S given 
on Figure 12. The oscillations A, B, C prove to be spurious and arise from the 


use of too coarse an interval of s. 


(c) Successive Substitutions 


Restoration of 7, by the method of successive substitutions is illustrated 


in Figure 14. The figure shows 7',, with the limits of uncertainty indicated by 
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shading; AxZ’,; the successive corrections ¢, €9, €3 3 and the corresponding 
restorations T,, T', T;. All the smoothing processes were computed using 
discrete values of the variables. From the three successive stages of restoration 
which are illustrated it may be seen that the corrections rapidly drop below the 
significant level. If 7, is tested by forming Ax7, it is found to differ from 7, 
by ¢, which is so small that A*7;, if plotted to the scale of Figure 14, would 
barely be distinguishable from 7T,. 


° 9 18 0) 


Fig. 13.—The observation distribution ip (thin curve), the 

principal solution S (dotted curve), and an approximation to 

the principal solution obtained by restoring the transform of 
T , (heavy curve). 


It is not necessary in practice to obtain all the curves plotted in Figure 14, 
which was constructed simply to illustrate the process. Using the method 
outlined in Section VIII, 7, may be obtained directly from 7, in one step. 

-In order to ascertain the principal solution with some accuracy, for the 
purpose of checking different proposals for approximating to it, we have carried 
the process to the 11th stage. The distribution so obtained is labelled S in 
Table 3 and is plotted as a dotted curve in Figure 13. One may verify that it 
is in fact the principal solution by scanning it with the aerial pattern. The 
result agrees with 7, to within one unit in the last decimal place at all integral 
values of ®. The values of S between the tabulated values are to be understood 
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as those given by the method of interpolation described in Section VI; conse- 
quently S is free from frequencies beyond s,. The order of irons of this 
determination of S is of course much better than the 20 or 30 units in the last 
decimal which the accuracy of the observations would justify. 


0-800 


0-600 


0-400 


0-200 


FELL LAA R20 


4 @® 


Fig. 14.—The observed distribution 7, the successive corrections ¢,, 2, €3, and the 
successive restorations 7',, 7's, 7's. 
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THE ATTENUATION OF LIGHT BY METEORIC DUST IN THE 
UPPER ATMOSPHERE 


By R. G. GIOVANELLI* 
[Manuscript received March 2, 1954} 


Summary 

An examination of Zacharov’s results on the wavelength variation of attenuation 
of solar radiation following the Perseid meteor shower shows that the effects could be 
produced either by absorbing particles of diameter about 10~° cm or less, or by trans- 
parent particles of diameter in the range 5 x10-* to 10-*cm. The rapid disappearance 
of attenuation, however, can be explained only if the particles evaporate on falling 
and it is concluded that they are ice crystals formed on nuclei of meteoric origin at a 
height of about 80 km where there is a temperature minimum. From estimates of the 
light scattered by these ice crystals it is deduced that they would be visible as noctilucent 
clouds. 


I. INTRODUCTION 

The recent claim by Bowen (1953) of a correlation between days of heavy 
rainfall and meteor showers stimulates interest in the nature of meteoric dust 
in the high atmosphere. 

Zacharov (1952) has recently analysed measurements of atmospheric 
transparency made over the period 1908-1920 by Abbot, Fowle, and Aldrich 
(1913, 1922) using the so-called “long ” method. He found a reduction of 
transparency whose maximum value, of the order of 2 per cent., occurs some 
3 days after the maximum of the Perseid meteor shower, and he considered 
that the recovery was not complete for some 24 days. At maximum, the 
continuous decrease in attenuation with increasing wavelength was taken to 
indicate particles of diameter not exceeding 10-5cm. The time of recovery in 
attenuation was taken to indicate a duration of atmospheric pollution lasting 
no more than about 24 days; a time of fall of this order requires particles of 
some 10-3cm diameter, from which it was deduced that agglomeration must 
occur, probably at a level of about 80 km. 

We show here, on the assumption of spherical particles, that the attenuation 
of sunlight associated with the Perseid shower is due to ice crystals of average 
diameter about 7 X10-* em, at an elevation of about 80 km. Disappearance of 
attenuation is due to evaporation of the particles after they fall through the 
region of temperature minimum. The particles should scatter sufficient light 
to be detectable in directions near the Sun, provided the atmosphere be 
sufficiently pure, and they should be visible as a noctilucent cloud around dusk ; 
Bowen (1953) has in fact found that noctilucent clouds are always associated 


with meteor showers. 


* Division of Physics, C.S.I.R.O., University Grounds, Sydney. 
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Il. ATTENUATION OF LIGHT BY SMALL SPHERICAL PARTICLES 
(a) Conductors 
The scattering and attenuation of a light beam by small spherical particles 
was first discussed by Mie (1908). For very small absorbing particles, 2a<A, 
the scattering cross section Q, is given by 


7-576 ees a 92 4 237-4 | 724 42 
gl nile akc =re'| (5) pe | rel 


a= 304 | W242] r 3 |N242| 


where N =k,/k, is the ratio of the propagation constants in the particle and in 
the surrounding medium, a is the particle radius, and A the wavelength in air. 
The cross section for attenuation, Q,, is given by 


227202 _N2—1 2a NA 1 
= 1 - ree et) =nae| (74) 22ene( i 2). ah ts (2.2) 


Since N?=(27y/A)?(1+ix)? where v is the refractive index and x the absorption 
index, the cross sections may be computed from the optical constants of the 
particle. Typical values of K, and K,, where Q=K(za?), are given in Table 1 
for several metals at 0-59 uw and for carbon. 


TABLE | 

TYPICAL VALUES OF K, AND K, FOR VERY SMALL ABSORBING SPHERES 
(2a<)) 

Material Ke K, 

Silver ae Re be 420 x (2a/A)4 0-39 x (2a/A) 

Tron ay eve 42 340 4-7 

Nickel ~ ce aA 390 4-8 

Carbon mane se oa 92 2-6 


An upper limit beyond the range of validity of the above expressions is 
set by the conditions Q,<Q,. For the three metals considered in Table 1 and 
for carbon, expressions (2.1) and (2.2) are certainly no longer valid when the 
diameter is greater than about 4/4. 


Ruedy (1941, 1942) has calculated the attenuation and scattering by carbon 
spheres over a larger range of diameters, 2a<2. Values of K, derived from his” 
graphs are givenin Table 2. For large values of diameter, K, decreases to a value 
of 2. Ruedy’s results showed K, to be very small compared with K, until 
2a/A~0-125, then to rise rapidly to about 0-3K, for 2a/A~0-25 and then more 
Slowly to about 0-5K, when 2a/Ax0-75 to 1:25. For large diameters, 
K,=0-5K,, as readily follows, e.g. from van de Hulst’s (1946) discussion. 


van de Hulst has also given results for the attenuation and scattering of 
light by various absorbing media. For iron at 0-42 u, K, rises almost linearly 
to about 2-8 when 2a/A=0-25, then slowly to a maximum of 3-0 when 2a/A~0°5, 
from which it slowly drops to 2 for large diameters. The behaviour is rather 
like that of carbon. For metals the scattered light is intermediate between 
that for transparent media and carbon. ; . 
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TABLE 2 
K, FOR CARBON AND WATER SPHERES 


A 2 
Carbon Water 
0:25 1-9 <0-15 
0-5 2-6 0:33 
0-75 3-0 1-0 
1-0 2-5 1:8 
1-5 3-4 
2-0 3-9 
3-0 | 222, 
| 


(b) Insulators 

For insulators, the attenuation cross section is equal to that for scattering, 
and for very small spheres is proportional to (2a/A)*. Data have been calculated 
by Stratton and Houghton (1931), Ruedy (1943a), and la Mer (1943), and are 
summarized for water in Table 2. On the whole, the results for different 
refractive indices are rather similar, the cross sections being compressed or 
expanded along the 2a/A axis. The values of 2a/A for maximum values of K, 
are given in Table 3. 


TABLE 3 


VARIATION WITH REFRACTIVE INDEX OF THE SPHERE 
DIAMETER FOR MAXIMUM K ‘ 


Refractive Index 2a/A for K, (max.) 
2-25 2-5 
1°33 1:9 
1-44 15, 
1-50 1-3 
1-55 1?) 


TII. THe DIAMETER OF PARTICLES IN THE UPPER ATMOSPHERE AS DERIVED 
FROM SELECTIVE ATTENUATION 


Zacharov was able to obtain the variation of atmospheric transparency ¢ 
with wavelength at the time of maximum absorption, and data from his graphs 
are given in Table 4. 

Although the changes At in transparency are small, the uniform variation 
with wavelength suggests that the effect is real. Zacharov inferred from the 
selectivity that the particle diameters did not exceed 10-5cm. It is possible, 
however, to interpret these results otherwise, as we shall show. 

- Tf the particles be conducting, then for diameters less than about A/4 the 
attenuation may be derived from (2.2). It is usually agreed that this results 
in the attenuation varying approximately as A~', although the term involving 
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the propagation constant does depend on wavelength. For the longer wave- 
lengths, the values of At/t in Table 4 vary approximately in this manner. The 
trend of the curve suggests a maximum at a wavelength somewhat shorter 
than 0-35 yu. By comparison with the value of 2a/A for maximum K, with 
carbon (see Table 2), we infer that for A=0-35 yp, 2a/A50-5, ie. the diameters 
of the particles, if conducting, are of the order of 1-7 x10~° em or less. 


TABLE 4 


OBSERVED ATTENUATION AS A FUNCTION OF WAVELENGTH (ZACHAROV 1952) 


Wavelength Transmittance At At 
(u) t t 
0-35 0-60 0- 0245 0-041 
0-4 0:72 0-025 0-035 
0-45 0-80 | 0-031 0-039 
0-5 0-85 0-0225 0-026 
0-6 (0-89)* 0-020 (0-022) 
0-7 0-93 | 0-014 0-015 
0-8 (0-95) 0-012 (0-012) 
1-0 (0-96) 0.0095 (0-0095) 
1-2 (0-97) 0-0075 (0: 0075) 
1-6 (0-98) 0- 0025 (0-025) 


* Values in parentheses are estimates. 


On the other hand, suppose the particles are transparent ; then a fair fit 
of the values of K, to At/t can be achieved by taking the maximum of the K, 
curve to be at about 0°35 vu, as can be seen by comparing the cross sections for 
water, Table 2, with At/t, Table 4. If the refractive index is 1-33 (water droplets) 
the particle diameter is about 7 x10-°. van de Hulst (1949) has given reasons 
to suppose that the refractive index of particles in interstellar space may be 
about 1-25, while the index of most minerals is appreciably higher. In view of 
the uncertainties, including those of the experimental data, it would seem that 
diameters in the range 5 X10-° to 10-4 cm are likely. 


It is clear that selective attenuation can be explained by either absorbing 


or transparent particles, but the diameters required differ in order of magnitude. 


IV. THE TIME VARIATION OF ATTENUATION 

In order to explain the disappearance of attenuation, Zacharov suggested 
that the particles agglomerate and fall to the ground over a period of 24 days. 
This time, however, is somewhat uncertain. Zacharov plotted against time the 
3-day averages of the transmission, the central 3-day group in each year being 
centred on the maximum of the Perseid shower. For each wavelength, the mean 
curve, derived from 10 years’ observations, shows fluctuations about the mean ; 
and, from inspection, these do not seem asymmetrical more than 24 days after 
the time of maximum attenuation. But the attenuation 3 days after the 
maximum of the shower shows the only increase which is statistically significant, 


lll 
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being of the order of three times the standard deviation, and the time for recovery 
is thus uncertain. 


The attenuation coefficient of n particles of diameter 2a in a column of unit 
cross section is 
BIC WET cag iste oa oe eek (4.1) 


If dust particles grow in size without coalescing, then the attenuation varies 
as K,a?, and increases continuously for all types of material. This clearly 
cannot be the process of disappearance of attenuation. 


Since the total volume V of all particles is 4na3/3, then 


If particles coalesce, so that a increases while V remains constant, their attenua- 
tion varies as K,/a. For both absorbing and transparent particles of initial 
diameters as found in the preceding section, K,/a decreases with a, and the 
attenuation varies roughly as a~1, so that in each case coalescence would reduce 
the attenuation. 

Zacharov has plotted times for particles of the density of water to fall 
through various heights in the atmosphere. To fall to the ground in 24 days the 
particles would require diameters of the order of 10~° cm.; for shorter times of 
fall the diameters would need to be even greater. However, the attenuation 
produced by transparent particles after coalescence to a diameter of 10-? cm 
would be reduced by a factor of about 0-05-0-1; for absorbing particles the 
factor would be even smalier, about 0-02. This argument would suggest that 
the disappearance of attenuation is due to coalescence rather than to the fall 
of the particles. We shall now consider whether or not coalescence is physically 
possible. 


V. PROCESSES AFFECTING PARTICLE DIAMETER 

For particles not affected by condensation or evaporation there is only 
one conceivable mechanism of particle growth, coalescence by collision. Kunkel 
(1948) has estimated the collision rate between a particle of radius a,, charge qj, 
and particles of radius a, charge q2, and concentration N falling freely in air 
of viscosity 7. If 

POL || Vel Orta), wesw eee ee ee tees (5.1) 
where 
C G21 +4) 


1” 6r7a14, 


29a —a3) 
97 ? 


g being the acceleration due to gravity and oe the density of a particle, then 
Kunkel’s discussion shows that the mean time 7 between collisions is 


are 
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During day-time, particles in the upper atmosphere will be positively charged 
due to photoelectric ionization, and collisions will be improbable. At night-time, 
recombination will result in particles whose average charge is zero, although the 
average absolute magnitude of the charge per particle will differ from zero, 
being such that 


if £=250 °K., o=3-5 105% em, then Gelb x 106 es, 
The value of N is obtained by noting that at the time of maximum attenua- 
tion a~3-5 x10-5 cm, K,2 for transparent particles, so from (4.1), 


nw3 x<108 em. 


If these are assumed to be in a layer 10 km thick, then N ~3 cm~3, which is 
much greater than Bowen’s estimate of 10-*cm~? for the concentra- 
tion of meteoric dust particles in the upper atmosphere. Then with 
Hom 17x 10-* & cm seC?, (6, Y tg 3-5 5 10>* cm, ai — as < 10-® cm, 
1 —d2¥2 x10-°e.s.u., and p=1geom-%, it follows that (5.1) applies, and 
t-~10" sec, which is so long that such collisions may be completely neglected. 
Agglomeration cannot occur, and the attenuation cannot have been due to 
meteoric dust alone. 

It seems very likely, however, that the particles consist of nuclei of meteoric 
origin, on which water vapour has condensed to form water droplets or ice 
crystals. Since this requires relative humidities of the order of 100 per cent., 
the regions in which condensation can occur are limited. Although we have 
scanty knowledge of the variation of water vapour content of the atmosphere 
with altitude, the approximate temperature and pressure distributions are 
known (Havens, Koll, and la Gow 1952). Above 40 km, the only region where 
the total pressure exceeds the saturated water vapour pressure is in the neigh- 
bourhood of 80 km, where the temperature has a minimum value of about 
190.°K, and this is the only region where condensation can occur. Furthermore, 
at such low temperatures any condensation must be as ice crystals. Zacharov 
has estimated the velocity of fall of spherical particles of unit density and 
diameter 7 x10-° cm to be of the order of 10 cm sec at the 80 km level; the 
lifetime of the ice crystal, which is the time to fall through the low temperature~ 
region, about 10 km thick, is thus of the order of a day. 


VI. BRIGHTNESS OF PARTICLES 
(a) These particles must cause an increase in the brightness of the sky near 
the Sun. The distribution of light scattered in the forward direction may be 
obtained approximately on the assumption that it results from diffraction by 
opaque disks, in which case it readily follows that the change b in sky luminance 
at an angle 0 to the Sun, produced by a layer having 7 particles in a column of 
unit section along the line of sight, is 


nBQa? 2708 
b= a Sy ( = ) bh apa ee (6.1) 
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B and Q being the mean luminance of and the solid angle subtended by the Sun. 
But 


aga? 


al (aoe me A iy 2 

gala (eras || 8 
and varies but slowly with @ while 6 is small, falling to 1/2 of its maximum 
value when 0~0-5)/2a, i.e. 0-25 if A/a=1. Provided 0 is small in this sense, 


b  r?natQ — rka?Q 
R SPO ey AL PER 
With k=0-025, K,~2 and 2a/A=1-25, then 


b 
— 10-8, 
BR 10 


SO 


This is measurable, and of the order of magnitude of the luminance of a very 
pure sky near the Sun, but, in view of the variable nature of the light scattered 
in the low atmosphere, considerable care would be needed to detect variations 
of this amount. There is, in fact, only very limited published data on the 
brightness of the sky near the Sun, the most extensive tables available being 
being of the Fraunhofer Institut (1951-53) which give brightness of the sky a 
few minutes from the Sun’s limb at wavelength 0-5303 uy. At such small 
angles of scattering the brightness and its fluctuations are so high as to hide 
increases of the above order of magnitude without many more observations, 
and these should be made preferably not too close to the Sun’s limb. 


(b) The amount of light scattered at large angles from an ice crystal depends 
on the shape and size of the particle, and on the angle of scattering. A short 
extrapolation from a graph given by Ruedy (1943b) indicates that at right 


- angles to an incident beam of illumination e the intensity of a spherical particle, 


refractive index 1-33 and 2a/A=1-25, is about 8 x10~%ea?. A column of such 
particles, m per unit section along the line of sight, will have a luminance of 
8 x10-2nea?; if n=3 X10®cm-*, a=3-5 xX10-5 cm and: e104 lumen ft? (as 
in sunlight), then the luminance is about 3 cd ft~? or 9 ft lamberts. It is unlikely 
that such a change in sky brightness could be measured during daylight, or be 
seen visually even if it possessed a structure. At dusk, however, when the 
background sky luminance becomes very small the cloud of ice crystals should 
be readily seen. Bowen’s (1953) findings that noctilucent clouds have been 
reported only at times of meteor showers thus lead to the conclusion that 
Zacharov’s absorption is probably due to noctilucent clouds. There would 
seem to be no measurements of the luminance of such clouds, but it must be of 
the above order of magnitude. 


VII. CONCLUSIONS AND DISCUSSIONS 
The above results may be summarized briefly as follows. From the variation 
in absorption with wavelength, it is deduced that attenuation of sunlight within 
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a few days of the Perseid meteor shower is due either to absorbing particles of 
diameter of 10-2cm or less, or to transparent particles of diameter 5 wales 
to 10-4em. The rapid disappearance of absorption can be due only to decrease 
in size of the particles and it is concluded that they are ice crystals or water 
droplets condensed on nuclei of meteoric origin. The only region where the 
relative humidity can be high enough for this is around 80 km, where because 
of the low temperature (190 °K) the particles must be ice. It is then deduced 
that the mean diameter is 7 X10-* em, with about 3 x10° particles/em? along 
the line of sight, and of the order of 3 particles/em’. 

Particles of the above size and concentration would be visible as a noctilucent 
cloud around dusk, though not bright enough to be seen in daytime. In the 
neighbourhood of the Sun, however, there should be an increase in sky brightness 
of the order of 10-® of that of the Sun, which should be detectable provided 


suitable precautions are taken against scattering by particles in the low atmos- 


phere. 
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SHORT COMMUNICATIONS 


SEA SURFACE TEMPERATURES* 
By F. K. Batti; 


Introduction 


The surface of the sea is losing heat by evaporation and by long-wave 
radiation exchange with the sky, both of these rates being of the order 
of 10-2 W cm~-? in clear weather. Heat lost in this way must be provided by 
conduction upward from the water beneath and downward from the air above. 
Short-wave radiation need not be considered since it is not absorbed at the 
surface. It seems possible therefore that on days of light wind the “ skin ”’ 
temperature of the sea might be appreciably less than the temperature of the 
layers beneath. Now sea surface temperatures are usually measured by means 
of a dip bucket and it is clear that water entering the bucket is derived in varying 
amounts from various depths below the surface, so that the temperature of the 
mixture will not generally be equal to the skin temperature of the sea. In 
view of these considerations an experiment was carried out with the object of 
determining the skin temperature by measuring the long-wave radiation emitted 
from the sea and comparing it with the dip bucket temperature. 


Method 

The observations were taken from the end of Mordialloc pier during the 
late summer and autumn of 1953. The pier is approximately 300 yd long and 
the depth of the water at the end is about 16 ft. All measurements were made 
in clear weather with light winds, partly to obtain steady conditions and partly 
to reduce the number of variables in the experiment. Furthermore if a cool 
skin does exist it will reach its maximum development in these circumstances. 
A Linke Feussner actinometer placed about 6 ft above the water was used to 
measure the radiation. The instrument was inclined at about 10° to the down- 
ward vertical so that the supporting timbers of the pier were not in its field of 
view. The galvanometer used in conjunction with the actinometer was housed 
in a large box with a slot at one end for viewing the scale. Despite all precautions 
taken to reduce the effect of vibration caused by sea and wind it was at times 
not possible to take reliable measurements. Considerable fluctuation in reading 
could also be caused by specular reflection of sunlight from the oscillating sea 
surface. 

In steady conditions the galvanometer can be read to the nearest 0-5 mm, 
which corresponds to a temperature difference between instrument and sea of 


* Manuscript received June 15, 1954. 
7 Section of Meteorological Physics, C.S.1.R.O., Melbourne. 
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about 0-15 °C. , This small deflexion is produced by a temperature difference 
between the thermojunctions of the actinometer of the order of 0-01" 02" Tn 
spite of its thick copper casing there are almost always temperature gradients 
within the instrument which can produce much bigger temperature differences 
and correspondingly larger spurious deflexions. If the spurious deflexion 
produced in this way were to remain constant during the course of an observation 
then it would be of no importance. However, the temperature field within the 
instrument is unfortunately never quite steady, especially when the instrument 
is in use in the open air, and the spurious or “‘ zero ”’ deflexion may change by 
several millimetres in the 30 sec necessary to take an observation. This means 
that it is necessary to take an observation several times until one is fortunate 
enough to obtain one during which the zero deflexion changes only by 1 mm or 
less. Deflexions can usually only be obtained to the nearest millimetre because 
of this, and consequently temperature differences can only be measured to about 
0-3°C. This inaccuracy is inherent in the instrument itself and cannot be 
reduced by increasing the sensitivity of the galvanometer. 

The Linke Feussner measurements of long-wave radiation from the sea 
surface do not give its temperature directly, firstly because the sea is not a 
perfect black body and secondly because the air between instrument and sea 
absorbs and emits long-wave radiation. It is possible to allow for these effects 
in the following manner. Suppose the reflection coefficient of the sea is « and 
the transmissivity of the air between instrument and sea is 1—6. If the 
temperature of the sea surface is 7,, the incoming radiation from the sky is R, 
and a representative temperature of the air is 7’, then the apparent temperature 
of the surface as measured with the Linke Feussner actinometer, 7’ say, is given 
by 

oft =i (L—ajoTi -otttl —Rj4-Aale, gcianoueute (1) 
where o is the Stefan-Boltzmann constant. Now F& is approximately equal 
to 4o7',4/5, so 


rxni(1 4 2 BUTE LED), 


therefore 
rw,(1—2) ar, 1) 5 eather. a] eypeocs 
The coefficient 8 depends on the vapour pressure of the air and can be 
estimated from an Assman psychrometer reading taken at the level of the 
instrument. J, was put equal to the dry-bulb temperature at instrument 
height, the temperature gradient being accounted for by taking only 170 em 
air path instead of 200 cm. The reflection coefficient of water at normal incidence 
is given by Brunt (1939, p. 121, Fig. 35) for wavelengths up to 18 y. The 
average value weighted according to Planck’s law for a temperature of 300 °K, 
is about 0:03. This does not contradict the value of 0-06 usually quoted in the 
literature since this was calculated from Fresnel’s formulae (Angstrém 1915) 
on the assumption that the refractive index is 4/3. It is a weighted mean over 
all angles of incidence taking account of variation of both reflection coefficient 
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and quantity of incident radiation. At angles of incidence from 0° to 30° 
Fresnel’s formulae give 0-02 for the reflection coefficient. It will be assumed 
here that the reflection coefficient at an angle of incidence of 10° is 0-03. 


Results 


The data obtained are shown in Table 1. The differences between the 
actual surface temperature and the dip bucket temperature have a mean value 
of —0-25°C. The standard deviation is 0-32 °C, which is consistent with 
the accuracy of the observations. Since there are 12 observations the difference 
is significant at the 5 per cent. level. On only one occasion (February 19) was 
there an appreciable warm skin and that was also the only occasion when the 
air was appreciably warmer than the water. These results are in substantial 
agreement with those of Bruch (1940). The experiment was carried out in 
conditions favourable for the development of a cool skin, i.e. conditions of clear 
sky and light wind. In general therefore the temperature difference will be less 
than 0-25 °C but in very favourable circumstances may be higher. It is unlikely 
that any serious errors will be made if surface temperatures are quoted to the 
nearest 1 °F when measured with dip buckets suitably designed to minimize 
other sources of error. 


TABLE 1 


RESULTS OF SEA SURFACE TEMPERATURE MEASUREMENTS 


Date Time T.—T, 6 x 102 o* AT+ 
(°C) (mb) (°C) 
1953 
Feb. 19 Os ae 1530 44-18 13-5 10-0 +0-35 
pays: Path) 1412 2950 15 9-7 0-2 
a: 1427 LAS BS 15 9-5 ae 
‘ee eres 1536 9-25 15 9-3 046 
Mar. 4 Rtas hal 2140 Bea 13 9-3 0-0 
foes tes hee 2146 dip 13 9-5 Lie 
Apr. 7 Pent; 1305 sip 10-5 9-7 04s 
tee. ere 1407 —2-0 ra 9-6 —0-16 
ee -10 | eS: 1508 azine 14 5-1 0:16 
e168 Sus 1457 40-5 16:5 3-3 —0:45 
—" — 1507 +0°5 16-5 3-3 056 
May 29 aoe 1520 Legal 11-5 3-5 Lasts 


* 3 is the difference between the saturation vapour pressure at the sea surface and the vapour 
pressure at instrument height. 
+ AT is the difference between surface temperature and dip bucket temperature. 


Stability of the Cool Skin 
- Tf the rate of loss of heat from the surface is 10-? W cm~? then the temper- 
ature gradient in the subsurface laminar layer is 1-7 °Cem-!, This will produce 
a temperature difference of 0-25 °C in 0-15 em which is therefore the approximate 
I 
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thickness of the laminar layer. Rayleigh (1916) has shown that it is possible 
for a fluid to remain “ unstably ” stratified provided the following inequality 
holds 

P1— Po —2irtky 

Po 4gh* ’ 

where k is the diffusibility for heat and v is the kinematic viscosity, p, the density 
at the top and 9, the density at the bottom of the layer whose thickness is h. 
In the present case the condition becomes 


ATAA3 °C, 


Thus on this basis at any rate there is no reason to doubt the existence of a 
laminar layer. 
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MICROINTERFEROMETRIC EXAMINATION OF NUCLEAR 
EMULSION PLATES* 


By B. 8S. THORNTONT 


The photographic emulsion is one of several means of detecting charged 
particles emitted in nuclear reactions or from radioactive materials, and emulsion 
technique has developed enormously over the past few years; it is now an 
invaluable laboratory tool. Whilst the principles of nuclear emulsion microscopy 
are well established, the application of interference microscopy to the study of 
nuclear emulsions is new. Although it seems that the interferometric technique 
would have no real advantage at the present time over the conventional micro- 
scopic methods of track examination, it is felt desirable to report some observa- 
tions on the examination of tracks by interferometry and to suggest some lines 
of possible investigation. 

Nuclear tracks are delineated by grains of developed silver oriented in the 
dry gelatin layer after photographic processing, and the resulting heights and 
depths in the emulsion are clearly revealed by the interference microscope. 
One disadvantage of the method when used in reflection is that it is only 
applicable to tracks very near the surface of the emulsion where the developed 
Silver grains are slightly exposed. This limits the method to those experiments 
where tracks enter the emulsion at near grazing incidence. However, if a 


* Manuscript received June 28, 1954. 
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THORNTON PLATROT 


MICROINTERFEROMETRIC EXAMINATION OF NUCLEAR EMULSION PLATES 


Fig. 1.—Interferogram of proton tracks. Fringes dip opposite ways for tracks and scratches. 


Fig. 2.—Proton tracks in emulsion corresponding to Figure 1. (The dark lines are scratches.) 
Fig. 3.—Proton tracks in C2 emulsion. 


Fig. 4.—«-Particle track and local distortion in D1 emulsion. 


Aust. J. Phys., Vol. 7, No. 4 


THORNTON PLATE 2 


MICROINTERFEROMETRIC EXAMINATION OF NUCLEAR EMULSION PLATES 


Fig. 1.—Two-beam interferograms of proton tracks. 


Fig. 2.—Proton tracks corresponding to Figure 1. 


Fig. 3.—Interferogram of groove ruled in unprocessed emulsion. Increasing fringe order from 
bottom to top. 


Fig. 4.—Interferogram of groove ruled in plate after processing. Increasing fringe order from 
top to bottom. 


Aust. J. Phys., Vol. 7, No. 4 
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section of emulsion stripped from the glass is examined in a transmission inter- 
ference system using equal chromatic order fringes, the paths of tracks well 
below the surface of the emulsion could be examined. Preliminary experiments 
have indicated that care must be taken in mounting the stripped emulsion so 
that it is quite flat and free from warping over the region to be examined. 

Typical reflection microinterferograms (51 in each case) of proton tracks 
in a lithium loaded Ilford C2 emulsion, and «-particle tracks in a boron loaded 
Ilford D1 emulsion, are shown in Plate 1, Figures 1-4, and Plate 2, Figures 1-2, 
together with some corresponding microphotographs also taken in reflection. 
The fact that the proton tracks in the microphotographs of Plate 1, Figure 2, 
and Plate 2, Figure 2, appear black and white respectively is due only to a 
slight out of focus effect. Using a Linnik interference microscope much higher 
surface magnifications can be obtained if required. Apart from distortion, there 
seems to be a small difference between the types of interferograms from «-tracks 
and from proton tracks. The «-tracks examined seem to give much sharper and 
longer peaks in the fringe pattern. The plates were vacuum coated with silver 
to 80 per cent. reflectivity. Actually silvering is not strictly necessary, since 
two-beam fringes can be obtained from the unsilvered plate as shown in Figure 1 
of Plate 2. 

The tracks usually have certain dip angles which can be measured in the 
conventional manner of change of focus and, if the angle of dip is known, the 
grain size along the track can be found from the microinterferogram. This 
could possibly serve to help distinguish between different types of particles, 
especially those of high ionizing power where ‘ clogging ’’ is observed and the 
tracks form a continuous line, making it impossible to measure density of 
ionization by grain counting. If the plates receive grain-gradation development 
(Van der Grinten 1948) in order to increase the differentiating power, then the 
interference technique combined with this method should be capable of easily 
differentiating between particles and simultaneously providing the range-energy 
curve, since the size of the grain agglomerations is given by the fringes and the 
mean size of a single developed grain is approximately 0-3 yu. The method 
of grain gradation does not seem to be widely accepted but has on several 
occasions given very useful information (Yagoda 1949). 

A possible improvement in the accuracy of measurement of the angle of dip 
of nuclear tracks would be introduced by adapting the principle of the optical 
coincidence gauge (Gardner and Case 1931) to the measurements of change of 
depth. The most obvious instrument for making these measurements is the 
ordinary microscope with a fine focusing micrometer attachment as is used in 
conventional nuclear research microscopes. However, there is a lack of precision 
arising from depth of focus unless an objective of large numerical aperture is 
used, in which case the working distance becomes very small. The optical 
coincidence microscope described by Gardner and Case is similar in principle to a 
range-finder and the precision is intermediate between that of a screw micrometer 
and an interferometer. 
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Multiple beam interferometry or even two-beam interferometry can be used 
to obtain an accurate measure of the shrinkage factor of an emulsion and its 
variation with humidity and other factors, if part of the plate is left unprocessed 
and a groove ruled across the plate through the treated and untreated emulsion. 
A typical multiple beam microinterferogram of the groove in the unprocessed 
emulsion is shown in Plate 2, Figure 3, and that for the processed emulsion in 
Plate 2, Figure 4. The groove was ruled with a ruling tool 0-008 in. wide in 
this case. The shrinkage factor can be calculated by measuring the groove 
depths from observations of the fringe fractions in three different wavelengths. 
Small changes in the shrinkage factor can be determined quite readily in this 
way. Although the high accuracy thus obtained is not warranted in con- 
ventional practice, it may become of importance when more precise measure- 
ments are required. 


Thanks are due to Professor E. W. Titterton and Mr. T. A. Brinkley of the 
Research School of Physical Sciences, Australian National University, for 
supplying the plates and for their helpful discussions and criticism. The author 
would also like to thank Mr. N. A. Esserman, Chief of the Division of Metrology, 
and Mr. C. F. Bruce, of the Division, for their suggestions, interest, and 
encouragement. 
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THE NOISE GENERATED IN A COIL WITH A FERROMAGNETIC 
CORE* . 


By G. BUILDER, and D. HAanEemMant 


It is well known that Barkhausen noise will be induced in a coil which has a 
ferromagnetic core, if the core is subjected to any considerable degree of varying 
or alternating magnetization due to current flowing in the coil or due to a 
magnetizing field from some external source. This effect is ascribed to irreversible 
magnetization processes, such as irreversible domain wall movements, and has 
been investigated in considerable detail. It has recently been utilized to 
estimate the amount of the contribution of such irreversible processes to the 
total magnetization (Tebble, Skidmore, and Corner 1950). 


* Manuscript received September 1, 1954. 
{ School of Physics, University of Sydney. 


¢ School of Physics, University of Sydney ; present address, Division of Radiophysies, 
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It is also well known that the insertion of a non-magnetic conducting core 
into a coil will increase the thermal noise generated in the coil, and that the total 
noise depends on the effective coil resistance, with the core present, in accordance 
with Nyquist’s formula, This increase in noise can be interpreted on the one 
hand as due to thermal fluctuations in the core and, on the other hand, as 
corresponding to the losses caused by eddy currents in the core when an alter- 
nating test voltage is applied to the coil terminals to measure its resistance. 

Furthermore, if such a conducting core were also endowed with ideal 
magnetic susceptibility (i.e. if it were a homogeneous isotropic material displaying 
a perfectly linear relation between magnetizing field and magnetization) the 
consequent increase in magnetic flux and eddy currents associated with a current 
through the coil, or associated with thermal fluctuations, would result in an 
increase in coil resistance and a corresponding increase in the thermal noise 
generated in the coil. It is to be emphasized that this effect is due solely to the 
increase in flux caused by the ideal susceptibility of the core. 

Any real ferromagnetic core must also cause such an increase in thermal 
noise on account of its conductivity and its finite magnetic susceptibility. This 
must be true even if the core is not subject to any varying or alternating magnet- 
ization which would give rise to Barkhausen noise effects. It is not, however, 
immediately obvious 


(a) whether the real ferromagnetic core will contribute still further to the 
noise because of the departure of its actual properties from the ideal, 
i.e. because of the non-linearity of its characteristics, or because of its 
domain structure ; 


(b) whether it is permissible, in spite of the actual ferromagnetic properties 
of the core, to use Nyquist’s formula to calculate the total noise from 
the measured value of the coil resistance. 


It is therefore necessary to consider the conditions under which Nyquist’s 
formula is applicable, and the relevant properties of ferromagnetic materials. 


Nyquist’s formula.—The mean square value E;df of the noise e.m.f. generated 
in the frequency range df, in an electrical circuit of which the impedance has a 
resistive component RF, at frequency f, is given approximately by 

Ejdf =4hTR,df, 
where k is Boltzmann’s constant and 7’ the absolute temperature of the circuit. 
Nyquist derived this formula for linear electrical circuits by simple thermo- 
dynamic considerations. 

To review the conditions under which this formula is applicable, reference 
may well be made to the definitions used by Callen and Welton (1951) in their 
derivation of a generalization of it. The formula can be regarded as a special 
case of a general relation between the fluctuations of a ** veneralized force ”’ 
(i.e. voltage), in a linear system in equilibrium, and a parameter which 
characterizes a dissipative process (i.e. electrical resistance) in the system. A 
system is said to be dissipative if it is capable of absorbing energy when subjected 
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to a time-periodic perturbation (e.g. alternating test voltage) ; it is said to be 
linear if the power dissipation is quadratic in the magnitude of the perturbation. 

These definitions emphasize that Nyquist’s formula can be used whatever 
the physical nature of the dissipative processes that determine the value of the 
electrical resistance ; it is only necessary that the system be linear in the sense 
defined, for the range of conditions of interest, and this corresponds to the 
common use of the term in reference to electrical circuits. 

The fact that ferromagnetic materials exhibit marked non-linearity in many 
of their practical uses is not necessarily relevant ; the linearity of the system 
under consideration must be investigated specifically, in accordance with the 
above concepts, under the particular conditions of interest. It is to be noticed 
that even electrical circuits constructed of non-magnetic materials are linear 
only under restricted conditions (e.g. metallic conductors at constant temper- 
ature) and, on the other hand, that the inclusion in an electrical system of an 
essentially non-linear device such as a thermionic tube does not necessarily 
cause the system to exhibit non-linearity if the conditions considered are 
sufficiently restricted. 


The relevant characteristics of ferromagnetic materials—The first significant 
investigation of the behaviour of ferromagnetic materials for very small changes 
in magnetization was that made by Lord Rayleigh (1887). He found that the 
susceptibility was constant for various samples of iron and steel for magnetizing- 
field changes up to about 2 x10-? oersteds and down to the smallest changes, 
about 2 x10-* oersteds, for which measurements could be made. Many sub- 
sequent investigations have confirmed this linearity of the relation between 
magnetizing field and magnetization for small variations of the magnetizing field, 
whether there is a steady polarizing field present or not, and irrespective of the 
magnetic history of the specimen. For our present purposes, a sufficient 
summary of this work, and of the present views on the magnetization processes 
involved, is given in a recent paper by Tebble and Corner (1950). 

The greater part of the magnetization process is ascribed to irreversible 
changes commonly associated with the-Barkhausen effect; but a substantial 
part of the process is due to reversible changes such as continuous movements 
of domain boundaries through successive equilibrium conditions. These 
changes are not reversible in the thermodynamic sense only because the con- 
ductivity of actual core materials permits more or less localized eddy currents 
to be set up by the changes, with consequent dissipation. 

The reversibility referred to does not in itself imply linearity in each of the 
individual local changes which contribute to the magnetization ; but for a core 
material consisting of a complex polycrystalline aggregate it is to be expected, 
and it is found, that the total of the individual reversible contributions is linearly 
related to the magnetizing field. 


The term reversible susceptibility is used for the susceptibility of the material 
to changes in the applied magnetizing field which are so small that Barkhausen 
effects are not observed. Figure 1, taken from the paper by Tebble and Corner, 
shows the relation of the measured values of reversible susceptibility x, to the 
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magnitude AH of the applied alternating magnetizing field, for a specimen of 
hard-drawn iron. This curve is typical of conditions at the foot of the initial 
magnetization curve or at values of the steady magnetizing field of the order of 
the coercive force, where the reversible susceptibility is greatest.and the extent 
of the reversible regions is least. It is seen that, in this case, the measured 
values of the reversibility are almost constant for values of AH up to 10-2 
oersteds. It is clear from this and similar evidence that there is a linear relation 
between magnetizing field and magnetization for small variations or alternations 
in the field. 


There does not appear to be any direct experimental evidence relating the 
eddy current losses associated with this reversible magnetization to the amplitude 
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Fig. 1.—Effect of magnitude AH of the applied alternating 
field on the measured reversible susceptibility of hard- 
drawn iron. 


of the applied alternating field ; but it is a reasonable inference from present 
knowledge of magnetization processes that, in polycrystalline core materials, 
these losses will increase quadratically with the field amplitudes within the 
regions in which the susceptibility is constant. 


The noise generated in a coil with a ferromagnetic core.—When there is no 
varying or alternating magnetization of the core, the noise can therefore be 
calculated using the Nyquist formula, provided that any alternating test voltage 
applied to the coil to measure its resistance R, is chosen so that any consequent 
alternating magnetizing field applied to the core is so small that the magnetization 
process is linear. 

The measured value of the coil resistance &, will include the effects of the 
resistivity of the coil windings and of the electrical resistivity of the core, as well 
as the effect of the constant reversible susceptibility of the core. The increase 
in noise corresponding to the susceptibility of the core may be interpreted as the 
result of spontaneous fluctuations in the equilibrium magnetization of the core, 
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or it may be interpreted as the result of increased magnetic flux associated with 
thermal fluctuation currents, 

This investigation was carried out in the School of Physics in the course of 
work supported by the Research Grants Committee of the University of Sydney. 


References 


Catten, H. B., and Wetron, T. A. (1951).—Phys. Rev. 83: 34. 

Rayeicu, Lorp (1887).—Phil. Mag. (5) 23: 224. 

TEBBLE, R. S., and Corner, W. D. (1950).—Proc. Phys. Soc. Lond. B63: 1005. 

TrBBLE, R. S., SkrpMorg, I. C., and Corner, W. D. (1950).—Proc. Phys. Soc. Lond. A 63: 739. 


SCATTERING OF 4:9 MEV PROTONS BY ?’Aly 
By K. B. MATHER{ 


Since 1934 there have been 24 determinations of the level scheme of °7Al. 
However, even the more recent findings are far from harmonious and the question 
naturally arises as to how much of the apparent discord is due to target con- 
tamination, inadequate resolution, etc., and how much follows from the use of 
different nuclear reactions where, presumably, selection rules may operate to 
control transition probabilities. For instance, four of the more recent reports 
claimed a doublet at ~1 MeV while the remainder found only a single level. 


The present work contains a new determination of the ?’Al levels below 
4 MeV, obtained by scattering 4-90 MeV protons from a thin aluminium target. 
Scattered particles were recorded at the 45° position on Ilford C2 plates inclined 
at 3° to the direction of scatter. The scattering chamber has been described 
elsewhere (Mather 1951). Track ranges were measured and are shown in 
Figure 1. Highty-nine per cent. of the tracks are associated with the elastic 
scattering peak (1) centred at 160, while 11 per cent. had ranges less than 
130» and were interpreted as due to inelastic scattering. Their positions 
correspond to the @ values listed in Table 1. 

The width due to straggling of 4-5 MeV protons at half maximum is ~4 per 
cent. (e.g. Dyer 1952), ie. ~160 keV, which is therefore approximately the 
limit of resolution achievable with a photographic emulsion at this energy. The 
observed half width of peak (1) is 175 keV, the difference being due to incident 
proton beam width and target thickness. The evidence for two groups at 
~110 uw comes from the observed width (~300 keV) and the asymmetry of the 
group. The envelope can be fitted by assuming two levels at 1:01 and 
~0:83 MeV respectively, the latter having, perhaps, 40 per cent. of the intensity 
of the former. The position of the lesser group is uncertain to the extent of 
+0:1 MeV. The closeness of these levels will prevent them from being cleanly 


+ Manuseript received September 3, 1954. 
{ Australian Atomic Energy Commission, University of Melbourne. . 
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resolved by range measurements in emulsions, which probably accounts for the 
failure of many observers to detect two levels in this region. 


Table 1 also lists intensity estimates for each group based on the relative 
number of tracks (and calling the total number of charged particle products 
100 per cent.). The final column gives absolute values of differential cross 
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Fig. 1—Range spectrum of 4-9 MeV protons scattered from a thin aluminium 
target. The elastic scattering peak (1) has been scaled down 12 times for 
convenient plotting, change of scale occurring at 130 u. 


sections in the laboratory system at 45° based on the measured track density 
per unit area of plate and the various constants of irradiation. 


TABLE 1 


Q VALUES FOR ”’Al(p,p’)7Al AND INTENSITIES OF ELASTIC AND INELASTIC 
GROUPS AT SCATTERING ANGLE 45° 


Excited states =—Q values 
Intensity 
Group Q Estimate do/dw (45°) « 1076 
(MeV) (%) (em? sterad~*) 

(1) Elastic ee 0 (ground) 89-1 6:2 
(2) Inelastic are —0-83 0-8 (2) 0-056 (7) 
(3) of bir —1-01 2-0 0-14 
(4) —2-22 Let 0-12 
(5) 6 —3:01 Ue 2 0-084 


(6) Unresolved protons and a-particles 


ee ee ee a 


The background between (4) and (5) is severe and may be due to an 
unresolved group corresponding to an excited state between 2-2 and 3 MeV. 
Reilley et al. (1952) reported a level at 2°78 MeV. 


a 
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Group (6) is certainly not single and the impression of a peak may even be 
spurious. The decline in intensity below 14 » could be due to loss of short 
tracks in scanning and failure of low energy particles to escape from the target, 
together with multiple scattering in the target. The rise in intensity from ~20 u 
probably represents the beginning of a group of close levels in 27Al above 3-5 MeV. 
The observed group is much too broad for a single level and is also too intense. 
For instance, a proton of ~1 MeV has less than a 2 per cent. chance of penetrating 
the Coulomb barrier of ?8Si compared with a group (2) proton. 


There is a further complication in this region of the spectrum. The 
27Al(p,a)"4Mg reaction which has a Q~1-5 MeV in proceeding to the ground 
state of *4Mg will yield «-tracks in the region below ~25 uy. The escape of a 
6-2 MeV a-particle from ?8Si is much more probable than that of a 1 or 1-5 MeV 
proton. However, grain density measurements (comparing the tracks with 
thorium «-prongs which occur naturally in every emulsion) favoured protons 
as the major source of group (6). 


The writer is indebted to Professor A. L. Hughes of Washington University, 
St. Louis, U.S.A., for making this work possible. 
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